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DYNAMICAL CONTACT PROBLEMS FOR A VISCOELASTIC HALF-SPACE
WITH AN ELASTIC INCLUSION
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Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. The dynamical contact problem for viscoelastic half-space which is reinforced by an
elastic inclusion in the form of a strip, is considered. The solution of the problem is reduced to the
integro-differential equation. Using the method of orthogonal polynomials, the integral equation is
reduced to an infinite system of linear algebraic equations. The quasi-completely regularity of the
obtained system is proved and the method of reduction for approximate solution is developed.

1. STATEMENT OF THE PROBLEM

We investigate the dynamical contact problem for a viscoelastic half-space (—oco < x, z < 00, y > 0)
which is reinforced by an elastic inclusion in the form of a strip (0 < y < b, —0o < z < 00) lying in the
plane x = 0. The outer border of the inclusion is under the action of uniformly distributed shearing
harmonic (acting along the oz axis) load of intensity Toe~***§(y), where §(y) is the Dirac function, k
is oscillation frequency, t is time. In the linear theory of viscoelasticity, for Kelvin—Voigt materials,
only displacement component w = w(z,y,t) and tangential stresses components 7,, = G g—“y“ + Gog—‘;,
Ter = G g—‘; + Gog—‘; are other than zero (the so-called anti-plane deformation), where G and Gy are
the elastic and viscoelastic shear modulus, respectively. The dot means a derivative with respect to

the variable ¢, w = 22

ot *

FIGURE 1

The problem is equivalent to the boundary value problem
Ow(z,0,t) N Ow(x,0,t)
Ay Ay

GAw + GoAw = po, x| < o0, y >0, =0 (1)
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(these equations are satisfied everywhere, except the domain occupied by the inclusion). p is the
material density of the half-space [2,4-7,10,11].
Passing through the inclusion, the tangential stress has discontinuities, the displacement is contin-

uous
(T2(0,9,1)) = u(y,t), 0<y<1l; plyt)=0, y>1

w(_Ov Y, t) = w(+07 Y, t) = w(l)(yv t)
and the displacement of the points of an inclusion w(® (y,t) satisfies the condition
9 0wM(y,t)  poh(y) 1 [
—h ) _ - (1) )= —— t) — — 7zkt5 3
By ) By B, 2 Wt = oy t) = poroe o), (3)

where p(y,t) is an unknown contact stress at the point y at time moment ¢, acting onto the inclusion
along the surface of its contact with a half-space, pg is a density and Fjy is the elasticity modulus of
the inclusion material, h(y) is its thickness. It is required to find fields of stresses and displacements.

(2)

2. REDUCTION TO THE INTEGRAL EQUATION

Considering steady oscillations of the half-space and inclusion, we assume that
w(x,y,t) = wO(xvy)e_iktv w(l) (y7t) = wl(y)e_iktv M(yat) = Ml(y)e_ikt‘
Thus from (1), (2), we obtain the following boundary value problem:

&uo(az, 0)

Oy =0

(G —ikGo)Awy = —pkwy, |z| <00, y>0,

(4)
) 0wy (0,

(@~ kG 22y i), o<y <1 m@)=0. y21

Based on the condition (3), the amplitude of the displacement of boundary points on the inclusion
satisfies the condition

d dwi(y) | poh(y)
dyh(y) iy 75,

[1e%3

1 1

ki (y) = —g W) - grmdy), 0<y <L (5)

Multiplying equations (4) by e*** and integrating by parts separately on the intervals (—oo,0) and
(0, 00), for the Fourier transform, we obtain the one-dimensional boundary value problem [12,13]

wi(y) — (0% = kQwaly) = f(y), 0<y<oo, w,(0)=0, (6)

where

pk? mly) 5 ,
kg:?v f(y):_ 1@ , G =G —ikGy.

The decreasing at infinity fundamental function of equation (6) is defined by the methods of integral
transformations and contour integration. Since Green’s function G,(y,n) of the boundary value
problem (6) must satisfy the equation G,(0,7) = 0, it can be constructed in the form of a simple
combination of the above-mentioned fundamental functions, that is,

Ga(y,m) = @(y,n) + (y, —n).

Thus
wa(y) = [ [®(y,n) + Py, =) f(n)dn = [ ®(y,n)f(n)dn.
/ /

We have taken here into account the fact that the right-hand side of equation (6) is equal to zero
for y > 1, and its continuation is realized evenly by negative values of the argument.
Consequently, a solution of the boundary value problem (6) can be represented in the form

1
/ e—V2—kgly—n|

Gwa(y) = oS kg

pa(n)dn.
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Using the inverse transformation, we find that

1 o] )
Guntor) = [ty [ L oo
o\T,Y pal\n)an 2\/0[2——]{,'(2) .

1 0
For the conditions of diverging wave to be fulfilled, it is assumed that y(a) = y/a? — k3 — |a],
as |a| — oo, and when kg is a real number, \/a? — k3 = —i\/k3 — a2, that is, the real axis of the
complex plane z = «a + i0 goes around the branch points —kq from above and kg from below.
Since the integrand of the interior integral in formula (7) may have at infinity the behavior a1,
its Fourier transformation (in a sense of the theory of generalized functions) is represented as a sum
of its principal and regular part [10]:

(7)

L Roaly ). (8)

1
R(z, [y —nl|) = ilnm

where

Rola, | ) 7 e~ Vear-kily=nlcosqr eyl cos aw — el d
x,ly—n|) = - .
o\Z, |Y n /7052 — k% o

Thus the function can be represented as follows:

1

1

~ 1 1

Guwo(z,y) = E/hl mm(n)dnJr/Ro(x,ly = n|) 1 (n)dn.
1 -1

Taking into account the contact condition of the inclusion and the half-space wy(0,y) = w1(y), in
view of formulas (8) and (5), we obtain the following integro-differential equation:

1 1

d d = pok?h(y) ( 1 / 1 1/ )

—h(y)— + = [ In dn+ = | Ro(0,|y — d

(3" + 5 ) 2nG ] g @+ G [ ROl = b
1 1

= _ﬁoﬂl(y) - ET)TO‘s(y) 9)

under the condition that
1
/m(n)dn = 270. (10)
1
The subject of our investigation is the integro-differential equation (9) with condition (10).

3. REDUCTION OF PROBLEM (9), (10) TO AN INFINITE SYSTEM OF LINEAR ALGEBRAIC
EQUATIONS

A solution of problem (9), (10) will be sought in the form

ap 1 >
1 = ame 5 11
p(y) \/1*92+\/1*y2w; (v) (11)

where T, (y) is the first kind Chebyshev’s orthogonal polynomial, {a, },>1 are unknown sequences.
By virtue of the equilibrium conditions of inclusion (10), we obtain ay = 2%
a) If h(y) = h = const, using Rodrigue’s formula for Jacobi’s polynomials and the following spectral

relation

1
1 1 Tw(y)dy In2, m=0,
= [In P = T (), ={1
le vl I E U,
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from the integro-differential equation (9), we have [14]:

1
VT (m4+DIm 3/2,3/2) pok? N / ()
m m P Y m me m K d
5 2 O 2T L @>+2ﬂ)§;a/L W)+ 3 an | Ky =n)—Asdn
m m= m= _1

= Zamm - GTO(S()
th,/iy Eoh

m=0

0° R,
where K (|y — ) = Z-Hel@du=nl) 4 20”0 |y — ).

Multiplying both parts of the above equality by (1 —y , integrating in the interval
(=1,1) and based on the orthogonality of Jacobi’s polynomials, we obtain the infinite system of linear
algebraic equations

DR )

Vi Oy + Z Rum@m = Tofn, n=2,3,..., (12)
m=1
where
- 1
pok® ) ) G (3) (1 1 / y2)3/2 (3/2 3/2)
an = 7R R R 5 R - — 1 - P _ ’ Tm d 3

1
R = [(a=yp) (/Myn ))
21

R%=/u VP23 ()T (y)dy,

-1
1

~ pok?In2 / 213/2 p(3/2:3/2) 2 / 213/2 (3/2,3/2)
= 1 — P ’ e — 1 - P ’
fn VB (1 =) P2 (y)dy T (1 =y2)""Uy) P2y 7 (y)dy

/ P(3/2 3/2)
Won 7'('th

y?)3 2P (y)a(y)dy,

/K ly — 77| dn _In+1/2)
T nl(n—1) "
Using Stirling’s formula for the Gamma function I'(z) [1], we have
Y = 0(n?), n— . (13)

Using now Rodrigue’s formula and Darboux asymptotic formula for the Jacobi’s polynomials [14],
after some calculations, we get

0, m#n, m#n+2, 0, m 2,4
(1) _— 1 . Ry B ”
Ry = , m=n +O0(n ) w/4, m=2 n—o00,
m(n—2)m m
_7T/2, m:n:l:?, _77/16, m =4
1
'(m+1) d 5/2,5/2)
R2) — VT /71_ 25/2P( ,
™ R0 (m + 1/2)(n — 2)m(m — 1) AR A R )

21

1

</Kwn| (nwwﬁW%w@@

-1
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= val(m + 1) / 215/2 p(5/2,5/2)
- 8(m+1/2)(n —2)m(m — 1) /(1—y )/Pn5—3252(y)

1
3 _

s OyOon?
2((=1)m™*t" +1) 1 1 g (1) 41
R®) ~ N e [m+n — + (m_n)Q_l)} rom L
fon= O(%), n — oo. (14)

Now, investigating the regularity of the infinite system (12) and taking into account estimations
(13), (14), for the system (12), we obtain the following conditions:

> (R’"">2 < 00, HZ:; <f">2 < 0. (15)

m=1,n=2 Tn Tn

b) If h(x) = hov'1 — 22, |z] < 1, a solution of problem (9), (10) will be sought in the form (11) and
from (9), we have

? 1 y2
m=1
1 ~ ~
= Ty (n) G 1 = G
m K d = me 6 )
+z/ =) = - 1_yzz;0a ()~ 5-m0(y)
m= 1 m=

where
0 5 ORo (0, |y —
Rily—nl) = /1= g2 SO =D | 20 g 0,1y —

Multiplying both parts of the above equality by T, (y), integrating in the interval (—1, 1) and using
the conditions of orthogonality of Chebyshev’s polynomials of the first kind, we obtain the infinite
system of linear algebraic equations

0nln + > Lmnlm =Togm,  n=1,2,3,..., (16)
m=1
where
pok>h 1]
Lo =000 r@) 1 =

2E0 mn mn? E / 1- yQTm(y)Tn(y)dya
-1

1

1) = /lTn@)(/f?uy—m)W?)dy,
Z1

1_ 12

n = —é/lTn(yﬁS(y)dy— poifo 1n2/1 V1=, (y) — i/lTn(y) (/1 K(|y_n)dn>dy7

EO ™
1

mho + G
n+—.
4 2E,
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Using the properties of the first kind Chebyshev’s orthogonal polynomials and Gamma function,
we have

/8 m=n=1
1 Jn/4, m=n#l

LM — = :
mm | —n/8, m=n+2
0, m#n, m#n+£2
1 1
F(m+1) % &? 3/2,3/2
L@ — VT /Tn /K B 1 p2y3/2 p(3/2:3/2)
™= 8m + 1/2mim —1) J W) (ly = nl) gz (1= )P 557 () | dy
—1 1

_ ﬁr(m+1) / ; o3/2 15(3/2,3/2) 52K(|y—n\)
= S D 0 </ (1B ) =

~ 1
G 2 K(ly —nl)dn
m=—gooosy =2 [ [FUUZD® gy, 0z
1

—1 — 1- n
G pok?h / [ R(ly - nl)d
pok~ho 2 K(ly —nl)dn
= — In2—-— | T ———|d
92 Ey * 4Fy . ™ /1 2(1/)(/1 1—n2 ) .
dp=0(n), n— o0
If we rewrite the system (16) in following form
> an n
an+mZ::1 5 amzmg—n, n=1,2,3,... (17)
based on the previous representations for system (17), we obtain the conditions
< 00, (—) < 00. 18
n:;n:l ( 6" ) nz::l 5” ( )

Conditions (15) and (18) prove that the infinite systems (12) and (17) are quasi-completely regular

o0
in the space [y, that is, their solutions satisfy the condition > a? < oco.
n=1
On the basis of the Hilbert alternative [8,9], if the determinants of the corresponding finite system
of linear algebraic equations are nonzero, then systems (12), (17) will have a unique solution in the
class Iy, and problem (9), (10) has the unique solution in the form (11).
The results of [8, p. 534], are applicable to an infinite system (17). Relying on this fact, the system

N
~ N _ ~ L
ag+Zanaan:gN7 'I’L:172,...7N7 gn:TOgl’ an: —
m=1

19
is solvable for sufficiently large N and the convergence of approximate solutions {afy tn=1,..N to
{an}n>1 is valid in the sense of the norm of the space ls.

The convergence rate is determined by the inequality

o
0o o 1/2 _¥+1§;21 1/2
lo-voal<a] ¥ Y Ewl] +e(2)
n=N+1m=1 Z g%
n=1
where a = {a, }n>1 = (a1,02,...,an,...) is the solution of system (17), @ = (al¥,ad,...,a¥) is the

solution of system (19), ¢y '@y = (aY,ad,...,aN,0,0,...).
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Considering the expression for L,,,, we have

o >3 Zon] e [i ] il

n=N+1m=1 n=1
o 1/2
~2
n:%«FI In * = 1 1/2 * 1/2
Cy =, SCQ(ZW) < C3[¢(2,N)]
Z:l gn n=1

where ((s, N) is the known generalized Zeta-function.
Using the asymptotic formula for the generalized Zeta-function [3, p. 62], we obtain

lla — g @™ |li, < ONTY2.

Thus the solutions of systems (12) and (17) can be constructed by the reduction method with any
accuracy [8,9].

Theorem. The infinite systems of linear algebraic equations (12) and (17) are quasi-completely reg-
ular in the space ls. Accordingly, problem (9), (10) has the unique solution in the form (11).
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