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STRUCTURAL EQUATIONS OF THE TANGENT SPACE T(T(Vn))

GOCHA TODUA

Abstract. In this paper we consider the manifold tangent space T'(T(Vn)) of the tangent space
T(Vn). Invariant I-forms of the space T(T(Vn)) are defined and their structural equations are
obtained. Structural equations of the space T(T(V'n)) are obtained.

It is well known that various geometrical structures on a given space are defined by concrete fields
of differential-geometric objects. If new fibers join the given fiber spaces, then for these new fibers
there sometimes appear new geometric structures generated by the original structures. In that case
the new geometrical structures are regarded as peculiar analogs of the facts of internal geometry of
the equipped surface.

Let us consider the manifold tangent space T'(T(Vn)) with local coordinates (z¢, 3%, y¢, %), i, j, k =
1,n, 14,5,k = 1,n, where 2, ' are the coordinates of the basis T(Vn), and y*, 2% are the coordinates
of the fiber T,, z € T(Vn). In other words, the vector fields X

X :yi 8' + 2 BT
oxt ayz

generate the fiber space T(T(Vn)). Then it is obvious that the local coordinates (xi,y{, Y, z{) of a
point of the fiber space T(T'(Vn)) are transformed as follows:

—i ik 7¢_%k I Y (1)
On the space T(T'(Vn)) we can define the following forms:
0' =dy' +wiy®, 0 =dy + w%yk, 9 =d2t + w%zk + w%jykyj. (2)

The full equipment of the tangent space TT(T(Vn)) can be determined by using differential-
geometric objects F;, G%, G;, Lt, Cf, the transformation law of which has the form:

e e T
1 Gj = Ty Gy + x%jy ) (3)
ST = T + oy o
- 4{ —_ = — J— . = - - -
atLy = )Ly + G%x%kyp + Gy + x5+ a2l vy (5)
T — d Gy
236Gy = 2 G5 +agy, (6)
z,C) = :E%éz +Qp sy’ + EpalyP — zl 2t — xgpky’yp. (7)
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Differentiating the law of transformation (3)—(7) in the usual way, after appropriate calculations

we obtain:
VG} — 6}, = V;Giw! + VG107,
gl .Y, gt i
VGy — bz = V,Grw' + V; G0 + V. GLO°,
VI — 6! = VWP + V50" + V607, (8)
VLj = GLo] — G0k — 0, = Y, Ljw? + VL7 + VL0 + VL7,
VL, + GL05+T76; — ), = V,Ciw? + V5 G + V5 Ci6P + Vi CLi?,
w{lefe, the 7quaritities VPC,E, V;-(Z}Z, V;)C,i, VﬁC}; are the expansion coefficients of I-forms VC’; +
G?ﬁ;%—i— 70 — 9}, by I-forms w’, 67, 6%, 9P and they are called Pfaffian derivatives of the first, second,
third and fourth rolls respectively for C,i In a holonomic frame, i.e. when
W =dat, 0 =dy, 0 =dy, OF=d:P,
VC} + GLOL+ T80, — 0, = V,Chda® + V5 Cldy’ + Vi Cidy? + Vi Chd2?,

they coincide with ordinary partial derivatives, i.e.

:_0C) :_0C]
ViCj = 550 V70k=87]—.,

;_9C] ;_9C]
Vf) Ck == 6y/€ 5 Vf) Ck - 62;17 .

Differential equations (8) are called differential equations of the field of a linearly connected object
I = (G}, GL Ty, L, Cy).

The I-forms of these connections have the form:

07 =0+ Gt 9)
0" =0 + ik, (10)
97 =9 + Liw" + GLO* + GLo". (11)

Differentiating externally equalities (9), we obtain:
DO’ + dGL A w* + GLDW".
From here, due to (1) and (8), we obtain:

DO — 9% A (w%—i— G%jwj) =R, wP Aw,

where
— T —

Ry, = v[pGZ]'
Differentiating externally equalities (10), we obtain:
DO’ = DO’ + dT% Aw® + T, D,
From here, due to (2) and (8), we obtain:
DO = 68 NG}, + (VT — VATEGE — Vi DhwP Aw” + V-T407 AWk
+(VpDE — T2 )07 AwP

or
D' = 0* A&} + Ryw? Awh +RE 67 AWk + 85,07 Aok,
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where

. I . . .
Ri, = VT - Valplh,  RE = VT),
Spi = VipL'k) = Flpry-
Differentiating externally equalities (11), we have:
D' = DO + dLj, Aw* + Li Dw* + dGL A 6F + GLDO* + dGi, A 9" + G DO".
From here
DY =97 AGL = V;Lijw’ Awh + V5L, 67 AWk + V5L 607 A
+VFL AWk + V;GEw! AR+ V5 GLOT A OF + V5 GLOT A 08
+V,;Giw’ A0+ VG A O,
From here, by virtue of (9), (10) and (11), we obtain:
DI —§T AGL = ALwP AWk +BL 9T AWk + ML6T A 08
- =~ T - o~
+Cj07 AP + D% G AGE+ES 9T AWE,
where
e = VpLi = V3L G), — V5LiT) — V5L, C) + VG AT
+VgGLGIGL + Ve GITL Gl + ViGiT) + V5 G G T,
B, = ViLi — V3LiGL = ViGl + Vg GL G - V5 GLGL + V5 GiT} - V5 G, T,
'y = VLi — VgLi,G1 — V=GL Gl — V.G + V4 G} G,
D, = Vi GL - V; G,

B, = ViLi — G3,

Mg, = Vg G5
So, the external differential equations
Duw' = Wk AT,
- -
DO =97 Nwp + R, w” Aw?,
Dg' = 6% A @b+ R;kw” AwP + R%kgj AwP + S;kgp AWk,
DI =97 NG+ AL AWk +BE 9T AWk + ML A 08
+Ci 97 Aw® + DL G A 0F + EL§T AWt

are structural equations of the space T(T'(Vn)). See [1-7] for related topics.
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