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I,b-CONVERGENT SERIES THROUGH COMPACT OPERATOR AND ORLICZ
FUNCTIONS IN IFNS

CARLOS GRANADOS!, IVAN PADILLA2 AND YESIKA ROJAS3

Abstract. Recently, Khan et al. [17] defined the notion of ideal convergence of single sequences and
also some notions of a compact operator and Orlicz function in intuitionistic fuzzy normed space.

The aim of this paper is to generalize this notion to the double sequences in such spaces, i.e., we
0 0

define the notions of M{Z 1J)(T), M(Ii v)(T), Mgi v)(T, F') and M?Z 1J)(T, F') for double sequences

in an intuitionistic fuzzy normed space. For the sake of generalizing, we contribute basically to

outcomes that we came up with and study some basic topological properties.

1. INTRODUCTION

The notion of statistical convergence was derived from the convergence of real sequences by Fast [5]
and Schoenberg [30]. After the studies of Salat [27], many studies in this area have been conducted
by Fridy [7], and Connor [4]. Kostyrko et al. [19], introduced the concept of ideal convergence by
expanding the concept of statistical convergence. After the basic properties of I-convergence given
by Kostyrko et al. [20], some works [11,22,28,31] have turned out to be the basis of other studies.
Furthermore, following this idea, the notion of natural density of a subset K of N x N is defined as

52([() = lim M

(Limit taken in Pringsheim’s sense),
n,m—oo nm

and statistical convergence of a double sequence is as follows: A double sequence = = (x;;) of real or
complex terms is said to be statistically convergent to the number [ if for each € > 0, the set

{<Jak>j<n7k<m|le_l|>5}

has double natural density zero.

The notion of generalized statistical convergence of double sequence is also studied by Mursaleen et
al. [23]. In 2007, Karakus et al. [22] studied statistical convergence of double sequence in probabilistic
normed space and this work was further extended by Mohiuddin et al. [31] and Savas et al. [29],
respectively. Important development of the statistical convergence of double sequence or more is
being carried out by [9,10,12,13].

On the other hand, in the last decade, the concept of fuzzy set has been as the most active field
of research in many branches of mathematics, computer and engineering [1]. Taking into account the
work proposed by Zadeh [32], a huge amount of researches have been done on a fuzzy set theory and
its applications, as well as, on fuzzy analogues of the classical theories. Fuzzy set has a wide number of
applications in various fields such as population dynamics [2], nonlinear dynamical system [14], chaos
control [6], computer programming [8] and much more. In 2006, Saadati and Park [26] defined the
concept of intuitionistic fuzzy normed spaces. After that, the study of intuitionistic fuzzy topological
spaces [3], intuitionistic fuzzy 2-normed space [24] and intuitionistic fuzzy Zweier ideal convergent
sequence spaces [16] are the latest developments in fuzzy topology.

0
In this paper, we introduce and study the concepts of M(Ii v)(T), ./\/lfi U)(T), M(Iz v)(T, F) and

0
Mf; ) (T, F) for double sequences in intuitionistic fuzzy normed space taking into account the notions

presented in [17]. Besides, we show some topological properties on these spaces.
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2. PRELIMINARIES

In this section, we recall some well-known notions which are useful for the development of this
paper.
Definition 2.1 ([26]). The five-tuple (X, u,v,#*,0) is called an intuitionistic fuzzy normed space

(simply, IFNS) if X is a vector space, * is a continuous ¢-norm, ¢ is a continuous t-conorm and p, v
are fuzzy sets on X x (0, 00) satisfying for every r,u € X and s,¢ > 0 the following condition:

(1) pul(rst) +o(r,t) <1,

(rt) <1,
(r,t) = 0 if and only if r = 0,
v(ar,t) = v(r, ﬁ) for each a # 0,
(r,t)ov(u,s) Zv(r+u,t+s),
v(z,.) : (0,00) — [0,1] is continuous,
) lim v(r,t) =1 and lim v(r,t) = 0.
t—o0 t—0
In this case, (i, v) is said to be an intuitionistic fuzzy norm.

Example 2.1. Let (X, |.||) be a normed space. Denote a*b = ab and a ¢ b = min(a + b, 1) for all
a,b € [0,1] and let up and vy be fuzzy sets on X x (0,00) defined as follows:

]l
t+flzll”

for all t € RT. Then (X, p,v,*,0) is an intuitionistic fuzzy normed space.

t
wo(z,t) = ———— and vo(x,t) =
t+ [l

Definition 2.2. An ideal I is a non-empty collection of subsets of X which satisfies conditions (1)
and (2) of the following statements:

1) f AC Band Be€ I, then A€,
2) f A,Bel,then AUB€I.
3) I is called as a non-trivial ideal if X ¢ I and I # 0.
4) A non-trivial ideal T on X is said to be admissible if {I D {x}}. Besides, it is called maximal
if there cannot exist any non-trivial ideal J # I containing I as a subset.
A non-empty family of subsets of F' C 2X is a filter on X if it satisfies conditions (1), (2) and (3)
of the following statements:
(1) P eF,
(2) f A,Be€ F,then ANB€F,
(3) f Ac Fand AC B, then B€ F.
(4) I C 2% is a non-trivial ideal if and only if F = F(I) = {X — A: A € I} is a filter on X.
Throughout this paper, Is will be a strongly non-trivial ideal on N x N.

(
(
(
(

Definition 2.3 ([25]). Let I be a non-trivial ideal of N x N and (X, u, v, %,0) be an intuitionistic
fuzzy normed space. A double sequence z = (z;) of elements of X is said to be I-convergent to
L € X with respect to the intuitionistic fuzzy norm (u,v), if for each € > 0 and ¢t > 0,

{(j,k) e NxN:p(zg; — L, t) <1—€ or v(xg; — L,t) > €} € Ip.

2

(/w)'hm xz=1L.

In this case, we wrtie I

Definition 2.4 ([18]). Let X and Y be two normed linear spaces and T : D(T) — Y be a linear
operator, where D C X. Then the operator T is said to be bounded if there exists a positive real n
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such that ||Tz|| < n||z||, for all # € D(T'). The set of all bounded linear operators x B(X,Y) [21] are

the normed linear spaces normed by |T|| = sup ||[Tz| and B(X,Y) is a Banach space if Y is a
z€X, ||z]|=1
Banach space.

Definition 2.5 ([18]). Let X and Y be two normed linear spaces. An operator T': X — Y is said to
be a compact linear operator, (or completely continuous linear operator), if it satisfies the following
conditions:

(1) T is linear.
(2) T maps every bounded sequence (z,,) in X onto a sequence (T'(x,)) in Y which has a conver-
gent subsequence.

The set of all compact linear operators C'(X,Y) is a closed subspace of B(X,Y).
Definition 2.6 ([17]). An Orlicz function is a function F' : [0,00) — [0,00) which is continuous,
non-decreasing and convex with F(0) = 0, F(z) > 0 for > 0 and F(x) — oo as ¢ — oo. If the

convexity of Orlicz function F is replaced by F(z + y) < F(x) + F(y), then this function is called
modulus function. Besides, if F' is an Orlicz function, then F(Az) < AF(z).

3. I,-CONVERGENT SEQUENCES BY USING COMPACT OPERATOR IN IFNS

In this section, we introduce the double ideal sequence spaces on compact operator in intuitionistic
fuzzy normed spaces.

M(IZ 1))( ) {(xqw) € loo : {(q,w) eNxN: }L(T(Iqw) — L7t) <1l—-¢€or

v(T(zgw) — L,t) > € € I1}}
(T) ={(zqw) €loo : {(q,w) e NX N: p(T(xgw),t) <1 —€ or
V(T (zgw),t) = € € In}}.

ME

(u,v)

Besides, we define an open ball with center x and radius r with respect to t as follows:

Bi(r,t)(T) = {(Yqu) € loo - {(g;w) : (T (2quw) — T(yqu),t) <1 —€ or
V(T (2qw) = T(Yquw), t) > € € I2}}.

Now, we will show and prove our main results.
Theorem 3.1. The sequence spaces ./\/l (, U)( ) and M(u U)( ) are the linear spaces.

Proof. Let © = (Zgw), Y = (Yquw) € ./\/lI2 (T') and «, B be scalars. Then for a given € > 0, we have the

o (1)
P, = {(q,w) ENXN: ,u(T(xqw) —Ll,ﬁ) <l—¢or

v(T(xqw) — Ly, ﬁ) > e} €l
Plz{(q,w)eNxN:u(T(qu) L2,2|5|> —¢ or

v(T(qu) ~ Lo, ﬁ) > e} €l
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This implies that

Py = {(q,w) eNxN: ,u(T(xqw) — L, 30l

>>1—e or

U(T(mqw) — Ly, ﬁ) < e} € F(I,);
t

2|8
U(T(qu) — L, ﬁ) < e} e F(I).

Now, define the set P; = Py U Py, thus P53 € I and P§ is a non-empty set in F'(Iz). Then we prove
that for each (24w), (Yquw) € M(Iz)v)(T),

Ps C {(q,w) e Nx N: p((aT (xqw) + BT (Yqw)) — (@Ly + BL2),t) > 1 —¢€ or
v((aT(xgw) + BT (Yquw)) — (aLy + BLa2), t) <€}

Let (n,m) € P§, in this case

M(T(xnm_Lhﬁ)) >1—¢ or U(T(xnm—Ll,ﬁ)) <€

PQC:{(q,w)ENXN:,u(T(qu)—Lg, )>1—601‘

and

u(T(ynm—Lg,ﬁ)) >1—¢€ or v(T(ynm—Lg,ﬁ)) < €.

Thus we have

p((aT(zquw) + BT (Ynm)) — (el + BL2),1)

> u(aT(:cqw) —alq, %) * u(ﬂT(xnm) — BLs, %)

= M(T(mnm) — Ly, ﬁ) * N(T(xnm) — Lo, ﬁ)
>(1—-ex*(l—€e)=1—c¢
and

’U((O‘T(xnm) + ﬁT(ynm)) - (aLl + 6L2)7t)
< v(aT(mnm) —alq, %) OU(BT(xnm) — BLo, %)

= o(T(@m) = L, ﬁ) o v(T(wnm) = L2, ﬁ)
<€eo€e=c¢.
This implies that
P5 C {(q,w) e Nx N: p((aT(zqw) + BT (Yqw)) — (L1 + BL2),t) > 1 —¢€ or
v((@T'(zqw) + BT (Yqw)) — (aLy + BLz), 1) < €}
Therefore the sequence space M(Ifw) (T) is a linear space. The proof of M(Ii ) (T) runs similarly. O

Remark 3.1. In the following theorems, we will discuss some problems on the convergence in double

sequence spaces. Towards this end, first at all, we have to discuss about the topology of this space.
Let

T(I; v)(T) ={H C Mf; ) (T') : for each x € H, there exist t >0 and r € (0,1)
such that B2(r,t)(T) C A}.

Then 72

(u,v)(T) is a topology on Mf;’v)(T).
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Theorem 3.2. Let M(Ii 7j)(T) be an IFNS and T(I; ) (T') be a topology on M(Iz v)(T). Then a double
sequence (Tquw) € M{Z v)(T), Tqw — x if and only if p(T(zqw) — T(x),t) = 1 and v(T(2qw) —
T(x),t) = 0 as g,w — oo.
Proof. Fix ty > 0 and consider x4, — x. Then, for r € (0,1), there exist ng,mo € N such that
(qw) € B2(r,t)(T) for all ¢ > ng and w > mg. Thus we have

B2(r,t0)(T) = {(q,w) € Nx N: u(T(240) — T(x),t9) <1 -7 or

V(T (zgw) — T(x),t0) 21} € Iy

such that (B2)¢(T) € F(Iz). Then 1 — u(T(zqw) — T(x),t0) < r and v(T(2qw) — T(z),t0) < 7.
Therefore p(T(xqw) — T'(x),t0) = 1 and v(T(zqw) — T'(x),t0) = 0 as g, w — oo.

Conversely, if for each t > 0, p(T(2qw) — T'(x),t) = 1 and v(T(2qw) — T(z),to) = 0 as ¢, w — o0,
then for r € (0,1), there exist ng,mo € N such that 1 — u(T(z4w) — T'(x),t) < 7 and v(T(Xgw) —
T(z),t) <, for all ¢ > ng and w > mg. This shows that u(T(z4y) —T(x),t) > 1 —7 and v(T(Xgw) —
T(x),t) <r for all ¢ > ng and w > mg. Therefore (z4,) € (B2)(r,t)(T) for all ¢ > ng and w > my
and then x4, — 2. [l
Theorem 3.3. A double sequence x = (Tquw) € M{Z ) (T') is Iz-convergent if and only if for every

e >0 and t > 0, there exist the numbers N = N(xz,¢€,t) and M = M(z,€,t) such that

{(N, M) : u(T(XNM) _I, %) >1—¢ or o(T(xyu — L, %) < e} € F(I).

Proof. Consider that I(Q#’v)—liquw = L and let £ > 0. For a given ¢ > 0, take s > 0 such that

(I1—¢)x(1—¢€)>1—sand eoe<s. Then for eacthM(Iva)(T),
t

t
*><1—6 or 'U(qu_L,§)>€}€IQ,

Ry = {(q,w) eNxN: u(T(xqw) - L, 5

which implies that

t t
Cc __ . _ — _ — —
Rz—{(q,w)ENxN.u(T(xqw) L’Q) >1—¢€ or ’U(T(l‘qw) L,2> <€}€F(12).
Conversely, let’s choose N, M € RS. Then

M(T(xNM) - L, %) >1—¢ or v(T(xNM) - L, %) < €.
Now, we have to prove that there exist the numbers N = N(x,¢,t) and M = M(x,¢,t) such that
{(¢w) e NxN: pu(T(2qw) — T(xnm),t) <1 —s or
V(T (zqw) — T(xNm),t) = s} € Io.
To this end, we define that for each z € M{ZW) (1),
Sy ={(q,w) e NxN: p(T(xqw — T(xnm,t) <1—s or
V(T (zqw) — T(xNm),t) = s} € Is.
Thus we have to prove that Sy C Ra. Let’s suppose that S € R, then there exist n,m € Sy such
that n,m ¢ Rp. Then we have

t
w(T(Xpm — T(xnpr,t) <1—s or M(T(ﬂ?nm) - L

,§)>1—6.

In particular, u(T(znn) — L, £) > 1 — €. Hence we have
t t
1—s2 (T (xpm —T(xnm),t) = u(T(ajnm) — L, 5) * u(T(mNM) - L, 5)
>(1—¢)*(1—¢€)>1-—s,
but this is not possible. Otherwise,

V(T (Xpm) — T(xnpr),t) = 8 or U(T(xnm) - L, %) <e.
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In particular, v(T(xNM) - L, %) < €. Thus we have
s < V(T(zpm) — T(xnp),t) < U(T(l‘nm) —L, %) <>v<T(17NM) —L, %) Leve<s,
but this is not possible. Therefore Sy C Ro. Thus, Ry € Is which implies that S € Is. O

4. Io-CONVERGENT SEQUENCES BY USING ORLICcZ FUNCTION IN IFNS

In this section, we use the notion of compact operator and Orlicz function for defining a new double
ideal sequence space in intuitionistic fuzzy normed spaces.

M (T F) = {(@gw) € loo : {(g,w) e Nx N F(MT(%;) ~ L)

F(v(T(xqu) - L,t)) > e} c 12}7

M (T.F) = {(xqw) € loo : {(q,w) eNxN;F(W) <l—ecor

P(TE0) 5 ) e 1)

Moreover, we define an open ball with center x and radius r with respect to t as follows:

~ () )y _ .
) o

;T(qu)7t)> >e€ 12}-

<1—¢€ or

B2(r,t)(T, F) = { (ygu) € o : (g,) €N X N F(u(T(xqw>

or F(U(T(xqw)

Remark 4.1. The sequences M2 (T, F) and ./\/112 (T F) are the linear spaces.

(p0)
Theorem 4.1. Every open ball B2(r,t)(T, F) is an open set in M(u ) (T,F).

Proof. Let B2(r,t)(T, F) be an open ball with center x and radius r with respect to t. This is

— T(Yqw),t)
;)

Bg(r’t)(T7F) = {y = (qu) Eloo : {(q,w) c NxN: F(M(T(ibqw)

-T

(qu),t)) > r} c 12}.
p

Let y € B%(r,t)(T, F), then F(”(T(Iq“’);T(y“w)’t)) >1—r and F(U(T(I‘?’“’);T(y““’)’t)) < 7. Since
F(“(T(IW);T('U"'“’)’”) > 1 —r, there exists to € (0,¢) such that F(”(T(L"“’);T(qu%m)) >1—r and
F(U(T(ﬂiqw)*pT(qu)’to)) <.

Taking ro = F(“(T(w“‘“)_pT(yq'“)’to)), we have 79 > 1 — 7, and there exists s € (0,1) such that
ro > 1—s > 1—r. Forrg > 1—s, we have r1, 72 € (0, 1) such that roxr; > 1—sand (1—rg)o(1—79) <
Put 73 = max{ry,r2}. Now, we take a ball Bi(1 — re,t — to)(T, F') and prove that B2(1 — rg,t -
to)(T, F) C B2(r,t)(T, F). Let z = (244) € B2(1—r3,t—to)(T, F), then F (“T W)= Tput= f0)) >

P
and F (W) =T t0) ) g g,

Hence we have

<1l—7r or F

(U(T (Zgw)

F(#(T(xqw) — T'(2qw),1) )

p
N(T(zqw) - T(qu) )) F( (T(qu) - T(qu), t— tO))
p p
2 (roxrs) 2 (roxr) 2 (1—s)>(1-r)

>F(
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and
U(T(mqw) - T(qu)at)
F ; )
U(T(xqw) - T(qu)vt ) U(T(qu) - T(qu)v t—1 )
<F( ) o ( ; *)
<(A=rg)o(l—r3) <Q—rg)o(l—ry)<s<r
Therefore z € B,(r,t)(T, F) and hence we have B2 (1 —rs,t —to)(T, F) C B2(r,t)(T, F). O

Remark 4.2. MI2 (T F) is an IFNS.
Define T(I# e F) ={AC M(Mv (T,F) : for each © € H, there exists t > 0 and r € (0,1) such

that B2(r,t)(T,F) C H}. Then T(I: »/ (T, F) is a topology on ./\/l(# o (T, F).

Remark 4.3. The topology 7'( )(T F) on ./\/lI2 (T F) is first countable.

Theorem 4.2. M # v)( F) and M M v)(T, F) are Hausdorff spaces.

Proof. Let u,v € M (T, F) such that u # v. Then 0 < F(XUTWTO) < 4 and 0 <

F(iv(T(“)pT(v) t)) < 1. Take r; = F(iﬁb(T(u);T(U)’”)7 ro = F(iv(T(u)_pT(“)’t)) and 7 = max{ry,1 — ra}.
For each rg € (r,1), there exist r3 and r4 such that r3 *xry > 79 and (1 —r3) o (1 —r4) < 1 —rg. Put
r5 = max{rs,1 — r4} and consider the open balls B2(1 —rs, 2) and 32 (1 —rs, 2) Then it is clear

that (B2)%(1 —rs, 5) N (B2)(1 —r5, %) =0, thus

u) —T(v), T(u)—T(b), % T(b) - T(v), %
(I )pT()t))>F(#( g ))*F(“( ))
2Tk Ts 2 T3%13 2T 211

leF(

\Y

and

v(T(u) — T(v),t) U(T(u) —T(v), %) v(T(b) —T(v), %)
) <)o ()
§(1—7’5)<>(1—1"5)<(1—7‘4) (1—’[”4) (1—T0)<T2,

and this is a contradiction. Therefore /\/ll2 (T F') is Hausdorft.
The proof of M(# ) (T, F) runs similarly. O

r2:F<

5. CONCLUSION

In this paper, we have proved new notions on double sequence spaces by using the results presented
in [17]. These new notions can be extended to three-dimensional or higher order spaces. On the other
hand, applications problem can be obtained for such areas as artificial intelligence, decision making,
computational simulation and even neutrosophic double sequence spaces [13].
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