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ON FRACTIONAL OPERATORS IN STUMMEL SPACES
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Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. We give boundedness results for the fractional maximal operator and the Riesz potential
operator in the framework of Stummel spaces with variable exponents.

1. INTRODUCTION

For 0 < p < o0 and 0 < A < n, the Stummel space
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goes back at least as far as [16] for p = 2. In the case p = 1, such spaces were also studied in [7,14]
and &1""2(R") is known as the Stummel-Kato class. Generalized Stummel spaces &P (R"), with
the function |- |* replaced by w, were used in [4,13,15] in embedding results for global Morrey spaces.
It is worth mentioning that Stummel spaces appear in applications to PDEs (see, e.g., [10-12]).

Very recently, the notion of Stummel spaces with variable exponents was introduced in [1] and,
besides obtaining embedding results between Stummel and Morrey spaces with variable exponents,
the boundedness of the maximal operator in Stummel and vanishing Stummel spaces with variable
exponents was obtained.

The goal of this note is to present the boundedness results for the Riesz potential operator I, in
Stummel spaces with variable exponent, viz.,
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Such result can be obtained by using Welland’s inequality and the boundedness of the fractional
maximal operator M, in Stummel spaces with variable exponents, which in turn can be derived from
a point-wise inequality and the boundedness of the maximal operator in weighted Lebesgue spaces.
This involves uniform bounds for a family of Muckenhoupt weights with non-standard growth (cf., [3]).
To the best of the author’s knowledge, such results were never studied, even in the constant exponent
Stummel spaces.

2. PRELIMINARIES

By & we denote the class of all bounded measurable functions p : R — [1,00) and define
p~ =essinfyern p(x) and pt := esssup,cpn p().

The function g : R™ — R is said to be locally log-Hélder continuous if there exists ciog(g) > 0 such
that

Clog(g)
l9(z) — g(y)| < ogle+ 1/lz — )

for all z,y € R", (2.1)
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and satisfy the log-Holder continuity condition at infinity, also known as the decay condition, if there
exist goo € [1,00) and cf,,(g) > 0 such that

Clog(9)
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for all x € R™. (2.2)

The function g is said to be log-Hélder continuous, denoted by g € 22'°8, when it satisfies (2.1) and
(2.2).

The wvariable exponents Lebesgue space Lp(')(R"), p € &, is the space of measurable functions f
such that

o) = [ 7@ < o
R’n
and normed by

Il = nt {> 01, (£) < 1}.

We refer to the books [5,6] for the basics on the theory of variable exponent Lebesgue spaces (see
also [8,9] for applications of such spaces to integral operators).

The Stummel space with a variable exponent G’ﬁ(')”\(')(R”), with TCR™ pe £ and 0 < A(z) <
A4 < n, was introduced in [1,2], by
< oo}.
(")

Its vanishing counterpart V&P()A()(R™) was defined in the aforementioned papers as

< oo}.
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Recall that the fractional mazimal operator M, is defined, for f € L{ _and 0 < o < n, by
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3. MAIN RESULTS

M f(z) = sup B(:c71ﬂ)|15 / |f(y)|dy.

r>0
B(z,r)
We start with a useful point-wise estimate.
Lemma 3.1. Let 0 < a < n and p be an exponent function such that 1 < p_ < p(z) < p1 < n/a and

the function q is defined pointwise by 1/q(x) = 1/p(x) — a/n. Then for all £ € R™ and every x € R™
such that My (f)(z) < oo, we have

o Ay, n-o ®) "
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Now, we formulate the main results of this note:

Theorem 3.1. Let 0 < a < n, p € P°8(R") with 1 < p_ < pT < n/a, and q be defined by
1/q(x) = 1/p(z) — a/n. Moreover, let X satisfy (2.1), (2.2) and A~ > 0, with

(pla+ )T <n.
Then for a bounded set 11, we have
M, : 6113[(')7>\(')(Rn) SN an('%)‘(')(Rn).

If p and X are constant, then the result holds also for unbounded sets II.
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Let I, be the Riesz potential operator given by
f(y)
I.f(x :/76@, 0<a<n.
(@) J |z —y|"

The boundedness of I, in Stummel spaces with variable exponents is obtained via Welland’s in-
equality

I.f(2)] < C(e,a,n) [Ma—of ()" |Mase f(2)] V7,

where 0 < a < n, 0 < ¢ < max(a,n —a), and f € LL  (R").

loc

Theorem 3.2. Under the same assumptions of Theorem 3.1, we have
Ia . 6%()’>\() (Rn) N 61’{[()»)\() (Rn)
when the set 11 is bounded or 11 is unbounded and p, A\ are constant.

Similar results of Theorems 3.1 and 3.2, under the additional assumption po,(a+ AT) < n, are also
valid for the vanishing Stummel spaces with variable exponents.
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