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GEGENBAUER FRACTIONAL MAXIMAL FUNCTION AND ITS

COMMUTATORS ON GEGENBAUER–ORLICZ SPACES
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Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. In this paper, we find the necessary and sufficient conditions for the boundedness of

Gegenbauer fractional (G-fractional) maximal operator Mα
G in Gegenbauer-Olicz (G-Orlicz) spaces.

As an application of these results, we consider the boundedness of G-fractional maximal commutator

Mb,α
G in G-Orlicz spaces.

1. Introduction

Norm inequalities for several classical operators of harmonic type have been widely studied in the
context of Orlicz spaces. It is well known that many of such operators fail to have continuity properties
when they act between certain Lebesgue spaces and, in some situations, the Orlicz spaces appear as
adequate substitutes. For example, the Hardy–Littlewood maximal operator is bounded on Lp for
1 < p ≤ ∞, but not on L1. However, by using Orlicz spaces, we can investigate the boundedness of
the maximal operator near p = 1 (for more precise statements, see [3, 11, 12] and for the theory of
Orlics spaces, see [14,15,17]).

Let 0 ≤ α < n. The classical fractional maximal operator Mα is given by

Mαf(x) = sup
B∋x

|B|−1+α
n

∫
B

|f(y)|dy

and the fractional maximal commutators of Mα with a locally integrable function b is defined by

Mb,αf(x) = sup
B∋x

|B|−1+α
n

∫
B

|b(x)− b(y)||f(y)|dy,

where the supremum is taken over all balls B ⊂ Rn containing x. If α = 0, then M ≡ M0 is the
Hardy–Littlewood maximal operator and Mb ≡ Mb,0 is the maximal commutator of M .

For more details about the operator Mb,α, where 0 ≤ α < n in the Orlicz space, we refer to [1,4,16]
and references therein.

2. Definition, Notation and Auxiliary Results

Our investigation is based on the Gegenbauer differential operator [7]

G ≡ Gλ =
(
x2 − 1

) 1
2−λ d

dx

(
x2 − 1

)λ+ 1
2

d

dx
, x ∈ (1,∞), λ ∈

(
0,

1

2

)
.

The shift operator Aλ
chy generated by G is given in the form [8]

Aλ
chyf(chx) =

Γ
(
λ+ 1

2

)
Γ(λ)Γ

(
1
2

) π∫
0

f(chxchy − shxshy cosφ)(sinφ)2λ−1dφ,

where x, y ∈ R+.
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Let Hr = (0, r) ⊂ R+. For any measurable set E µE = |E|λ =
∫
E

sh2λxdx. For 1 ≤ p < ∞, let

Lp(R+, G) = Lp,λ(R+) be the space of µλ(x) = sh2λx measurable function on R+ with the finite norm

∥f∥Lp,λ
=

( ∫
R+

|f(chx)|pdµλ(x)

) 1
p

, 1 ≤ p < ∞.

Note that the space Lp,λ is the Banach space (see [6, Proposition 5.1]).
Throughout the whole paper, the notation A ≲ B means that there exists a constant C > 0 such

that A ≲ CB, where C is independent of the appropriate quantities. If A ≲ B and B ≲ A, we write
A ≈ B and say that A and B are equivalent. Further, we need the following lemmas.

Lemma 2.1 ([10]). The following relation:

|Hr|λ =

r∫
0

sh2λydy ≈
(
sh

r

2

)γ
, where 0 < γ ≤ 2λ+ 1. (2.1)

is true.

Lemma 2.2 ([7]). If f ∈ Lp,λ(R+), (1 ≤ p ≤ ∞), then for any y ∈ R+, the following inequality:∥∥Aλ
chyf

∥∥
Lp,λ(R+)

≤ ∥f∥Lp,λ(R+)

holds.

For f ∈ Lloc
1,λ(R+), the G-fractional maximal operator Mα

G is defined in [9] as follows:

Mα
Gf(chx) = sup

r>0
|Hr|

α
γ −1

λ

∫
Hr

Aλ
chy |f(chx)| dµλ(y). (2.2)

Let b ∈ Lloc
1,λ(R+), then the commutator M b,α

G , generated by Mα
G and b, is defined in [9] as follows:

M b,α
G f(chx) = sup

r>0
|Hr|

α
γ −1

λ

∫
Hr

∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣Aλ

chy|f(chx)|dµλ(y). (2.3)

The definition of a G-BMO space is given below, in Section 5.

3. Preliminaries

Before we proceed to proving our results, we shall introduce some preliminary definitions and
properties concerning the G-Orlicz spaces.

Definition 3.1. A function Φ : [0,∞) → [0,∞] is called a Young function if Φ is continuous, convex
and strictly increasing, and Φ(0) = 0, Φ(r) → ∞ as r → ∞.

The set of Young functions such that 0 < Φ(r) < ∞ for 0 < r < ∞ will be denoted by Y, then Φ
is absolutely continuous on every closed interval in [0,∞) and bijective from [0,∞) to itself.

For a Young function Φ and 0 ≤ s ≤ ∞, let

Φ−1(s) = inf{r ≥ 0 : Φ(r) > s}.
If Φ ∈ Y, then Φ is the usual inverse function of Φ. It is well known that

r ≤ Φ−1(r)Φ̃−1(r) ≤ 2r, r ≥ 0,

where Φ̃ is defined by

Φ̃(r) =

{
sup{rs− Φ(s) : s ∈ [0,∞)}, r ∈ [0,∞),

∞, r = ∞.

A Young function Φ is said to satisfy the ∆2 -condition, denoted also as Φ ∈ ∆2, if

Φ(2r) ≤ cΦ(r), r ≥ 0,
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for some c ≥ 2. If Φ ∈ ∆2, then Φ ∈ Y. A Young function Φ is said to satisfy the ∇2− condition,
denoted also as Φ ∈ ∇2, if Φ(r) ≤ 1

2cΦ(cr), r ≥ 0 for some c > 1. We can verify the following examples:
the function Φ(r) = r satisfies the ∆2 -condition, but does not satisfy the ∇2-condition. If 1 < p < ∞,
then Φ(r) = rp satisfies both conditions. The function Φ(r) = er − r − 1 satisfies the ∇2 -condition,
but does not satisfy the ∆2-condition.

Definition 3.2 ([13] G-Orlicz space). For a Young function Φ, the set

LΦ(R+, G) =

{
f ∈ Lloc

1,λ(R+) :

∫
R+

Φ (k |f(chx)|) dµλ(x) < ∞ for some k > 0

}
is called the Gegenbauer–Orlicz (G-Orlicz) space.

If Φ(t) = tp, 1 ≤ p < ∞, then LΦ(R+, G) = Lp,λ(R+). If Φ(r) = 0, (0 ≤ r ≤ 1) and Φ(r) = ∞,
(r > 1), then LΦ(R+, G) = L∞(R+). The space Lloc

1,λ(R+, G) we define as the set of all functions f

such that fχΩ ∈ LΦ(R+, G) for all intervals Ω ⊂ R+, where χΩ is a characteristic function of the
interval Ω.

Definition 3.3 ([13]). Let Φ ∈ Y and the norm ∥·∥LΦ
on the space LΦ(R+, G) be defined by

∥f∥LΦ(R+,G) = inf

{
ν > 0 :

∫
R+

Φ

(
1

ν
|f(chx)|

)
dµλ(x) ≤ 1

}
.

For a measurable set Ω ⊂ R+, a µλ measurable function f and t > 0, let m(Ω, f, t) = |{x ∈ Ω :
|f(chx)| > t}|λ. In case Ω = R+, we shortly denote it by m(f, t).

Definition 3.4. The weak G-Orlicz space

WLΦ(R+,G) =
{
f ∈ Lloc

1,λ(R+) : ∥f∥WLΦ(R+,G) < ∞
}

we define by the norm

∥f∥WLΦ(R+,G) = inf

{
ν > 0 : sup

t>0
Φ(t)m

(f
ν
, t
)
≤ 1

}
.

Note that ∥f∥WLΦ(R+,G) ≤ ∥f∥LΦ(R+,G) (see [13]).

We prove that∫
Ω

( |f(chx)|
∥f∥LΦ(Ω,G)

)
dµλ(x) ≤ 1, sup

t>0
Φ(t)m

( f

∥f∥WLΦ(Ω+,G)

, t
)
≤ 1, (3.1)

and

sup
t>0

Φ(t)m(Ω, f, t) = sup
t>0

tm(Ω, f,Φ−1(t)) = sup
t>0

tm (Ω,Φ(|f |), t) , (3.2)

where

∥f∥LΦ(Ω,G) = ∥fχΩ∥LΦ(R+,G)

and

∥f∥WLΦ(Ω,G) = ∥fχΩ∥LΦ(R+,G) .

Inequalities (3.1) immediately follow from Definitions 3.3 and 3.4.
Now, let’s prove (3.2). It is known that Φ(Φ−1(t)) ≈ Φ−1(Φ(t)) ≈ t. Then by the definition, we

have

m(Ω, f, t) = |{x ∈ Ω : |f(chx)| > t}|λ
= |{x ∈ Ω : Φ(|f |)(chx) > Φ(t)}|λ
= m (Ω : Φ(|f |),Φ(t)) .

This implies that
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Φ(t)m(Ω, f, t) = Φ(t)m(Ω, (|f |),Φ(t))
≈ Φ(Φ−1(t))m(Ω, (|f |),Φ−1(t))

≈ tm(Ω,Φ(|f |), t).

On the other hand,

Φ(t)m(Ω, f, t) ≈ Φ(Φ−1(t))m(Ω, f,Φ−1(t)) ≈ tm(Ω, f,Φ−1(t)).

Thus we have

sup
t>0

Φ(t)m(Ω, f, t) = sup
t>0

tm(Ω, f,Φ−1(t)) = sup
t>0

tm(Ω,Φ |f | , t).

By the definition of Φ̃, we have

uv ≤ Φ(u) + Φ̃(v),

which is called Young’s inequality.

Corollary 3.5. Let Φ and Φ̃ be complementary Young functions and let Ω be a measurable subset
of R+. Suppose that u ∈ LΦ and v ∈ LΦ̃. Then uv ∈ L1,λ(Ω, G) and∫

Ω

|u(chx)v(chx)| dµλ(x) ≤
∫
Ω

Φ (|u(chx)|) dµλ(x) +

∫
Ω

Φ̃ (|v(chx)|) dµλ(x).

By the definition (see [13]),

∥f∥LΦ(Ω,G) = sup

{∫
Ω

|fg| dµλ :

∫
Ω

Φ̃ (|g|) dµλ ≤ 1

}
. (3.3)

Theorem 3.6. Let Φ be a Young function and Ω be a measurable subset of R+.
Then LΦ(Ω, G) = LΦ(Ω, G) and for all f ∈ LΦ(Ω, G),

∥f∥LΦ(Ω,G) ≤ ∥f∥LΦ(Ω,G) ≤ 2 ∥f∥LΦ(Ω,G) .

Proof. Let Φ̃ be a Young function, complementary to Φ. Let LΦ(Ω, G), f ̸= 0, and let k = 1
∥f∥LΦ(Ω,G)

,

so that ∫
Ω

Φ (k|f(chx)|) dµλ(x) ≤ 1.

Let g be such that
∫
Ω

Φ̃ (|g(chx)|) dµλ(x) ≤ 1.

By Corollary 3.5, ∫
Ω

|kf(chx)g(chx)|dµλ(x) ≤ 2.

Hence ∫
Ω

|f(chx)g(chx)|dµλ(x) ≤ 2 ∥f∥LΦ(Ω,G)

and so,

∥f∥LΦ(Ω,G) ≤ 2 ∥f∥LΦ(Ω,G) .

To obtain the remaining inequality (3.3) it suffices to prove it for non-negative simple functions, and
as this is done, the use of the Fatou property possessed by the Banach function spaces LΦ(Ω, G) and
f ∈ LΦ(Ω, G) gives the general result. Let f be a non-negative simple function with ∥f∥LΦ(Ω,G) > 0.

All we have to do is to show that ∫
Ω

Φ(ν|f(chx)|dµλ(x) ≤ 1,
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where ν = 1
∥f∥LΦ(Ω,G)

. Since f is simple,
∫
Ω

Φ(ν|f(chx)|dµλ(x) < ∞. Now, represent Φ in the integral

form: Φ(u(chx)) =
u(chx)∫

0

φ(s)ds, say . The function g given by g(chx) = φ(νf(chx)) is simple. By

Young’s equality,

Φ̃(g(chx)) + Φ(νf(chx)) = νf(chx)g(chx)

for all x ∈ Ω. Hence∫
Ω

Φ(νf(chx))dµλ(x) +

∫
Ω

Φ̃(g(chx))dµλ(x) =

∫
Ω

νf(chx)g(chx)dµλ(x) (3.4)

and so, ∫
Ω

Φ̃(g(chx))dµλ(x) < ∞.

Since LΦ̃(Ω, G) is the associate space of LΦ(Ω, G), Hölder’s inequality (see Theorem 3.7 below
and [13, Lemma 2.5])

∥f∥LΦ(Ω,G) ≤ 1 ⇐⇒
∫
Ω

Φ (|f(chx)|) dµλ(x) ≤ 1

yields ∫
Ω

(νf(chx)g(chx)dµλ(x) ≤ ∥νf∥LΦ(Ω,G) ∥g∥LΦ̃(Ω,G)

≤ ∥g∥LΦ̃(Ω,G) ≤ max

{
1,

∫
Ω

Φ̃(g(chx))dµλ(x)

}
.

Thus from (3.4) we have∫
Ω

Φ(νf(chx))dµλ(x) +

∫
Ω

Φ̃(g(chx)dµλ(x) ≤ 1 +

∫
Ω

Φ̃(g(chx))dµλ(x),

and the result follows, since ν = 1
∥f∥LΦ(Ω,G)

. □

Theorem 3.7 ([13]). Let Ω ∈ R+ be a measurable set and the functions f and g be its complemen-

tary Φ̃. Then the following inequality∫
Ω

|f(chx)g(chx)| dµλ(x) ≤ 2 ∥f∥LΦ(Ω,G) ∥g∥LΦ̃(Ω,G)

is valid for all f ∈ LΦ(Ω, G) and g ∈ LΦ̃(Ω, G).

Lemma 3.8. Let Φ be a Young function and Hr = (0, r) be a set in R+. Then

∥χHr∥WLΦ(Hr,G) = ∥χHr∥LΦ(Hr,G) =
1

Φ−1
(
|Hr|−1

λ

) .
Proof. The description will be given in terms of the right-continuous inverse Φ−1 of Φ which is defined
by

Φ−1(t) = sup {s ≥ 0 : Φ(s) ≤ t} , 0 ≤ t < ∞.

By Definition 3.3 and (3.2), we have

∥χHr∥WLΦ(Hr,G) = ∥χHr∥LΦ(Hr,G)

= inf

{
1

ν
:

∫
Hr

Φ (νχHr (chx)) dµλ(x) ≤ 1

}

= inf
{1
ν
: |Hr|λ Φ(ν) ≤ 1

}
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=

[
sup

{
ν : Φ(ν) ≤ 1

|Hr|λ

}]−1

=
1

Φ−1
(

1
|Hr|λ

) . □

Lemma 3.9. If 0 < |E|λ < ∞ and Φ is a Young function, then the norm of the characteristic
function, χE is given as

∥χE∥LΦ(E,G) = |E|λ Φ̃
−1
( 1

|E|λ

)
, (3.5)

Φ̃ as usual being the complementary of Φ.

Proof. Indeed, let g ∈ LΦ̃(E,G) such that ∥g∥LΦ̃(E,G) ≤ 1. Then by Jensen’s inequality (see [13],

Remark 2.7), we get

Φ̃

(
1

|E|λ

∫
E

|g(chx)| dµλ(x)

)

≤
∥g∥LΦ̃(E,G)

|E|λ

∫
E

(
|g(chx)|

∥g∥LΦ̃(E,G)

)
dµλ(x) ≤

1

|E|λ
.

Applying Φ̃−1 to both sides, we obtain∫
E

|g(chx)| dµλ(x) ≤ |E|λ Φ̃
−1
(
|E|−1

λ

)
.

Then by the definition, we have

∥χE∥LΦ(E,G) = sup

{∫
Ω

χE(chx)g(chx)dµλ(x) : ∥g∥LΦ̃(E,G) ≤ 1

}

≤ sup

{∫
E

|g(chx)| dµλ(x) : ∥g∥LΦ̃(E,G) ≤ 1

}
≤ |E|λ Φ̃

−1
(
|E|−1

λ

)
. (3.6)

On the other hand, if g0 = Φ̃−1
(
|E|−1

λ

)
χE , then

∥g0∥LΦ̃(E,G) = 1 and so ∥χE∥LΦ(E,G)

≥
∫
Ω

χE(chx)g0(chx)dµλ(x) = Φ̃−1
(
|E|−1

λ

)∫
E

dµλ(x)

= |E|λ Φ̃
−1
(
|E|−1

λ

)
. (3.7)

From (3.6) and (3.7), we obtain (3.5). □

Lemma 3.10. For the complementary pair Φ, Φ̃, the following statement

u ≤ Φ−1(u)Φ̃−1(u) ≤ 2u

is valid.

Proof. Let u = |Hr|−1
λ . Then by Lemma 3.8 and Lemma 3.9, we can write

∥χE∥LΦ (E,G) =
1

u
Φ̃−1(u), ∥χE∥LΦ (E,G) =

1

Φ−1(u)
.

This implies that

Φ̃−1(u) = u ∥χE∥LΦ (E,G) and Φ−1(u) =
1

∥χE∥LΦ (E,G)

.
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Then

Φ̃−1(u)Φ−1(u) = u ∥χE∥LΦ (E,G) ·
1

∥χE∥LΦ (E,G)

.

Using Theorem 3.6, we obtain our statement. □

From Theorem 3.7, Lemma 3.8 and Lemma 3.10, we have the following

Lemma 3.11. For a Young function Φ and Hr ⊂ R+ ,the following inequality∫
Hr

|f(chx)| dµλ(x) ≤ 2 |Hr|λ Φ
−1
(
|Hr|−1

λ

)
∥f∥LΦ (Hr,G)

is valid.

The G-fractional integral Jα
G is defined as follows:

Jα
Gf(chx) =

∞∫
0

Aλ
chyf(chx)(
shy

2

)γ−α dµλ(y), 0 < α < γ.

Lemma 3.12. Let 0 < α < γ. Then

Mα
Gf(chx) ≲ Jα

G (|f |) (chx). (3.8)

Proof. By the definition of Jα
G and Lemma 2.1, we get

Jα
G(|f |)(chx) =

∞∫
0

Aλ
chy |f(chx)|(
shy

2

)γ−α dµλ(y)

≥
r∫
0

Aλ
chy |f(chx)|(
shy

2

)γ−α dµλ(y)

≥ 1(
sh r

2

)γ−α

r∫
0

Aλ
chy |f(chx)| dµλ(y)

≈ 1

|Hr|
1−α

γ

λ

r∫
0

Aλ
chy |f(chx)| dµλ(y).

Taking the supremum on r > 0 of both parts, we obtain our statement. □

4. The Boundedness of G-Fractional Maximal Operator in G-Orlicz Space

In this section, we give the necessary and sufficient condition for the boundedness of G-fractional
maximal operatorMα

G on the G-Orlicz space and weak G-Orlicz space. We begin with the boundedness
of the G-maximal operator MG on G-Orlicz spaces, defined by (2.2) for α = 0,

MGf(chx) = sup
r>0

1

|Hr|λ

∫
Hr

Aλ
chy |f(chx)| dµλ(y).

We introduce the following

Definition 4.1. Let Φ ∈ LΦ(R+, G) and T : LΦ → LΦ be a sublinear operator.

We say that the operator T is of the weak type (Φ,Φ) if

Φ(α) |{x ∈ R+ : |Tf(chx)| > α}|λ ≤
∫
R+

Φ (|f(chx)|) dµλ(x),

for all f ∈ LΦ(R+, G) and all α > 0.
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Definition 4.2. Let Φ ∈ LΦ(R+, G) and T : LΦ → LΦ be a sublinear operator. We say that the
operator T is of the strong type (Φ,Φ) if there exists a constant c > 0 such that

∥Tf∥LΦ(R+,G) ≤ c ∥f∥LΦ(R+,G) ,

for all f ∈ LΦ(R+, G).

Lemma 4.3 ([14]). Let Φ be a Young function with the canonical representation

Φ(r) =

r∫
0

φ(s)ds, r > 0.

(1) Assume that Φ ∈ ∆2. More precisely, Φ(2r) ≤ cΦ(r) for some c ≥ 2. Set β = log2 c. If p > β+1,
then the following inequality

∞∫
r

φ(s)

sp
ds ≲

Φ(r)

rp
, r > 0

is valid.
(2) Assume that Φ ∈ ∇2. Then the following inequality

r∫
0

φ(s)

s
ds ≲

Φ(r)

r
, r > 0

is valid.

Lemma 4.4 ([13]). Let Hr = (0, r) ⊂ R+ and let Φ : Hr → R+ be convex and we suppose that
f ∈ L1,λ(R+) and also Φ(Aλ

chyf) ∈ L1,λ(R+).
Then Jensen’s type inequality

Φ

(
1

|Hr|λ

∫
Hr

Aλ
chyf(chx)dµλ(y)

)
≤ 1

|Hr|λ

∫
Hr

Φ
(
Aλ

chyf(chx)
)
dµλ(y)

holds for every x ∈ R+.

Theorem 4.5. Let Φ be a Young function. Then the maximal operator MG is bounded from LΦ(R+, G)
to WLΦ(R+, G) and for Φ ∈ ∇2 is bounded in LΦ(R+, G).

Proof. First, we prove that the maximal operator MG is bounded from LΦ(R+, G) to WLΦ(R+, G).
We take f ∈ LΦ(R+, G) satisfying ∥f∥LΦ(R+,G) = 1, so that the modular∫

R+

Φ (|f(chx)|) dµλ(x) ≤ 1.

By Lemma 4.4 and the definition of the maximal operator MG, we have

Φ(MGf(chx)) ≤ MGΦ(f(chx)). (4.1)

Using (4.1) and weak (1,1) boundedness of the maximal operator (see [14]), we get

|{x ∈ R+ : MGf(chx) > r}|λ = |{x ∈ R+ : Φ(MGf(chx)) > Φ(r)}|λ
≤ |{x ∈ R+ : MGΦ(f(chx)) > Φ(r)}|λ

≤ c

Φ(r)

∫
R+

Φ (|f(chx)|) dµλ(x)

≤ c

Φ(r)
≤ 1

Φ
(

r
c∥f∥LΦ(R+,G)

) ,



GEGENBAUER FRACTIONAL MAXIMAL FUNCTION AND ITS COMMUTATORS 225

since ∥f∥LΦ(R+,G) = 1 and 1
cΦ(r) > Φ( rc ), if c ≥ 1. Since the ∥·∥LΦ(R+,G) norm is homogeneous, the

inequality

|{x ∈ R+ : MGf(chx) > r)}|λ ≤ 1

Φ
(

r
c∥f∥LΦ(R+,G)

)
is true for every f ∈ LΦ(R+, G).

Now, we prove that for Φ ∈ ∇2, the maximal operator MG is bounded in LΦ(R+, G). Let θ > 0
and f ∈ LΦ(R+, G). Then we have

∫
R+

Φ
(MGf(chx)

θ

)
dµλ(x) =

∫
R+

MGf(chx)

θ∫
0

φ(s)dsdµλ(x)

=

∫
R+

∞∫
0

χ{
s∈(0,∞):

MGf(chx)

θ >s
}φ(s)dsdµλ(x)

=

∞∫
0

φ(s)

( ∫
R+

χ{x∈R+:MGf(chx)>θs}dµλ(x)

)
ds

=
1

θ

∞∫
0

φ
(ν
θ

)
|{x ∈ R+ : MGf(chx) > ν}| dν

=
2

θ

∞∫
0

φ
(2ν
θ

)
|{x ∈ R+ : MGf(chx) > 2ν}| dν.

By weak (1,1) boundedness of the maximal operator,

|{x ∈ R+ : MGf(chx) > 2ν}|λ ≲
1

ν

∫
{x∈R+:|f(chx)|>ν}

f(chx)dµλ(x)

and the change of the order of integration results in∫
R+

Φ

(
MGf(chx)

θ

)
dµλ(x) ≲

1

ν

∫
R+

φ
(2ν
θ

)( ∫
{x∈R+:|f(chx)|>ν}

f(chx)dµλ(x)

)
dν

ν

≲
1

θ

∫
R+

|f(chx)|
( |f(chx)|∫

0

(2ν
θ

)dν
ν

)
dµλ(x).

Now. we use Theorem 3.7 which yields

2θ−1|f(chx)|∫
0

φ(ν)
dν

ν
≲ |f(chx)|−1

θΦ

(
2|f(chx)|

θ

)
,

if f(chx) ̸= 0. Recall that kΦ(r) ≤ Φ(kr) for k ≥ 1 and r > 0, assuming Φ is convex.
Therefore it follows that∫

R+

Φ

(
MGf(chx)

θ

)
dµλ(x) ≤ c0

∫
R+

Φ

(
2|f(chx)|

θ

)
dµλ(x)

≤
∫
R+

Φ

(
c0|f(chx)|

θ

)
dµλ(x).
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Here, c0 is a constant we would like to ched lihgt on. Chosing θ = c0 ∥f∥LΦ(R+,G) , we get∫
R+

Φ

(
MGf(chx)

θ

)
dµλ(x) ≤ 1.

This means that

∥MGf∥LΦ(R+,G) ≤ θ = c0 ∥f∥LΦ(R+,G)

from the definition of the norm. □

We recall that for the functions Φ and Ψ from [0,∞) into [0,∞], the function Ψ is said to dominate Φ
globally if there exists a positive constant c such that Φ(s) ≤ Ψ(cs) for all s ≥ 0.

In the theorem below we also use their notation

Ψ̃p(s) =

s∫
0

rp
′−1
(
B−1

p

(
rp

′
))p′

dr, (4.2)

where 1 < p ≤ ∞ and Ψ̃ is the Young conjugate function to Ψp(s), where B−1
p (s) is inverse to

Bp(s) =

s∫
0

Ψ(t)

t1+p′ dt.

In [13], we have found the necessary and sufficient condition for the boundedness of Mα
G on the

G-Orlicz spaces.

Theorem 4.6 ([13]). Let 0 < α < γ and let Φ and Ψ be Young functions. Then:
(i) Mα

G is bounded from LΦ(R+, G) to WLΨ(R+, G) if and only if

Φ dominates globally the function Ψγ/α

whose inverse is given by

Ψ−1
γ/α(r) = rα/γΨ−1(r);

(ii) Mα
G is bounded from LΦ(R+, G) to LΨ(R+, G) if and only if

1∫
0

Ψ(t)

t1+γ/(γ−α)
dt < ∞ and Φ dominates Ψγ/α globally.

Here, Ψγ/α is the Young function defined in (4.2).

In order to prove our main theorem, we also need the following

Lemma 4.7. Let H0 = H(0, r0) ⊂ Hr(0, r). Then

|H0|
α
γ

λ ≤ Mα
GχH0(chx) for every x ∈ R+.

Proof. For x ∈ H0, we get

Mα
GχH0

(chx) = sup
x∈H0

|H0|
α
γ

λ |Hr ∩H0|λ

≥ |H0|
−1+α

γ

λ |H0|λ = |H0|
α
γ

λ . □

Theorem 4.8. Let 0 < α < γ,Φ,Ψ be Young functions and Φ ∈ Y. The condition

|Hr|
−α

γ

λ Φ−1 (|Hr|λ) ≤ cΨ−1 (|Hr|λ) (4.3)

for all r > 0, where c > 0 does not depend on r is necessary and sufficient for the boundednes of Mα
G

from LΦ(R+, G) to WLΨ(R+, G) .
Moreover, if Φ ∈ ∇2, condition (4.3) is necessary and sufficient for the boundedness of Mα

G from
LΦ(R+, G) to LΨ(R+, G) .
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Proof. For an arbitrary interval Hr we represent f as

f = f1 + f2, f1 = fχHr
, f2 = fχ(Hr)c = fχ[r,∞),

and have

MGf(chx) = MGf1(chx) +MGf2(chx).

If Hs ∩ (Hr)
c ̸= ∅, then s > r, and by Lemmas 2.1, 2.2 and 3.9, we obtain

MGf2(chx)= sup
s>0

|Hs|
−1+α

γ

λ

∫
Hs∩(Hr)c

Aλ
chy |f2(chx)| dµλ(y)

≲ sup
s>r

|Hs|
−1+α

γ

λ

s∫
r

Aλ
chy |f(chx)| dµλ(y)

≲ sup
s>r

|Hs|
−1+α

γ

λ

s∫
0

Aλ
chy |f(chx)| dµλ(y)

≲ ∥f∥LΦ(R+,G) sup
s>r

|Hs|
α
γ

λ Φ−1
(
|Hs|−1

λ

)
≲ ∥f∥LΦ(R+,G) sup

s>r

(
sh

s

2

)α
Φ−1

(
|Hs|−1

λ

)
. (4.4)

To estimate MGf1, we use inequality (3.8) and also sh(at) ≤ asht for 0 ≤ a ≤ 1.

Mα
Gf1(chx) ≲ Jα

G (|fχHr
|) (chx) ≲

r∫
0

Aλ
chy |f(chx)|(
shy

2

)γ−α dµλ(y)

≲
∞∑
k=1

r

2k∫
r

2k+1

Aλ
chy |f(chx)|(
shy

2

)γ−α dµλ(y)

≲
∞∑
k=0

(
sh

r

2k+1

)α (
sh

r

2k+1

)−γ

r

2k∫
0

Aλ
chy |f(chx)| dµλ(y)

≲
(
sh

r

2

)α
MGf(chx)

∞∑
k=0

2−kα

≲ |Hr|
α
γ

λ MGf(chx). (4.5)

From (4.4) and (4.5), we obtain

MGf(chx) ≲ |Hr|
α
γ

λ MGf(chx) + ∥f∥LΦ(R+,G) sup
s>r

|Hs|
α
γ

λ Φ−1
(
|Hs|−1

λ

)
.

Thus by (4.3), we have

Mα
Gf(chx) ≲ MGf(chx)

Ψ−1
(
|Hr|−γ

λ

)
Φ−1

(
|Hr|−γ

λ

) +Ψ−1
(
|Hr|−γ

λ

)
∥f∥LΦ(R+,G) .

Choose

Φ−1
(
|Hr|−γ

λ

)
=

MGf(chx)

c0 ∥f∥LΦ(R+,G)

.

Then

Ψ−1
(
|Hr|−γ

λ

)
Φ−1

(
|Hr|−γ

λ

) =
(Ψ−1

0 Φ)
(

MGf(chx)
c0∥f∥LΦ(R+,G)

)
MGf(chx)

c0∥f∥LΦ(R+,G)

.
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Therefore we get

Mα
Gf(chx) ≤ c1 ∥f∥LΦ(R+,G) (Ψ

−1
0 Φ)

(
MGf(chx)

c0 ∥f∥LΦ(R+,G)

)
,

whence it follows that

Mα
Gf(chx)

c1 ∥f∥LΦ(R+,G)

≤ (Ψ−1
0 Φ)

(
MGf(chx)

c0 ∥f∥LΦ(R+,G)

)
and

Ψ

(
Mα

Gf(chx)

c1 ∥f∥LΦ(R+,G)

)
≤ Φ

(
MGf(chx)

c0 ∥f∥LΦ(R+,G)

)
.

Then by (3.1) and Theorem 4.5, we have

∥Mα
Gf∥WLΨ(R+,G) = sup

r>0
Ψ(r)m

(
Mα

Gf(chx)

c1 ∥f∥LΦ(R+,G)

, r

)

= sup
r>0

rm

(
Ψ

(
Mα

Gf(chx)

c1 ∥f∥LΦ(R+,G)

)
, r

)

≤ sup
r>0

rm

(
Φ

(
MGf(chx)

c0 ∥f∥LΦ(R+,G)

)
, r

)

= sup
r>0

Φ(r)m

(
MGf(chx)

c0 ∥MGf∥WLΦ(R+,G)

, r

)
≤ 1.

Thus

∥Mα
Gf∥WLΨ(R+,G) ≤ ∥MGf∥WLΦ(R+,G) ≲ ∥MGf∥LΦ(R+,G) .

Since Φ ∈ ∇2, by Theorem 4.5, we get∫
R+

Ψ

(
MGf(chx)

c1 ∥f∥LΦ(R+,G)

)
dµλ(x) ≤

∫
R+

Φ

(
MGf(chx)

c0 ∥f∥LΦ(R+,G)

)
dµλ(x)

≤
∫
R+

Φ

(
MGf(chx)

c0 ∥MGf∥LΦ(R+,G)

)
dµλ(x) ≤ 1

i.e.,

∥Mα
Gf∥LΨ(R+,G) ≲ ∥f∥LΦ(R+,G) .

We now prove the necessity. Let H0 = (0, r0) and x ∈ H0. By Lemma 4.7 and (2.1), we have

|H0|
α
γ

λ ≈
(
sh r0

2

)α
≲ Mα

GχH0
(chx). Therefore by Lemma 3.8 and (2.1) , we obtain(
sh

r0
2

)α
≲ Ψ−1

(
|H0|−1

λ

)
∥Mα

GχH0
∥WLΨ(H0,G)

≲ Ψ−1
(
|H0|−1

λ

)
∥Mα

GχH0
∥WLΨ(R+,G)

≲ Ψ−1
(
|H0|−1

λ

)
∥χH0

∥LΦ(R+,G)

=
Ψ−1

(
|H0|−1

λ

)
Φ−1

(
|H0|−1

λ

) ≲
Ψ−1

((
sh r0

2

)−γ
)

Φ−1
((

sh r0
2

)−γ
) ,

and (
sh

r0
2

)α
≲ Ψ−1

(
|H0|−1

λ

)
∥Mα

GχH0∥LΨ(H0,G)

≲ Ψ−1
(
|H0|−1

λ

)
∥Mα

GχH0∥LΨ(R+,G)
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≲ Ψ−1
(
|H0|−1

λ

)
∥χH0∥LΨ(R+,G)

≲
Ψ−1

((
sh r0

2

)−γ
)

Φ−1
((

sh r0
2

)−γ
) .

Since this is true for every r0 > 0, we are done. □

5. G-Maximal Commutator in G-Orlicz Spaces

In this section, we investigate the boundedness of the G-maximal commutator M b,α
G in G-Orlicz

spaces.
We recall the definition of the G−BMO space.

Definition 5.1 ([13]). We denote by BMOG(R+) the Gegenbauer-BMO (G-BMO) space as the set
of locally integrable functions on R+ such that

∥f∥∗G = sup
x,r∈R+

1

|Hr|λ

∫
Hr

|Aλ
chyf(chx)− fHr

(chx)|dµλ(y),

where Hr = (0, r),

fHr
(chx) =

1

|Hr|λ

∫
Hr

Aλ
chyf(chx)dµλ(y)

and the set

BMOG(R+) =
{
f ∈ Lloc

1,λ(R+)\{const} : ∥f∥∗G < ∞
}
.

Before proving our theorems, we need the following lemmas and theorem.

Lemma 5.2. Let f ∈ BMOG(R+) and Φ be a Young function. Then

∥f∥∗G ≈ sup
x,r∈R+

Φ−1
(
|Hr|−1

λ

) ∥∥Aλ
chyf − fHr

∥∥
LΦ(Hr,G)

.

Proof. According to Lemma 3.11, we have

∥f∥∗G = sup
x,r∈R+

1

|Hr|λ

∫
Hr

|Aλ
chyf(chx)− fHr

(chx)|dµλ(y)

≤ sup
x,r∈R+

1

|Hr|λ
2|Hr|Φ−1

(
|Hr|−1

λ

) ∥∥Aλ
chyf − fHr

∥∥
LΦ(Hr,G)

≲ sup
x,r∈R+

Φ−1
(
|Hr|−1

λ

) ∥∥Aλ
chyf − fHr

∥∥
LΦ(Hr,G)

.

For the reverse inequality, we use equality (3.3).

Let f ∈ BMOG and g(chy) =
χHr (chy)

∥χHr∥L
Φ̃

(R+,G)
, thus ∥g∥LΦ̃(R+,G) ≤ 1, and we have

∥∥Aλ
chyf − fHr

∥∥
LΦ(Hr,G)

≲

∣∣∣∣ ∫
Hr

χHr (chy)

∥χHr
∥LΦ̃(R+,G)

(Aλ
chyf(chx)− fHr

(chx))dµλ(y)

∣∣∣∣
≲

1

∥χHr
∥LΦ̃(R+,G)

∫
Hr

|Aλ
chyf(chx)− fHr

(chx)|dµλ(y)

≲
|Hr|λ ∥f∥∗G

∥χHr∥LΦ̃(R+,G)

.

Using the equality (see [2, Chapter 2, Theorem 5.2])

∥χHr∥LΦ(R+,G) ∥χHr∥LΦ̃(R+,G) = |Hr|λ,
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we get ∥∥Aλ
chyf − fHr

∥∥
LΦ(Hr,G)

≲
∥f∥∗G

Φ−1
(
|Hr|−1

λ

) . □

Lemma 5.3. Let b ∈ BMOG(R+) and Φ ∈ ∇2 ∩ Y. Then the operator M b
G is bounded on LΦ(R+, G)

and the inequality ∥∥M b
Gf
∥∥
LΦ(R+,G)

≲ ∥b∥∗G ∥f∥LΦ(R+,G)

holds for all f ∈ LΦ(R+, G).

Proof. From (2.3), we get

M b
Gf(chx) = sup

r>0

1

|Hr|λ

∫
Hr

|Aλ
chyb(chx)− bHr

(chx)|Aλ
chy|f(chx)|dµλ(y).

For δ > 0 and f ∈ Lloc
δ (R+), denote by

MG,δf(chx) = sup
r>0

(
1

|Hr|λ

∫
Hr

|Aλ
chyf(chx)|δdµλ(y)

) 1
δ

.

Let δ < ε < 1. We use Hölder’s inequality with the exponents r and r′, where r = ε
δ > 1, and also

the relation

sup
x,r∈R+

(
1

|Hr|λ

∫
Hr

∣∣Aλ
chyf(chx)− fHr

(chx)
∣∣p dµλ(y)

) 1
p

≈ ∥f∥∗G , 1 < p < ∞.

(
1

|Hr|λ

∫
Hr

∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣Aλ

chy|f(chx)|dµλ(y)

)

≤
(

1

|Hr|λ

∫
Hr

∣∣Aλ
chyb(chx)− bHr (chx)

∣∣δr′ dµλ(y)

) 1
δr′

×
(

1

|Hr|λ

∫
Hr

Aλ
chy|f(chx)|δrdµλ(y)

) 1
δr

≲ ∥b∥∗G MG,εf(chx) ≲ ∥b∥∗G MGf(chx),

since by Hölder’s inequality, for 0 < ε < 1, MG,εf(chx) ≤ MGf(chx).
Thus we have

M b
Gf(chx) ≲ ∥b∥∗G MGf(chx),

whence we obtain ∥∥M b
Gf
∥∥
LΦ(R+,G)

≲ ∥b∥∗G ∥MGf∥LΦ(R+,G) ≲ ∥b∥∗G ∥f∥LΦ(R+,G) . □

Lemma 5.4. If b ∈ Lloc
1,λ(R+), Hr0 = (0, r0), then(

sh
r0
2

)α ∣∣bHr
(chx)− bHr0

(chx)
∣∣ ≲ M b,α

G χHr0
(chx),

for every x ∈ R+.

Proof. We choose c0 so large that the inequality r ≤ c0r0 would hold. When 0 ≤ t ≤ c0, the inequality
t ≤ sht ≤ ec0t holds and according to (2.1), we have

|Hr|
1−α

γ

λ =

( r∫
0

sh2λ tdt

)1−α
γ

≤
(c0r0∫

0

sh2λ tdt

)1−α
γ

≈
(
sh

c0r0
2

)γ−α

≲
(
ec0

c0r0
2

)γ−α

≲ (c0e
c0)

γ−α ≲ |Hr0 |
1−α

γ

λ .
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Then sup
r>0

|Hr|
−1+α

γ

λ ≳ |Hr0 |
−1+α

γ

λ and by (2.3) and (2.1), we have

M b,α
G χHr0

(chx) = sup
r>0

1

|Hr|
1−α

γ

λ

∫
Hr

∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣Aλ

chyχHr0
(chx)dµλ(y)

= sup
r>0

1

|Hr|
1−α

γ

λ

∫
Hr∩Hr0

∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣ dµλ(y)

≳
1

|Hr0 |
1−α

γ

λ

∫
Hr0∩Hr0

∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣ dµλ(y)

≥
∣∣∣∣ 1

|Hr0 |
1−α

γ

λ

∫
Hr0

(
Aλ

chyb(chx)− bHr
(chx)

)
dµλ(y)

∣∣∣∣
=

∣∣∣∣ |Hr0 |
α
γ

λ

|Hr0 |λ

∫
Hr0

(
Aλ

chyb(chx)dµλ(y)− bHr
(chx) |Hr0 |

α
γ

)
dµλ(y)

∣∣∣∣
= |Hr0 |

α
γ

λ

∣∣∣bHr (chx)− bHr0
(chx)

∣∣∣
≈
(
sh

r0
2

)α ∣∣bHr
(chx)− bHr0

(chx)
∣∣ . □

Lemma 5.5. Let f ∈ LΦ(R+, G), then the inequality∥∥Aλ
chtf

∥∥
LΦ(R+,G)

≤ ∥f∥LΦ(R+,G)

is true for every t ∈ (0,∞).

Proof. By the definition of Aλ
t , we have

∞∫
1

Φ

(
Γ
(
λ+ 1

2

)
Γ(λ)Γ

(
1
2

) π∫
0

f
(
xt−

√
x2 − 1

√
t2 − 1 cosφ

)
(sinφ)2λ−1dφ

)
(x2 − 1)λ−

1
2 dx.

Taking the substitution (see [7, proof of Lemma 2])

z = xt−
√
x2 − 1

√
t2 − 1 cosφ,

we will have

J =

∞∫
1

Φ

(
Γ
(
λ+ 1

2

)
Γ(λ)Γ

(
1
2

) (t2−1)
1
2−λ

xt+
√
x2−1

√
t2−1∫

xt−
√
x2−1

√
t2−1

(
1− x2 − t2 − z2 + 2xtz

)λ−1
)
dx.

Since

xt−
√
x2 − 1

√
t2 − 1 ≤ z ≤ xt+

√
x2 − 1

√
t2 − 1

⇐⇒ tz −
√
t2 − 1

√
z2 − 1 ≤ x ≤ tz +

√
t2 − 1

√
z2 − 1,

we obtain

J =

∞∫
1

Φ

(
Γ
(
λ+ 1

2

)
Γ(λ)Γ

(
1
2

) (t2 − 1)
1
2−λf(z)

tz+
√
x2−1

√
t2−1∫

tz−
√
x2−1

√
t2−1

(
1− x2 − t2 − z2 + 2xtz

)λ−1
dx

)
dz.

Taking into account

1− x2 − t2 − z2 + 2xtz =
(
tz −

√
t2 − 1

√
z2 − 1− x

)(
x− tz +

√
t2 − 1

√
z2 − 1

)
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and in view of x = tz −
√
t2 − 1

√
z2 − 1 cosφ, we get

tz+
√
x2−1

√
t2−1∫

tz−
√
x2−1

√
t2−1

(
1− x2 − t2 − z2 + 2xtz

)λ−1
dx

=

tz+
√
x2−1

√
t2−1∫

tz−
√
x2−1

√
t2−1

(
tz +

√
t2 − 1

√
z2 − 1− x

)λ−1 (
x− tz +

√
t2 − 1

√
z2 − 1

)
dx.

Using the equality (see [5, p. 299])

b∫
a

(x− a)µ−1(b− x)ν−1dx = (b− a)µ+ν−1Γ(a)Γ(b)

Γ(a+ b)
,

by µ = ν = λ, we get

J =

∞∫
1

Φ(f(z))(z2 − 1)λ−
1
2 dz.

Thus we obtain
∞∫
1

Φ
(
Aλ

t |f(x)|
)
(x2 − 1)λ−

1
2 dx ≤

∞∫
1

Φ(|f(z)|)(z2 − 1)λ−
1
2 dz,

or
∞∫
0

Φ
(
Aλ

cht|f(chx)|
)
dµλ(x) ≤

∞∫
0

Φ(|f(chu)|)dµλ(u).

From this it follows that
∞∫
0

(
Aλ

cht|f(chx)|
∥f∥LΦ(R+,G)

)
dµλ(x) ≤

∞∫
0

(
|f(chu)|

∥f∥LΦ(R+,G)

)
dµλ(u) ≤ 1.

Thus our statement is proved. □

Supposing Φ(t) = tp, we have the following results (see [7, Lemma 2]).

Corollary 5.6 ([7]). If f ∈ Lp,λ(R+), then for any t ∈ [0,∞) the following inequality:∥∥Aλ
chtf

∥∥
Lp,λ

≤ ∥f∥Lp,λ
, 1 ≤ p ≤ ∞,

holds.

Theorem 5.7. Let 0 < α < γ, b ∈ BMOG(R+) and Φ, Ψ be Young functions and Φ,Ψ ∈ Y
(i) If Φ ∈ ∇2 and Ψ ∈ ∆2, then the condition(

sh
r

2

)α
Φ−1

(
|Hr|−1

λ

)
+ sup

r<t<∞
Φ−1

(
|Ht|−1

λ

)(
sh

t

2

)α

≲ Ψ−1
(
|Hr|−1

λ

)
for all r > 0 is sufficient for the boundedness of M b,α

G from LΦ(R+, G) to LΨ(R+, G).
(ii) If Ψ ∈ ∆2, then the condition(

sh
r

2

)α
Φ−1

(
|Hr|−1

λ

)
≲ Ψ−1

(
|Hr|−1

λ

)
(5.1)

is necessary for the boundedness of M b,α
G from LΦ(R+, G) to LΨ(R+, G).

(iii) Let Φ ∈ ∇2 and Ψ ∈ ∆2. If the condition

sup
r<t<∞

Φ−1
(
|Ht|−1

λ

)(
sh

t

2

)α

≲
(
sh

r

2

)α
Φ
(
|Hr|−1

λ

)
(5.2)

is true for all r > 0, then condition (5.1) is necessary and sufficient for the boundedness of M b,α
G from

LΦ(R+, G) to LΨ(R+, G).



GEGENBAUER FRACTIONAL MAXIMAL FUNCTION AND ITS COMMUTATORS 233

Proof. (i). Let Hr = (0, r) and (Hr)
c = [r,∞).

We write f = f1 + f2, where f1 = fχHr
and f2 = fχ(Hr)c . If Ht ∩ (Hr)

c ̸= ∅ and x ∈ R+, we have

M b,α
G f2(chx) = sup

t>0

1

|Hr|
1−α

γ

λ

∫
Ht∩(Hr)c

∣∣Aλ
chyb(chx)− bHt

(chx)
∣∣Aλ

chy|f(chx)|dµλ(y)

≤ sup
t>r

1

|Ht|
1−α

γ

λ

t∫
r

∣∣Aλ
chyb(chx)− bHt

(chx)
∣∣Aλ

chy|f(chx)|dµλ(y)

≤ sup
t>r

1

|Ht|
1−α

γ

λ

t∫
0

∣∣Aλ
chyb(chx)− bHt

(chx)
∣∣Aλ

chy|f(chx)|dµλ(y)

= sup
t>r

1

|Ht|
1−α

γ

λ

∫
Ht

∣∣Aλ
chyb(chx)− bHt

(chx)
∣∣Aλ

chy|f(chx)|dµλ(y).

Therefore, for every x ∈ R+, we obtain

M b,α
G f2(chx) ≲ sup

t>r

(
sh

t

2

)α−γ ∫
Ht

∣∣Aλ
chyb(chx)− bHt

(chx)
∣∣Aλ

chy|f(chx)|dµλ(y).

Using Hölder’s inequality, Lemma 5.2, Lemma 3.10 and Lemma 5.5, we get

M b,α
G f2(chx) ≲ sup

t>r

(
sh

t

2

)α−γ ∥∥Aλ
chyb−bHt

∥∥
LΦ̃(Ht,G)

∥∥Aλ
chyf

∥∥
LΦ(Ht,G)

= sup
t>r

(
sh

t

2

)α−γ Φ̃−1
(
|Ht|−1

λ

)
Φ̃−1

(
|Ht|−1

λ

) ∥∥Aλ
chyb−bHt

∥∥
LΦ̃(Ht,G)

∥∥Aλ
chyf

∥∥
LΦ(Ht,G)

≈ sup
t>r

(
sh

t

2

)α−γ ∥b∥∗G
Φ̃−1

(
|Ht|−1

λ

) ∥∥Aλ
chyf

∥∥
LΦ(Ht,G)

≲ ∥b∥∗G sup
t>r

(
sh

t

2

)α

Φ−1
(
|H−1

t |λ
)
∥f∥LΦ(Ht,G) . (5.3)

To estimate M b,α
G f1, we prove that

M b,α
G f(chx) ≲ Jb,α

G (|f |) (chx), (5.4)

where (see [9])

Jb,α
G f(chx) =

∞∫
0

[
Aλ

chyb(chx)− bHt
(chx)

]
(
sh t

2

)α−γ Aλ
chyf(chx)dµλ(y), 0 < α < γ

for all x ∈ R+.
Indeed, by the definition and (2.1), we have

Jb,α
G (|f |)(chx) =

∞∫
0

∣∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣∣(

shy
2

)α−γ Aλ
chy|f(chx)|dµλ(y)

≥
r∫
0

∣∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣∣(

shy
2

)α−γ Aλ
chy|f(chx)|dµλ(y)

≥
(
sh

r

2

)α−γ
r∫
0

∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣Aλ

chy|f(chx)|dµλ(y)
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≈ |Hr|
1−α

γ

λ

∫
Hr

∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣Aλ

chy|f(chx)|dµλ(y).

Taking the supremum on r > 0 in both parts, we get (5.4).
Using (5.4), we obtain

M b,α
G f1(chx) ≲

∞∫
0

∣∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣∣(

shy
2

)γ−α Aλ
chy|fχHr

(chx)|dµλ(y)

=

r∫
0

∣∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣∣(

shy
2

)γ−α Aλ
chy|f(chx)|dµλ(y)

≲
∞∑
j=0

r

2j∫
r

2j+1

∣∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣∣(

shy
2

)γ−α Aλ
chy|f(chx)|dµλ(y)

≲
∞∑
j=0

(
sh

r

2j+1

)α (
sh

r

2j+1

)−γ

r

2j∫
0

∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣Aλ

chy|f(chx)|dµλ(y)

≲
(
sh

r

2

)α
M b

Gf(chx)

∞∑
j=0

2−αj ≲
(
sh

r

2

)α
M b

Gf(chx). (5.5)

Combining (5.3) and (5.5), we have

M b,α
G f(chx) ≲

(
sh

r

2

)α
M b

Gf(chx) + ∥b∥∗G ∥f∥LΦ(R+,G) sup
t>r

(
sh

t

2

)α
Φ−1 (|Ht|λ) .

According to (5.1), we get

M b,α
G f(chx) ≲ M b

Gf(chx)
Ψ−1

(
|Hr|−1

λ

)
Φ−1

(
|Hr|−1

λ

) +Ψ−1
(
|Hr|−1

λ

)
∥b∥∗G ∥f∥LΦ(R+,G) .

Choose r > 0 so that Φ−1
(
|Hr|−1

λ

)
=

Mb
Gf(chx)

c0∥b∥∗
G∥f∥LΦ(R+,G)

.

Then

Ψ−1
(
|Hr|−1

λ

)
Φ−1

(
|Hr|−1

λ

) =

(Ψ−1 ◦ Φ)
(

Mb
Gf(chx)

c0∥b∥∗
G∥f∥LΦ(R+,G)

)
Mb

Gf(chx)

c0∥b∥∗
G∥f∥LΦ(R+,G)

.

Therefore

M b,α
G f(chx) ≲ c1 ∥b∥∗G ∥f∥LΦ(R+,G) (Ψ

−1 ◦ Φ)

(
M b

Gf(chx)

c0 ∥b∥∗G ∥f∥LΦ(R+,G)

)
,

whence it follows that

M b,α
G f(chx)

c1 ∥b∥∗G ∥f∥LΦ(R+,G)

≤ (Ψ−1 ◦ Φ)

(
M b

Gf(chx)

c0 ∥b∥∗G ∥f∥LΦ(R+,G)

)
.

Consequently,

Ψ

(
M b,α

G f(chx)

c1 ∥b∥∗G ∥f∥LΦ(R+,G)

)
≤ Φ

(
M b

Gf(chx)

c0 ∥b∥∗G ∥f∥LΦ(R+,G)

)
.

Then by Lemma 5.3, we get
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R+

Ψ

(
M b,α

G f(chx)

c1 ∥b∥∗G ∥f∥LΦ(R+,G)

)
dµλ(x) ≤

∫
R+

Φ

(
M b

Gf(chx)

c0 ∥b∥∗G ∥f∥LΦ(R+,G)

)
dµλ(x)

≲
∫
R+

Φ

(
M b

Gf(chx)∥∥M b
Gf
∥∥
LΦ(R+,G)

)
dµλ(x) ≤ 1,

i.e., ∥∥∥M b,α
G f

∥∥∥
LΨ(R+,G)

≲
∥∥M b

Gf
∥∥
LΦ(R+,G)

.

(ii) Now, let’s prove the second part of the theorem. Let Hr0 = (0, r0) and x ∈ Hr0 .
By Lemma 5.4, we get

(
sh

r

2

)α
≲

∥∥∥M b,α
G f

∥∥∥
LΦ(Hr0 ,G)∥∥bHr

− bHr0

∥∥
LΨ(Hr0

,G)

≲ Ψ−1
(
|H−1

r0 |λ
) ∥∥∥M b,α

G χHr0

∥∥∥
LΨ(Hr0 ,G)

≲ Ψ−1
(
|Hr0 |−1

λ

) ∥∥∥M b,α
G χHr0

∥∥∥
LΨ(R+,G)

≲ Ψ−1
(
|Hr0 |−1

λ

) ∥∥χHr0

∥∥
LΨ(R+,G)

≲
Ψ−1

(
|Hr0 |−1

λ

)
Φ−1

(
|Hr0 |−1

λ

) ≈
Ψ−1

((
sh r0

2

)−γ
)

Φ−1
((

sh r0
2

)−γ
) .

Since it is valid for every r0 > 0, the second part of the theorem is proved.
(iii) The third part of the theorem follows from the first and second parts of the theorem. □

Theorem 5.8. Let 0 < α < γ, b ∈ Lloc
1,λ(R+)\{const} and Φ, Ψ be Young functions and Φ,Ψ ∈ Y.

(i) If Φ ∈ ∇2, Ψ ∈ ∆2 and conditions (5.1) and (5.2) hold, then the condition b ∈ BMOG(R+) is

sufficient for the boundedness of M b,α
G from LΦ(R+, G) to LΨ(R+, G).

(ii) If Ψ−1
(
|Hr|−1

λ

)
≲ Φ−1

(
|Hr|−1

λ

)
|Hr|

α
γ

λ .

Then the condition b ∈ BMOG(R+) is necessary for the boundedness of M b,α
G from LΦ(R+, G) to

LΨ(R+, G).

(iii) If Φ ∈ ∇2, Ψ ∈ ∆2, Psi−1
(
|Hr|−1

λ

)
≈ Φ−1

(
|Hr|−1

λ

)
|Hr|

α
γ

λ and condition (5.2) holds, then b ∈
BMOG(R+) is necessary and sufficient for the boundedness of M b,α

G from LΦ(R+, G) to LΨ(R+, G).

Proof. The first statement follows from the first part of Theorem 5.7.
(ii) We prove the second part.

LetM b,α
G be bounded from LΦ(R+, G) to LΨ(R+, G).Choosing every intervalHr ∈ R+, by Lemma 3.8

and Lemma 3.11, we have

1

|Hr|λ

∫
Hr

∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣ dµλ(y)

=
1

|Hr|2λ

∫
Hr

∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣ dµλ(y)

∫
Hr

Aλ
chxχHr

(chy)dµλ(x)

=
1

|Hr|
1+α

γ

λ

∫
Hr

1

|Hr|
1−α

γ

λ

∫
Hr

∣∣Aλ
chyb(chx)− bHr

(chx)
∣∣Aλ

chyχHr (chx)dµλ(y)dµλ(x)

≤ 1

|Hr|
1+α

γ

λ

∫
Hr

M b,α
G (χHr

(chx)) dµλ(x)
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≤ 2

|Hr|
α
γ

λ

∥∥∥M b,α
G χHr

∥∥∥
LΨ(R+,G)

Ψ−1
(
|Hr|−1

λ

)

≤
Ψ−1

(
|Hr|−1

λ

)
|Hr|

α
γ

λ Φ−1
(
|Hr|−1

λ

) ≲ 1.

Thus the third part of the theorem follows from the first and second parts of the theorem. □
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