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PARTIAL EQUIPMENT OF THE MANIFOLD TANGENT SPACE TT (T (V n))

GOCHA TODUA

Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. In this paper we consider the manifold tangent space T (T (V n)) of the tangent space
T (V n). Invariant I-forms of the space T (T (V n)) are defined and their structural equations are

obtained. Linear connections of the space T (T (V n)) are established in the case of partial equipment

of the tangent space T (T (V n)).

It is well known that various geometrical structures on a given space are defined by concrete fields
of differential-geometric objects. If new fibers join the given fiber spaces, then for these new fibers
there sometimes appear new geometric structures generated by the original structures. In that case
the new geometrical structures are regarded as peculiar analogs of the facts of internal geometry of
the equipped surface.

Let us consider the manifold tangent space T (T (V n)) with local coordinates (xi, yi, yi, zi), i, j, k =

1, n, i, j, k = 1, n, where xi, yi are the coordinates of the basis T (V n), and yi, zi are the coordinates
of the fiber Tz, z ∈ T (V n). In other words, the vector fields X

X =yi
∂

∂xi
+ zi

∂

∂yi

generate the fiber space T (T (V n)). Then it is obvious that the local coordinates (xi, yi, yi, zi) of a
point of the fiber space T (T (V n)) transform as follows:

xi = xi(xk), yi = xi
ky

k, yi = xi
k
yk, zi = xi

k
zk + xi

kj
ykyj .

On the space T (T (V n)) we can define the following forms:

θi = dyi + ωi
ky

k, θi = dyi + ωi
k
yk, ϑi = dzi + ωi

k
zk + ωi

kj
ykyj .

Performing an external differentiation of these equalities and using the structural equations for the

I-form ωi
k, ω

i
k
, ωi

kj
[2] we obtain

Dθi = θk ∧ ωi
k + ωk ∧ θik,

Dθi = θk ∧ ωi
k
+ ωk ∧ θik,

Dϑi = ϑk ∧ ωi
k
+ θk ∧ θi

k
+ θk ∧ θik + ωk ∧ ϑi

k,

where

θik = ωi
jk
yj , θik = ωi

kjy
j , θi

k
= ωi

kj
yj , ϑi

j = ωi
kj
zk + ωi

kij
ykyi.
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From the transformation law of local coordinates of the tangent space T (T (V n)) it follows that

dxi = xi
kdx

k,

dyi = xi
kjy

kdxj + xi
kdy

k,

dyi = xi
kj
ykdxj + xi

k
dyk,

dzi = (xi
kj
zk + xi

kpj
ykyp)dxj + xi

kj
yjdyk + xi

kj
ykdyj + xi

k
dzk.

The quantities {dxk, dyk, dyk, dzk} define the co-basis of the co-tangent space
∗
TT (T (V n)).

It is obvious that the space
∗
TT (T (V n)) always has an invariant subspace spanned over the co-basis

{dxk}. Let us consider the case when the space
∗
TT (T (V n)) is partially equipped. Note that the partial

equipment of the space
∗
TT (T (V n)) is understood in the sense that with the change of coordinates

the co-basis transformation matrix takes the form:∥∥∥∥∥∥∥∥∥
xi
k 0 0 0

xi
kj
yk xi

k
0 0

0 0 xi
k 0

0 0 xi
kj
yk xi

k

∥∥∥∥∥∥∥∥∥ . (1)

From formulas (1) we see that the space
∗
TT (T (V n)) has one more invariant subspace which is

defined by means of the co-basis Dyi:

Dyi = dyi + Γi
jdx

j .

From the condition of invariance it follows that the quantities Γi
j generate the differential-geometric

object according to the following transformation law:

Γ
i

k = xi
p

∗
x
q

kΓ
p
q −

∗
x
q

kx
i
qjy

j . (2)

Moreover, in order that the space
∗
TT (T (V n)) be partially equipped, we have to define, as seen

from formulas (1), a partially invariant subspace. The latter is defined by means of the co-basis Dzi:

Dzi = dzi +Gi
kDyk +M i

k
dyk.

By the partial invariance condition we have

Dzi = xi
j
Dzj + xi

jk
yjDyk.

It follows that the quantities Gi
k, M

i
k
generate the differential-geometric object according to the

following transformation law of its components:

xi
j
M j

k
= xj

k
M

i

j + xi
kj
yj , (3)

xi
j
Gj

k = xp
kG

i

p +M
i

jx
j
pky

p − xi
jp
yjΓp

k + xi
jk
zj + xi

jpk
yjyp. (4)

The quantities Γi
j , G

i
k, M

i
k
define the partial equipment of the space T (T (V n)). Also, the quantities

Γi
j , G

i
k, M

i
k
define the differental-geometric object of linear connection of the space T (T (V n)), which

we call the triangular co-connection of the space T (T (V n)).
In that case, after the change of the local coordinates the reference frame{ ∂

∂xi
,
∂

∂yi
,
∂

∂yi
,
∂

∂zi

}
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of the tangent fiber space TT (T (V n)) transforms as follows:

∂

∂zi
= xk

i

∂

∂zk
,

∂

∂yk
= xi

jk
yj

∂

∂zi
+ xi

k

∂

∂yi
,

∂

∂yj
= xi

jk
yk

∂

∂zi
+ xi

j

∂

∂yi
,

∂

∂xk
= (xi

jk
zj + xi

jpk
yjyp)

∂

∂zi
+ xi

kpy
p ∂

∂yi
+ xi

jk
yj

∂

∂yi
+ xi

k

∂

∂xi
.

The triangular co-connection always generates a triangular connection by means of which the partial
equipment of the space TT (T (V n)) is defined (and vice versa).

The partial equipment of the tangent space TT (T (V n)) can be defined by using the vectors Di

and Di:

Di =
∂

∂yi
−Gj

i

∂

∂zj
,

the invariance condition

Di = xj

i
Dj

and

Di =
∂

∂xi
− Ej

iDj − Lk
i

∂

∂yk
.

The partial invariance condition is

Di = xk
iDk + xj

ki
ykDj .

It is obvious that the quantities Lk
i , G

j

i
, Ej

i generate differential-geometric objects and a higher-
order definite connection. We call this connection the triangular connection of the tangent space
TT (T (V n)).

Let us consider the fiber space T (V n) with triplet connection Γi
j , Γ

i
kj
,Γi

jk. There arises a question

whether it is possible to construct the triangular connection by using the triplet connection and its
differential continuation, i.e. to define the internal object of the triplet connection by means of the
triplet connection. It turns out that the answer to this question is positive and, what is more, the
triangular connection can be constructed without using the linear connection Γi

j , but using only the

object of the generated vertical affine connection Γi
kj
, affine connection Γi

jk and the partial continuation

of the object of connection Γi
kj
.

We introduce the notations:

Ci
j ≡ Γi

jky
k, N i

j
≡ Γi

jk
yk,

P k
i ≡ Γk

ji
zj + Γk

jip
ypyj + Γk

ji
Γj
pqy

pyq + Γp

ji
Γk
pqy

jyq − Γk
pjΓ

p
iqy

jyq.

The transformation law of these quantities has the form:

xi
kC

k
p = xk

pC
i

k + xi
kpy

k, (5)

xi
j
N j

k
= xj

k
N

i

j + xi
kp
yp, (6)

xi
k
P k
j = xk

jP
i

k +N
i

kx
k
pjy

p − xi
pky

pCk
j + xi

kj
zk + xi

kpj
ykyp. (7)

Formulas (2), (3), (4) and (5), (6), (7) show that the quantities Γi
j , G

i
k, M

i
k
and Ci

j , N
i
j
, P k

i obey

one and the same transformation law of their components. Hence we make the following conclusion.

Theorem. The object of affine connection Γi
jk, object of connection Γi

kj
and its partial differential

continuation Γk
jip

always generate the partial equipment of the fibered space TT (T (V n)) [1–7].



474 G. TODUA

References

1. F. I. Kagan, Affine connections on a tangent bundle. (Russian) Izv. Vysš. Učebn. Zaved. Matematika 1975,
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