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TWO-WEIGHTED INEQUALITIES FOR MAXIMAL, SINGULAR INTEGRAL
OPERATORS AND THEIR COMMUTATORS IN GM, . ,(R") SPACES

AYSENUR AYDOGDU!, CANAY AYKOL*, JAVANSHIR J. HASANOV?2:3 ALI M. MUSAYEV?2

Abstract. In this paper, we prove the two-weighted boundedness of maximal operator, singular
integral operators and their commutators in weighted global Morrey-type spaces GMp .o, (R™).
Furthermore, we give weighted global Morrey-type a priori estimates and a priori estimates for
non-divergent elliptic equations in GMy, 9., (R™) spaces as applications.

1. INTRODUCTION

The classical Morrey spaces were introduced by Morrey [32] to study the local behavior of solutions
to the second-order elliptic partial differential equations.

Moreover, various Morrey spaces have been defined in the process of study. Guliyev, Mizuhara and
Nakai [22,31,34] introduced generalized Morrey spaces MP:¥(R"™) (see, also [23,24,39]).

Recently, Komori and Shirai [29] defined the weighted Morrey spaces LP"(R™) and studied the
boundedness of some classical operators such as the Hardy—Littlewood maximal operator and the
Calderon—Zygmund operator on these spaces.

Also, Guliyev in [25] first introduced the generalized weighted Morrey spaces ME#(R™) and stud-
ied the boundedness of the sublinear operators and their higher order commutators generated by
Calder6n—Zygmund operators and Riesz potentials in these spaces. Note that Guliyev [25] gave the
concept of generalized weighted Morrey space which could be viewed as an extension of both MEP-¥(R™)
and LP%(R"™) spaces.

Recall that in 1994, in his doctoral thesis [22, pp. 75-76] (see also [23, pp. 123]), Guliyev in-
troduced the local Morrey-type space LM pq.w() (R™) and complementary local Morrey-type spaces
CLMpq,w(.)(R”) given by

||fHLMpq,u<.) = [Jw(r) ||fXB(o,r)||Lp||Lq(R+) < 00
and

| flle paq = Jw (r) ”fX]R"\B(O,T)||L,)||Lq(R+) < 00,

pq,w(-)

respectively, where w is a positive measurable function defined on (0,00). In [22] (see also [23]), the
author found the sufficient conditions for the boundedness of the singular and potential operators
in the local Morrey-type spaces LMopq.w()(R™) and in the complementary local Morrey-type spaces
CLMPq,w(O (Rn)

During the last decades, various classical operators, such as maximal, singular and potential oper-
ators were widely investigated both in the classical and in local Morrey-type spaces. In [6, pp. 157],
V. I. Burenkov and H. V. Guliyev introduced the space GM,.0..()(R™). Here and below, we denote
B(z,r) ={z+y:y e B(0,r)}.

Definition 1.1. Let 0 < p,0 < oo and let w be a non-negative Lebesgue measurable function on
(0, 00).
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1. [22, pp.75-76]. Denote by LMy 0..¢)(R™) the local Morrey-type space, the space of all functions
f Lebesgue measurable on R™ with a finite quasi-norm

1flErp o0y = N0 FXBO.M L Lo(0.00)-

2. [6-8]. Denote by GM,,0..)(R™) the global Morrey-type space, the space of all functions f
Lebesgue measurable on R™ with a finite quasi-norm

I lertyoncy = sUp IF @ F ) laty o) = S () LF X8 2,20 0,00)

Note that if w () = 1, then LM, o0 1(R™) = GMp 0,1 (R™) = L,(R™).

If [|w(7)|| £, (t,00) = 00 for all £ > 0, then LMy, 9., = GMy 9, = 0, where () is the set of all functions,
equivalent to 0 on R™.

If [|w(r)r™/P||1, 0,y = oo for all t > 0, then f(0) = 0 for all f € LM, 4, continuous at 0, and
GMpp.n =10 for 0 <p < oo.

Furthermore,

GM, -2 (R") = MPAR"), 0<p<oo, 0<AZ

<3

The spaces LM g,y (R™) and CL Moo (R™) are denoted, respectively, as local Morrey-type spaces
and complementary local Morrey-type spaces, though from the point of view of the role in the de-
velopment of these spaces they may be also called local and complementary Morrey—Guliyev
spaces, respectively (see, e.g., [36]).

The local Morrey-type space LMy, x = LM, ;—x(R™) first appeared in 1981 by D. R. Adams
in [1, p. 44] and it also may be called as the local Morrey—Adams spaces (see, e.g., [36,37]).

Let f be a locally integrable function on R™. The so-called Hardy—Littlewood maximal function is
defined by the formula

M) =suwp Bl [ 17wy,

>0
B(z,r)

where |B(z, )| is the Lebesgue measure of the ball B(z,r).
The Calderén—Zygmund type singular operator is defined as

7f(a) = [ Kz, ).
R’H
where K(x,y) is a “standard singular kernel”, that is, a continuous function defined on {(z,y) €

R™ X R™ : x # y} and satisfying the estimates
K (z,y)| < Cle —y|™™ for all x#y,

y—z|7 .
K (2,9) - K(z,2)] scx'_w'ﬂ,, o> 0, if |z —y| > 2y -2,
r—£&|7 .
K(e.p) = K€)] S Ot 00, it o=yl > 20—l

Let
T f(x) = sup [T: f(z)]
e>0

be the maximal singular operator, where T, f(x) is the usual truncation

Liw= [ Keoiwd
{yeR™:|z—y[=e}

It is well known that T*f exists almost everywhere whenever f is a step function. The almost
everywhere existence of the limit (of certain integral averages) was known for a dense subset of Ly and
the result was extended to all of L; by establishing control over the corresponding maximal operators.

In this paper our aim is to define weighted global Morrey-type spaces and prove the two-weighted
boundedness of a maximal operator, singular integral operators and their commutators in these spaces.
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We also aim to give weighted global Morrey-type a priori estimates and a priori estimates for non-
divergent elliptic equations as applications.

2. PRELIMINARIES

Let Ly, ,(B(z,r)) denote the weighted L,-space of measurable functions f for which

ooy = f If(y)l”@(y)dyy

B(z,r)

||f||Lp,¢(B(z,r)) = ||fXB(z,r)

Even though the A, class is well-known, for completeness, we offer the definition of A, weight functions.

Definition 2.1. The weight function ¢ belongs to the class A,(R™) for 1 < p < oo if the following
statement:

(e [ wom) (g [ o)’

x,r B(xz,r

is finite and ¢ belongs to A;(R™), if there exists a positive constant C' such that for any € R™ and
r >0,
1
Bl [ ey < Cesssup
yEB(z,r) (p(y)
B(z,r)

The weight function (1, p2) belongs to the class XP(R") for 1 < p < oo, if the following statement:
1

., (mwm [ Aow) (g [ oon)’

B(z,r) B(z,r)

S

is finite.
Lemma 2.2. Let 1 <p < oo and (¢1,p2) € EP(R”), then (¢35, 07%) € gp/ (R™), with % + 1% =1
The following theorem has been proved in [33].

Theorem 2.3. Let 1 < p < oo, then
1) M : L, ,(R") = L, ,(R") if and only if ¢ € A,(R™),
2) M : L1 ,(R") = WLy ,(R") if and only if ¢ € A1(R™).

Theorem 2.4 ([20]). Let 1 < p < oo and (p1,2) € A,(R™), then the operator M is bounded from

Ly, o, (R™) to Ly g, (R™).

The following theorem has been proved in [19)].

Theorem 2.5. Let 1 < p < oo and (¢1,92) € /TP(R”), then the singular integral operator T is
bounded from L, ,, (R™) to Ly ,,(R™).

Corollary 2.6. Let 1 < p < oo and ¢ € A,(R™), then the singular integral operator T is bounded in
Lpo(R").

Definition 2.7. Let 0 < p,0 < oo, w(r) be a non-negative measurable function on (0, 00), ¢(r) be
a measurable function, and f € L% (R™). The weighted global Morrey-type spaces GMp g, , are
defined by the norm

loc
p,p

o0 1/6
sty = 50 ([ WL, pieanct)
0

If o(r) = 1, then we obtain global Morrey-type spaces GM,, g ., defined in [6].
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Let M* be the sharp maximal function defined by

Mif(@) = sup B0 [ 150)  fonldy
B(z,r)

where fB(a:,'r‘) (.’L’) = |B(‘7)7 r)‘_l fB(z,r) f(y)dy

Definition 2.8. We define the BMO(R"™) space as the set of all locally integrable functions f such
that

Ifloso = sup  [Bla,r)| ™ / FW) = Fagemldy < o0
Z€R™, >0 O
B(x,r

or

o =iat sw B [ 15w) - Cliy <.

c zeR™, r>0

B(z,r)
Definition 2.9. Given a measurable function b, the maximal commutator is defined by
My(f)(x) = sup |B(z,r)|"" / b(x) — b(y)[|f(y)ldy,
zER™, r>0
B(x,r)

for all x € R™.

This operator plays an important role in the study of commutators of singular integral operators
with BMO symbols.

Definition 2.10. Given a measurable function b, the commutator of the Hardy—Littlewood maximal
operator M and b are defined by

[M,b]f(z) = M(bf)(z) — b(x)M f(x)
for all z € R™.

Definition 2.11. We define the BMO,, ,(R™) (1 < p < 00) space as the set of all locally integrable
functions f such that

() = fBGm)XBEn L, @)

Iflparo,., = sup
zeR™, r>0 HQDHL;;(B(%T))
or 1
170530, = _sup_ sl Q) = T Xa s ool o000 < 00

zER™, r>0

Theorem 2.12 ([26]). Let 1 < p < oo and ¢ be a Lebesque measurable function. If ¢ € A,(R™), then
the norms || - ||samo,., and || - ||sao are mutually equivalent.

We will need the following lemma while proving our main theorems.

Lemma 2.13 ([27]). Let b € BMO(R™). Then there is a constant C > 0 such that
t
|bB(1;,r) — bB(;z;,t)’ < C|bllpamo In - for 0<2r<t,
where C' is independent of b, x, r and t.

We will use the standard notation for Sobolev spaces and for derivatives, namely, if « is a multi-

n
index, o = (o, az,...,a5,) € Z7, we denote |af = Zl aj, D =0g! .- 0y and
i=

Wr(Q) ={v e Ly,(Q): D*v € Ly(Q), V |a| <k}
and the generalized weighted Sobolev-Morrey spaces

Wy, (Q,0) = {v e ME¥(Q): D* € ME¥(Q), V |a] < k}.
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Let I" be the standard fundamental solution of the Laplacian operator, namely,

1 _
Fo {%mgm L on=y,

n(nJZ)wn |$|2—n7 n > 37

with w,, the area of the unit sphere in R".
Given a function f € C§°(R™), it is a classic result that the potential ¢ given by

o) = [T =)y
is a solution of —A¢ = f in R™ and satisfies the estimate

[¢llwzwny < ClIfllL,@m) (2.1)

for 1 < p < oo. Indeed, this estimate is a consequence of the Calderén—Zygmund theory of singular
integrals (see, e.g., [40]).
On the other hand, a priori estimates like (2.1) for solutions of the Dirichlet problem

{A(;S f inQ,

¢=0 on 09, (22)

on smooth bounded domains 2 are also well known (see, e.g., the classic paper by Agmon, Douglis
and Nirenberg [4], where a priori estimates for general elliptic problems are proved).

3. TWO-WEIGHTED INEQUALITES FOR THE MAXIMAL OPERATOR AND ITS COMMUTATOR IN THE
SPACES G My, 6.0, (R™)

In this section we prove the two-weighted boundedness of the maximal operator and maximal
commutators in the GM, 9., ,(R"™) weighted global Morrey-type spaces. We need the following two
generalized Hardy inequalities which are to be used in the proof of our theorems.

Lemma 3.1. Let 1 <r < s < oo and let v and w be two functions such that measurable and positive
a.e. on (0,00). Then there exists a constant C independent of the function h such that

( 7 ( j h(T)dT>Sw(t)dt>1/s < O(fh(t)%(t)dt)lﬁ, (3.1)
o0 0
K =sup (]Ow(f)dT>1/s< j v(T)”’dT)l/T, < o0, (3.2)

where r+ 1" = rr’. Moreover, if C is the best constant in (3.1) and K is defined by (3.2), then
K <C <k(rs)K. (3.3)
Here, the constant k(r,s) in (3.3) can be written in various forms. For example (see [35]):
k(r,s) = rY/s("V" or k(r,s) = sY5(sV" or k(r,s) = (1+ s/r') 1/3(1 +1'/s) v

Lemma 3.2. Let 1 <r < s < oo and let v and w be two functions such that measurable and positive
a.e. on (0,00). Then there exists a constant C independent of the function h such that

( /OO ( 7 h(T)dT>Sw(t)dt>l/s < C(]oh(t)’"v(t)dt)l/r (3.4)
K, = Sup (O/tw(T)dr>l/S<70v(r)1T’dr>1/r/ < o0.

t
Moreover, the best constant C in (3.4) satisfies the inequalities K1 < C < k(r, s)K;.

if and only if

if and only if
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Note that Lemmas 3.1 and 3.2 were proved by G. Talenti [41], G. Tomaselli [42], B. Muckenhoupt
[33] for 1 < r = s < o0, and by J. S. Bradley [5], V. M. Kokilashvili [28], V. G. Maz’ya [30] for r < s.

Theorem 3.3. Let 1 <p < oo and (y1,p2) € EP(R"). Then

oo

IMfllL, B < Clle2llL, B, (35)
pooo (B(@:t)) p(B(x,t)) ||(p2||Lp(B(z,s)) s
for every f € Ly, ,, (R™), where C does not depend on f,x and t.
Proof. We represent f as
f = fl + f2a fl (y) = f(y)XB(acQt) (y)a f2(y) = f(y>X BB(x,Zt) (y)7 t >0, (36)
and have
IM Ly oy By < IMAlL, 3@ + 1M f2llL, ,,B@sH)-
Taking into account that f; € Ly, ,, (R™), by virtue of Theorem 2.4,
M fill, ., (B < M fillL, ., @)
<Clfallz,.,, &) =ClflL,.,, B@2t)-
Then
”Mfl HLlwzz(B(vat)) < CHf”pr«m (B(,2t))s
where a constant C' is independent of f.
Taking into account
T Ifllz, .. (B(s) ds
fllz, .. B2ty < Clle2llL, (B, S —
Ilzy o1 B2y < Cliealeymeon | G o
we get
T 1fllz, .., (B(z.s) ds
IM fillz, ., ey < Cleal, ey [ T — 3.7)

/ lo2llz, (Bas) S
Now, observe that for z € B(z,t), we get

M) =sup B [ 1a)ldy

B(z,r)

< Csup / ly— 2" ()\dy

r>2t
B (x,2t)NB(z,r)

< Csup / & — "1 ()ldy

r>2t
BB(I,Qt)ﬁB(z,r)

<c / l — o1 £ ()\dy.
’B(z,2t)

We prove the following inequality:

[l Uy <€ [ 5 et i mte s oo
t

B (x,t)
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Therefore

1M fallz, . (Bt < CH /s’"’lllgal_lHLP,(B(W))Hf||Lp‘¢l(B(I7S))ds
t

Lp,oy (B(w,t))
< C/8’”’1II¢I1HLP/(B<x,s>>Hf||Lp,¢1(B<x,s>>dSHXB(x,t)HLW(Rn)
t

I£ley oy B@s)) ds

< Clle . : 3.8
ezllz, o /o2l (Besy s 35
From (3.7) and (3.8), we get
TlIfle (B(z,s)) ds
M f> et) < Cllpa @ e —,
” ||LP‘W2(B( i) H ||L,,(B( i) ||<P2HL,J(B(w,s)) s
t
where a constant C' is independent of f. g

In the following theorem we give the necessary condition for the two-weighted boundedness of
maximal operator in the spaces GMy, g o o, (R™).

Theorem 3.4. Let 1 < p < 0o and (¢1,92) € Ap(R"), 1 <6, <0y < 0 and the functions wy and
wo satisfy conditions

t 01 o)

611
02 9 _p —0’
§1>118 (/wg(s)||<p2|iZP(B(%S))d&) (/wl(r)l Sy 91||902||LPEB($,T))dr> < 00, (3.9
0

t
then the operator M is bounded from GMy 6, wi 01 (R™) t0 GMp 9, ws.0, (R™).

Proof. Let f € GMy 6, w0 (R™"). Hence by Theorem 3.3 and Lemma 3.2, we have

912
||Mf||GMp‘aQ,w2,¢2 = sup "J2(t)HMf||i2 (B(z t))dt
ZL‘ERW 0 P;¥2 )

i kil ds\"” \%
Lp,o, (B(w;s)) GS 2
S C sup (/wQ(tﬂgOQ”i?p(B(x,t))( —_—A ) dt)
0

zERn / ||902||Lp(3(x,s)) S

TS o o
< C sup ( wtlel(t)tel|902||i1p(3(x,t))dt>

ek NS 020l (5

9 %
= swp ([@IA%, )" = Clilartn =
0

Lemma 3.5 ([2]). Let b be any non-negative locally integrable function. Then

M, 0] f(z)| < My(f)(2), = €R",
holds for all f € Li¢(R™).
Theorem 3.6 ([2]). Let b € BMO(R"™). Suppose that X is a Banach space of measurable functions
defined on R™. Assume that M is bounded on X. Then the operator My is bounded on X and the
inequality

My flx < Cllbllsaollfllx

holds with a constant C, independent of f.

Corollary 3.7. Let 1 <p < oo, b€ BMO(R") and ¢ € A,(R™), then the operator My is bounded in
Lp,p(R™).
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Theorem 3.8. Let 1 < p < 00, b € BMO(R"™) and (¢1,92) € /L,(R”), v1 € Ap(R™), then the
operator My is bounded from L, ,, (R™) to Ly ,,(R™).

Proof. Let f € Ly, ,, (R"), b € BMO(R"). The inequality [2, Corollary 1.11],
My f(x) < CllbllparoM? f(x)

is valid. From this inequality, Theorem 2.4, Corollary 3.7 and the conditions (1, p2) € /TP(R”),
1 € A,(R™), we have

2
IMbfllz, . (Beer) < ClblBrMO o f”Lp,q,?(B(x,r))
< Clpllsmo 1M fllg, . (Bary < Cillbllzyo IfllL, . (B -
where M?f(z) = M(M f(z)). O

Theorem 3.9. Let 1 <p < oo, b€ BMOR") and (¢1,p2) € EP(R"), 1,2 € A,(R™), then

r s\ 1Nz, ., (B.s)) ds
My f won < Clbllaolle . / 1+1n2) W tea B@s) 85 3.10
186711y < Pl ey (14 103) oS (3.10)
for every f € Ly, ,, (R™), where C does not depend on f,x and t.
Proof. We represent the function f as in (3.6) and have
My fllL, ., B < MofillL, ., B@o) + 1 Msfalle, ., (B.o)-
By Theorem 3.8, we obtain
Mo fillL, ., (B@.e) < IMbfillL, ,, @
< Clbllsmoll fillz, ., @) = Clbll Mol fllL, ., (B.2t) (3.11)
where C' does not depend on f. From (3.11), we get
r r Iz (B(z,r)) dr
Myf e < Cllbll zrro . /(1+1n7>L—, 3.12
WP ilzr 3oy < Cltlmacolonlzemimnn £ Tealbyom 7 1)

which is easily obtained from the fact that || f]| Ly (B(z,2t)) 1S non-decreasing in ¢, therefore
[ fllL, ., (B(z2t)) on the right-hand side of (3.11) is dominated by the right-hand side of (3.12).
For z € B(x,t), we get

Myfa(z) = sup | B(z, )| / 1b(z) — b@)| f2(v) |y

r>0 B(ew)
<Csup / ly — 217" [b(2) — ()| £ () |dy

"~ 'B(z,26)NB(z,r)
<Csup / & — 7" b(z) — b(w)|Lf (9)\dy

GB(z,Zt)ﬁB(z,r)

{yeRn:2t<|o—y|<s})

< 078‘”‘1< / b(y) — bB(z,s)lf(y)dy)ds

+C/8—n—1( / |b(2) —bB(rvs)||f(y)|dy>ds=Il + Is.

t {yeRrm:2t< [z —y|<s}
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From Hélder’s inequality and Theorem 2.12, we obtain

Iy = 75”1< / [b(y) — bB(x,s)|f(y)dy) ds

t {yeRm 2t |a—y|<s}

< CHbHBMo/57%1||f||LW1(B(w,s))||901_1||Lp,<3(x,s))d8-
t

To estimate I, by Lemma 2.13, we get

oo

B- [ s"1|b<z>—b3<w,s>|( / If(y)ldy)ds

t {yeR™:2t< |z —y|<s}
o0

< CMbXB(Lt)(Z)/sinilanLp,m(B(z,s))”‘pl_lHLP/(B(w,s))dS

t
00

e s B
+Clbllsmo / ST 2y, B 1901 L2y B s
t
By Theorem 3.8, we have
Mo follz, ., Bt < MillL, ., B + 11201, ., B
Tro sy i, (B ds
< C||b||BMO||SO2HLP(B(x,t))/ (1 +In {) NI Ep, ¢, (B(,5)) 48

t

Then from (3.12) and (3.13), we obtain (3.10). O

. (3.13
le2llr, (B(z.s) s :

In the following theorem we give the necessary condition for the two-weighted boundedness of
maximal commutator in the spaces GM g ., »(R™).

Theorem 3.10. Let 1 < p < o0, b € BMO(R"), (p1,92) € EP(R"), w102 € ApR™), 1 <6, <
0y < o0 and the functions wy and we satisfy the conditions

t
02
su wa(s ds
t>g(0/ 2( )HSDQHLP(B(I,S)) >

61 ’ ’ —0 011
X(/(l—i—ln:) wl(r)1—91r—91||¢2|LfEB(w’T))dT> < 00, (314)
t

then the operator My is bounded from GMy g, w, o (R™) to GMp 0, ws.00 (R™).

Proof. Let f € GMy 0, w, o, (R"), b€ BMO(R™). Hence by Theorem 3.9 and Lemma 3.2, we obtain

o0 1
7
0
My fllGMy.oy.00.0, = xSequL (/wQ(t)|beHsz#,z(B(w,t))dt)
0

i i s\ 1fllLyo, (Basy) ds\2 .\ 7
< Clplisaro sup (/wz(t)llsozll%p(,g(m,t))(/ (1+m ¥> w) dt)
t

le2llz,(B.s) s

1

0

oo 91

s\ 01 ”f”qu, B(z,t))  _ s\~ "

< C llowso sup ([ (1+m5)" TR 0 (1 ) 0 ol )
TER™ 0 ||802||LP(B(;1:,75))
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o0 1
o1
= C ||bllBrmo Seuﬂgl </wl(t)”f”ilpm(B(m,t))dt) =C HbHBMoHf”GMp,el,wl,m>
0

which completes the proof. O

4. TWO-WEIGHTED INEQUALITY FOR THE SINGULAR OPERATORS AND THEIR COMMUTATORS IN
THE SPACES GM) 9., ,(R")

Let T be a Calder6n-Zygmund singular integral operator and b € BMO(R"™). A well known result
of Coifman, Rochberg and Weiss [13] states that the commutator operator [b,T|f = T(bf) — bTf
is bounded on L,(R™) for 1 < p < co. The commutator of Calderén-Zygmund operators plays an
important role in studying the regularity of solutions of elliptic partial differential equations of second
order (see, e.g., [10,12,16-18]).

In this section, we prove the two-weighted inequalities for singular integral operators and their
commutators in the GM,, g ., ,(R"™) weighted global Morrey-type spaces. We start with the following
lemma.

Lemma 4.1 ([17]). Let 1 < s < 0o, b € BMO(R"), then there exists C > 0 such that for all x € R",
the following inequality:

16, T1f1(z) < M, T)f|(2)) < Clbllpao ((MITS]7)

1
s

(2) + (MIf)* (@)
holds.

Theorem 4.2. Let 1 < p < 0o and (1, 92) € Ay(R™). Then

[ee]

ITfllz,. .. B < Cllellr, (B
s (B(z,1)) (B( ))t ||902||LP(B(x,s)) s

for every f € Ly, ., (R"™), where C does not depend on f,x and t.
Proof. We represent the function f as in (3.6) and have

ITflL,0pB@e) SNThlL, 00 B@o) 1T 2L, . B@)-

From Theorem 2.5, we obtain

||Tf1||Lp,<p2(B(zvt)) S ”TleLp,wz(R") S CHflanwm (R™) = C”f”Lp#n(B(IaQt))’ (41)

where C does not depend on f. From (4.1), we get

Tlfle (B(z,s)) ds
ITfillz,.., B@) < Clle2llr, s, e —, (4.2)
Joo (B(2)1)) (B( t))t ||¢2||LP(B(LS)) s

which is easily obtained from the fact that || f]| Ly, (B(z2t)) 1S non-decreasing in ¢, therefore
[ fllL, , (B2t on the right-hand side of (4.1) is dominated by the right-hand side of (4.2). To
estimate HTf2||Lp,q,2(B(z,t))v we observe that

d
rhel<c [ U
ly — 2|
’B(z,2t)
where z € B(x,t) and the inequalities |z — z| < ¢, [z —y| > 2t imply 3|z —y| < |z —y| < 3|z —y|,
finally, we get

Th(2)] < C / 7 — 41~ £ () ldy.

®B(z,2t)
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To estimate T fa(z), for z € B(x,t), choosing § > 0 from Theorem 2.12, we have
[ e = sl 1wy
B(x,t)
<c[smt [ il
t {yeRm:2t<|z—y|<s}
< C/S_"_1||<P1_1XB(z,s)||L,,,(1Rn)||f||Lp,m(B(m,s))d8-
t
We prove the following inequality:
/ [z —y| 7" f(y)ldy < C/8‘"‘1||s0I1||LPI<B<z7s))||f||Lp,m<B<x7s>)dS- (4.3)
B (x,t) t
Hence by inequality (4.3), we get
1T follz, oy Bt < CliXBEn L, @) /87"71||<P1_1||Lp,(13(x,s))||f||Lp,m(B(;c,s))dS
¢
[ fl,.0 e ds
< CllezllL, B e (4.4)
R R PR
From (4.2) and (4.4), we arrive at (3.5). O

In the following theorem, we give the necessary condition for the two-weighted boundedness of
singular integral operators in the spaces GMy, g, o (R™).

Theorem 4.3. Let 1 < p < 0o and (¢1,92) € EP(R"), 1 <60, <05 < oo and the functions wy and
wo satisfy condition (3.9).

Then the operator T is bounded from GMy 0, w, o, (R™) to GMp 9, 0,0, (R™).

Proof. Let f € GMyp 6, w, o (R™"). From Theorem 4.2 and Lemma 3.2, we get

||TfHGMp,92,w2-,<P2

r TUF L, By ds\? N7
S C sup (/W2(t)|¢2”(22p(3(;p,t))< —_— > dt>
0

e /) leallz, B s

< C sup
zE€RP

Fils (B(x,t)) ,_g 9 0 g
< LB =61, (1) 1|<P2||L1p<B<xvt>>dt>
) M2l ()

oo

1
o7
= swp ([@IA%, )" = Clilartn .

TER™
0

The following theorem gives the two-weighted boundedness of the operator [b, T] in the Ly, ,(R™)
spaces.

Theorem 4.4. Let 1 < p < oo, b € BMO(R") and (¢1,p2) € EP(R"), o1 € Ap(R™). Then the
operator [b,T] is bounded from Ly, ,, (R™) to Ly ,, (R™).
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Proof. Let f € L, ,(R™), b € BMO(R") and (¢1,p2) € ZP(R"), ¢1 € Ap(R™). From Lemma 4.1,
Theorem 2.3, Theorem 2.4 and Corollary 2.6, we have

1 1
s s

1. T1f s, ey < UM BTN, gy < Clolmao |[(MITF) + (M £17)

LP,«pQ (]Rn)

1 1
s s

< Clbllsao “\(Mle|8)

s

Lp,wQ(R"J

< Clpbllsyo £z, @ - O

Ly o, (R

+ s

1
<Clb |(rs1e)® }
H ||BMO|: (I f| ) LPAM(RH) Lp»vn(]Rn)
We can easily get the following

Theorem 4.5. Let 1 <p < oo, b€ BMO(R") and (¢1,p2) € EP(R"), 1,02 € A,(R™). Then

r T ||f||L,, (B(z,r)) dr
110, T]fHprPQ(B(%t)) < C”bHBMO||§02||LP(B(35¢)) / (1 + In E) 27 ey WOAET)) BT

(4.5)
J le2llz, B T
for every f € Ly, ,, (R™), where C does not depend on f,x and t.
Proof. We represent the function f as in (3.6) and have
16TV fl 2, 0, Bty < N TfAllL, by Bty T 10T f2llL, . (Bt)-
By Theorem 4.4, we obtain
116: T f1lly oy (Bt < 16 TTf1lL, ., &)
< Clbllsmoll fillz, ., @) = Clbllmoll fllL, ., (B.2t) (4.6)
where C' does not depend on f. From (4.6), we obtain
Vi s\ Ifllz, .., (B(x,s) ds
I, T1f1l1, oy B < CllBA1ONI P2 1, 1300, / (1410 2) S tpanlBED S (g )
/ t/ Ne2lle,(B@s) $

which is easily obtained from the fact that |f[|L,, (B(z20) is non-decreasing in ¢, therefore
[ fllL,.., (B(z20)) on the right-hand side of (4.6) is dominated by the right-hand side of (4.7). To
estimate ||[b, T]f2| L, ., (B(x.t)), Wwe observe that

b.T)fa(2)] < C / (=) = o)
R™\ B(x,2t)

where z € B(z,t) and the inequalities [z — 2| < t, [z —y| > 2t imply L[z —y| < [z —y| < 2|z —y|, and
therefore

16, T]f2(2)| < C / |z —y[7"b(2) — b(y)| |f(y)|dy.
R\ B(x,2t)

To estimate [b, T| f2, we first prove the following auxiliary inequality:

[ ool ibe) - )5 wldy
R7\ B(z,t)

T n s _ ds
< C||b||BMo/S (1 +In E) [l 1||Lp/(B(z,s))||f”Lp,wl(B(r,s))?~ (4.8)

t
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To estimate [b, T]f2(z), we observe that for z € B(x,t), we have

[z —y|7"b(2) — b(y)||f(y)ldy

R\ B(z,t)
< [ ka7 ) - baoll )y
R\ B(z,t)
b [ =) = el Wldy = 1+
R7\ B(z,t)

Now, we choose § > 0 and by Theorem 2.12 and Lemma 2.13, we obtain

h= [ el ) - baeollF)ldy
R7\ B(z,t)
< Clblnsro [ 5T ey 301y s

t
o]

P
+ C||bll Brmo /5 'In Zle ML, (B f Ly, (B,s))ds-

t

To estimate Jy, we have

T2 =) = bogal [ kel ISy
R\ B(z,t)

T _ _ ds
< CMbXB(m,t)(z)/s "llor ey el Ly, (e~

t

where C' does not depend on z,t.
Hence by inequality (4.8), we get

116: TV follz, 0y Bty < ClXB@t) Ly 0@ b B0

o0

x/ (1+1n )Ilw11||L,(st 112y (Bs)

t

ds

r 1F Ly, (Bas) ds
SC||b||BMO||w2HLp(B(z,t))/(1—1—1 f)m - (4.9)
t

From (4.7) and (4.9), we arrive at (4.5). O

In the following theorem we prove the two-weighted boundedness of commutators of singular integral
operators in the spaces GMy, g ., (R™).

Theorem 4.6. Let 1 < p < o0, b € BMO(R™), (¢1,¢5) € A »(R™), p1,02 € A,(R"), 1 < 6; <
0 < oo and the functions wy and wo satisfy condition (3.14).
Then the operator [b,T] is bounded from GMy g, w, o (R™) to GMp 9, 0,0, (R™).

Proof. Let f € GMyp 6, w0 (R"), b € BMO(R™). Hence by Theorem 4.5 and Lemma 3.2, we obtain

o0 1

75
18.11 Vs = 10 ([ xOUBTIE 0

0
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i 7 1l ey ds\ 2\ 5
< Clblparo sup ( / wQ(t)Ilcpzll%(B(z’t)( [(r+m ) Ml o ) dt)
TR ’ f l2llL,(Bs)

01
s\ 01 Hf”Lp,w (B(z,t)) ,_ s\ 0 0 e
<y ([ (1w )" om0 (1 D) 0Pl )
0

veRr 211z, (e
o0 1
01
0
=Cswp </wl(t)”f”ﬁp,m(B(z,t))dt) = Cllfllers.o o0
R A
which completes the proof. O

5. WEIGHTED GLOBAL MORREY-TYPE A PRIORI ESTIMATES

In this section, we consider the Dirichlet problem (2.2) in the bounded domains Q2. We assume that
09 is of the class C2.

- / G, y)f(y)dy (5.1)
Q

is the solution of this problem, where G(z,y) is the Green function that can be written as
with h(z,y) satisfying, for each fixed y € Q,

Agh(z,y) =0 z €,
hMz,y) = -T(xz—y) z e

If P(y, Q) is the Poisson kernel, then h(x,y) is given by

1 1
) =~ 2”"34 P QAS(Q),

where dS denotes the surface measure on 9f).

The inequalities
Glay) < {Clog|a: 77y| ?f n =2,
Clz —y|>™ if n>3,
and
|D.,G(x,y)| < Cloz —y|' ™
are satisfied by the Green function (see [43]). Thus

/D%G x,y) f(y)dy.

We need the following lemma to get the second derivatives of ¢ from the representation (5.1). We
denote by d(x) the distance to the boundary, d(z) = Qinafg |z — Q.
€

Lemma 5.1. Given a € Z} (|a| > 0 if n = 2), there exists a constant C depending only on n and «
such that

|D®h(z,y)| < Cd(x)* 1ol
We find that for each x € Q, D, ., h(z,y) is bounded uniformly in a neighborhood of  and therefore

Q
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Moreover, since |D,,I'(z)| < Clz|[' ™", we obtain

D,, [ T(x— ) f(y)dy = / D, Tz — y)f(y)dy.
Q Q

Dy, T is not an integrable function, so we cannot interchange the order between integration and
second derivatives. The known standard argument shows that

D, / Dy, T(w — y) f(y)dy = K f(z) + c(x) f (),
Q

where ¢ is a bounded function and

Kf@) =lm [ DT~ )i W)y
|z—y|>e

Here and in the sequel, we assume hat f is defined in R™ extending the original f by zero.

Since D,,I" € C>°(R™ \ {0}) and is a homogeneous function of degree 1 — n, the operator K is a
Calderén-Zygmund singular integral operator and D, I'(x — y) is homogeneous of degree —n and
has vanishing average on the unit sphere (see Lemma 11.1 in [3, page 152]). It follows from the general
theory given in [9] that K is a bounded operator in L,(R™) for 1 < p < cc.

Furthermore, the maximal operator

K f(x) = sup
e>0

/ Daa, Tz — ) (y)dy

lz—y|>e

is also bounded in L,(R") for 1 < p < oo.
We can now give and prove our main result.

Theorem 5.2. Let 2 C R™ be a bounded C? domain and 1 < p < oo, (¢1,p2) € EP(R"), 1<6; <
02 < co. Let the functions wi(r) and wo(r) satisfy condition (3.9), f € GMp o, w10, () and ¢ be the
solution of problem (2.2), then there exists a constant C' depending only on n and 2 such that

6/l

p,w2,02

Qp2) < CllfllaMyo, )00 () (5.2)

Proof. We will need the following estimate for the Green function. This estimate has been proved by

A. Dall’Acqua and G. Sweers in [14], however, they assume that the domain is more regular than C2.
Let Q be a bounded C? domain and G(z,y) be the Green function of problem (2.2) in Q. There

exists a constant C' depending only on n and 2 such that for (z,y) € Q x

d(x)

Do Gla,y)| < Ci—r—rn.

1Dsin, Gl)| < Oy

Our result follows from the following inequalities (see [15]).

There exists a constant C' depending only on n and 2 such that for any x € 2,

|6(2)] + | Dz p(2)| < OM f(2), (5:3)

[Daa, #(@)| < € (Kf (@) + M) + |£(@)]). (5.4)

Theorems 3.4 and 4.3 imply that the operators M and K are bounded from GM .0, 1,00 () tO
GMp 0, 09,0, (§2). Therefore (5.2) follows immediately from inequalities (5.3) and (5.4). O

Now, we get the following

Theorem 5.3. Let Q C R™ be a bounded C? domain and 1 < p < 00, (¢1,¢2) € ZP(R"), 1<6; <
2 < 0o. Let the functions wi(r) and wa(r) satisfy condition (3.9), f € GMy g, w0, () and ¢ be the
solution of problem (2.2), then there exists a constant C' depending only on n and Q2 such that

[ 6llwz

p,w2,02

@p2) < Cllfllarm, o, 0, 00 @)
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6. A PRIORI ESTIMATES FOR NON-DIVERGENT ELLIPTIC EQUATIONS IN WEIGHTED GLOBAL
MORREY-TYPE SPACES
Definition 6.1. Suppose that €2 is an open set in R". For any f € BMO() and r > 0, we define
1

n(r)= sup = / la(y) — aq,p) ldy < oo,
( zeQ,p<r |Q(xvp)|ﬂ( ) ) (#:0)
z,p

where aq = 1/]Q] [, a(y)dy. If n(r) = 0 for r — 01, we say that any « € BMO(Q) is from the space
VMO(Q).

Let 1 <p < oo, f € GMp 0, w0, () and the functions ¢ satisfy the condition

r 01
2y
"0 (/ w2(s) '“02||%p<3<x,s>>ds>
r>0
0
d . o o ” 61—1
x(/ (1+ln T> wl(t)l01t01||§02||;p%B(x,t))dt) < 00, (6.1)

T

where C' is independent of = and r.
We get the following result from Theorem 4.6.

Corollary 6.2. Let 1 < p < o0, (¢1,¢2) € ﬁp(R”), 1,02 € Ap(R™), 1 < 61 < 0 < oo and the
functions wy and ws satisfy condition (6.1). Suppose Q is an open set in R™ and a € VMO(Q). If
the kernel K is a constant or variable Calderén—Zygmund kernel on R™ and T is the corresponding

Calderdn—Zygmund determinant, then for any € > 0, there exists a positive number py = po(e,n) such
that, for any ball B(0,r) with radius r € (0, pg), Q(0,7) # 0 for all f € GM, g, w1 0, (2(0,7)),

e, TV llaMy oy . 0n (20.7) < CElfllaMy.o, 0 (@0
where C' = C(n,p, p, K, M) is independent of €, f and r.
Suppose that © is a bounded domain in R", n > 3 and 9Q € C"! and the coefficients a;;(z),

1,7 =1,...,n, are symmetric and uniformly elliptic in €2, that is, for some A > 0 and any £ € R",

n

aij(x) = aji(2), AT EP < D ()€ < AJ¢J?

ij=1

a.e. x € . Furthermore, let a;;(z) € VMO(), the spaces of mean oscillation functions vanish to
zero according to D. Sarason [38].
Take into account the Dirichlet problem

Lu = f almost everywhere in (2,
u=0  on the 99.

Let

1 - (2-n)/2
I'(z,t) = A (@)t |
(x7 ) (n - 2)wn(det aivj)1/2 < Z J(‘r) ])

4,j=1

Ti(e1) = 2T,

2

0
Fij(x,t) = at*at'r(x’t)7
L]
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for a.e. x € B and Vt € R™ \ {0}, where (A;;)nxn is the inverse of the matrix (a;;)nxn. We have for

u

e WZP (see [11,18,21]) the following formulas:

MWAMZf”V:/Dﬂ%x—w[E:WMW%%W@N%MAw+LMwdy
A k=1

+um>/rmeww

ly|=1

a.e. x € B C (), where B is a ball in Q.

Theorem 6.3. Let Q be a bounded domain in R™, 1 < p < 0o, (¢1,92) € Ap(R™), ¢1, 02 € Ay(R™),

1
fo

f

< 601 < 03 < 00 and the functions wy and wy satisfy condition (6.1). Suppose that a;; € VMO(Q)
ri,j=1,2,...,n,

o8
@F”CE?T) . < o0,

€ GMp g, w10, (Q) and u is the solution of problem (6.2), then there exists a positive constant C

M= max max
1,5=1,....,n |B|<2n

such that for any ball B C Q:

Uasa; | GMp 0y g 0 (B) < CllLUGAM, 5, ) oy (B)-

Proof. One can easily check that I';; is a variable Calderén—Zygmund kernel. From Corollary 6.2 and
representation ug, ., for any € > 0, we get

[Wai; [GMy 0y g 0 (B) < CClltivia;laMy o, 000 (B) T ClLullam, 4, 0, 0 (B)-

Choosing ¢ small enough (for example, Ce < 1), we obtain

Waia; [ GMy 0y g o (B) < (C/(L = CE))||LtllaM, ) o) 0y (B)-

Therefore the proof is completed. O
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