Transactions of A. Razmadze
Mathematical Institute
Vol. 176 (2022), issue 3, 313-321

NORMALIZATION OF WIENER-HOPF FACTORIZATION FOR MATRIX
FUNCTIONS WITH DISTINCT PARTIAL INDICES

VICTOR ADUKOV

Dedicated to the memory of Edem Lagvilava

Abstract. For a matrix function A(¢) with different partial indices we study the normalization of
the Wiener—Hopf factorization A(t) = A_(t)D(t) A+ (t) that guarantees the uniqueness of the factors
A4 (t). Previously, this problem was fully investigated for the cases of the stable factorization and
the factorization of second-order matrix functions. A notion of a P-normalized factorization is
introduced. The definition of this concept uses the Birkhoff factorization of matrix functions. It is
shown that in the case of different partial indices, the matrix function A(t) admits P-normalization
if and only if the matrix A_(oco) admits PLU-factorization. P-normalization allows us to find the
Birkhoff factorization of A(t) and to obtain explicit estimates of absolute errors for the factors of an
approximate factorization.

1. INTRODUCTION

In mathematics and its applications, various factorization problems for matrix functions often
arise. The spectral factorization of positive definite matrix functions plays an important role in Linear
System and Control Theory (see the review [14]). In these branches of applied mathematics, the
fractional factorization of rational matrix functions [12] is also often used. One of the main problems
of linear finite-dimensional dynamical systems (the minimal realization problem) is solved in terms of
fractional factorization [12]. In the theory of linear differential equations, the problem of Birkhoff’s
factorization [5] has arisen. Finally, the problem of the Wiener—Hopf factorization of matrix functions
[9,13] is of fundamental importance in mathematical physics, in the theory of differential equations and
in complex analysis. It is the main tool for solving the systems of singular integral equations with the
Cauchy kernel and the systems of Wiener-Hopf equations and is an essential step in solving nonlinear
evolutionary equations by the inverse scattering method. Also, the Wiener-Hopf factorization is
widely used in applications to mechanics.

Let us recall the definitions of these factorization problems. We will study the problems on the unit
circle T. The Wiener—Hopf and Birkhoff factorizations are considered in the matrix Wiener algebra
werxp(T) [9,13].

Spectral factorization. Let S(z) be a positive-definite (a.e.) p X p matrix function with integrable
on T elements. We suppose that the Paley—Wiener condition, logdet S(t) € L1(T), is satisfied. Then
S(z) admits the following (left) spectral factorization:

S(z) = ST(2)(ST(2))"

Here, the elements of the factor S*(z) belong to the Hardy space Ha, det ST(z) is an outer function
and (ST (2))* = (5+(1/2))".

Right fractional factorization. This is a generalization to the matrix case of a representation of a
proper rational fraction as a ratio of two polynomials. Let R(z) be a regular rational p x p matrix

function. The right coprime fractional factorization of R(z) is its representation as

R(z) = No(2)D; ' (2),
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where N,.(z), D,(z) are the right coprime matrix polynomials and det D,.(z) #Z 0. Also, we suppose
that D,.(z) is column proper. This implies that the matrix composed of the coefficients at the highest
powers of the columns is an invertible matrix.

Right Wiener—Hopf factorization. Let A(t) be a matrix function from the matrix Wiener algebra
WP*P(T) that is invertible on the unit circle T. Then it can be represented in the following form:

A(t) = A_()D(t)A4(t), teT. (1)

Here, A (t) belong to the group GWZL*P(T) invertible elements of the subalgebra W1*?(T) consisting
of absolutely convergent matrix Fourier series for which the Fourier coefficients with negative/positive
indices are equal to zero. The middle factor D(¢) is the diagonal matrix D(t) = diag [t"*,...,t"?],
where integers p; < --- < p, are the right partial indices of A(t). The relation p; +--- 4 p, = 2 =
indy det A(z) is valid. This factorization is called the right Wiener—Hopf factorization. Similarly, (by
rearranging the factors AL ), the left Wiener—Hopf factorization is defined.

Right Birkhoff factorization. This factorization was introduced by G. Birkhoff [5] in connection
with some problems for the ordinary differential equations. The right Birkhoff factorization A(t) is
its representation in the following form:

A(t) = Dy(t)B_()) B4 (1), teT, (2)

where By (t) € GWEP(T) and Dy (t) = diag [t°1,...,t°7], B1,..., B, are the right Birkhoff indices of
A(t). In contrast to partial indices, the Birkhoff indices are not uniquely determined by the matrix
function A(t).

It turns out that these factorization problems are closely related. The relationship between the
spectral factorization problem and the Wiener-Hopf canonical factorization problem is well known
(see, e.g., [13, Ch.7]). If a matrix function S(z) € WP*P(T) is positive definite on T, then its spectral
factorization is a right Wiener—Hopf factorization and any right Wiener—Hopf factorization S(z) =
ST (2)S™(2) can be reduced to a spectral factorization after an appropriate normalization of the factor
St(2).

I. C. Gohberg and M. A. Kaashuk developed the space state method for constructing the Wiener—
Hopf factorization of a rational matrix function using a minimal realization (see, for example, the
review [10]). Since the minimal realization of the linear system can be constructed in terms of the
fractional factorization of its transfer function, they actually obtained a connection between these
factorizations. The explicit connection between the fractional factorization of rational matrix functions
and the Wiener—Hopf factorization of meromorphic in the disc |z] < 1 matrix functions was established
in [1].

The connection between the Wiener-Hopf factorization and the Birkhoff factorization was found
in [6]. It turned out that among all possible sets of Birkhoff indices there always exists a set obtained
by some permutation of the right partial indices. This means that if A(t) = A_(¢)D(t)AL(t) is an
arbitrary Wiener—Hopf factorization of A(¢), then one of the Birkhoff factorizations can be written in
the form

A(t) = PD(t)P7'B_(t)By(t), teT,
where P is some permutation matrix. Here the matrix function B(¢) = B_(t)B4(t) admits a right
canonical factorization. Thus, the Wiener—Hopf factorization A(t) with non-zero partial indices can
be reduced to the canonical factorization of B(t). This important fact was firstly discovered by
I. S. Cebotaru [6] in developing the projection methods for solving systems of discrete Wiener—Hopf
equations with non-zero partial indices.

For the practical applications of these factorization problems, it is necessary to develop algorithms
for their approximate solutions. However, this is complicated due the non-uniqueness of solutions of
the factorization problems.

In the spectral factorization S(z) = ST(2)(S*(2))* the factor ST(z) is unique up to a constant right
unitary factor U [7]. The choice of U allows us to perform the desired normalization of the spectral
factorization. In [8], a new efficient method for constructing the spectral factorization is developed,
which allows to find approximately the spectral factor S*(z). In this paper, the canonical normal-
ization of the spectral factorization is used. By an arbitrary spectral factor ST (z), the canonically
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normalized factor S (z) = ST(2)U is constructed by using U = (S7(0))~1,/S+(0)(S+(0))~!. The
canonically normalized spectral factor is uniquely determined by the condition that the matrix ST (0)
is positive definite.

For the Wiener—Hopf factorization, the situation is more complicated. According to the theorem
on the general form of the factorization, the factor A_(z) is found up to the right factor Q_(z),
which is an upper block triangular matrix function with entries that are polynomial in 271 (see,
e.g., [9, Chapter VIII, Theorem 1.2]). The problem of normalization of the Wiener—Hopf factorization
(except for the trivial case of a matrix function with equal partial indices) has not been studied.
The well-known theorem of M. A. Shubin (see [13, Theorem 6.15]) on the continuity of factorization
factors is incomplete, since the factorization is not unique. Hence this theorem cannot be applied to
constructing an approximate factorization.

In this paper, we want to fill a gap in the theory of Wiener-Hopf factorization associated with
a normalization. We restrict ourselves to the case of matrix functions with different partial indices.
We will describe the method for a canonical normalization that guarantees the uniqueness of the
factorization. This method essentially uses the Birkhoff factorization. Since the normalization of
the Wiener—Hopf factorization for a matrix function with equal partial indices is not difficult, the
obtained results allow us to completely solve the normalization problem for the second-order matrix
functions. For this class, this was previously done in [3] which containes a detailed analysis of stable
cases of normalizations and proposes a supplement to the Shubin theorem. Moreover, it is shown that
utilization of the normalized factorization allows to obtain an error estimate for the factors of the
approximate factorization. In [4], the normalization problem was studied for a matrix function with
a stable system of partial indices.

The results of this work were announced in [2].

2. P-NORMALIZATION AND UNIQUENESS OF THE WIENER—HOPF FACTORIZATION

The main tool in the normalization theory is the Gohberg—Krein theorem on the general form of
the factorization factors A4 (t) [9, Ch. VIII, Theorem 1.2]. Let us formulate it in a form that is
convenient for us.

Let p1,...,pp be an arbitrary set of integers, sorted in ascending order: p; < --- < p,. We assume
that this set contains s different numbers s < --- < 3, of multiplicity k1, ..., ks, respectively. Let
Q_(p1,...,pp) be the set of all block triangular matrix functions of the form

Qu Q12 ... Qs
0 Qa2 ... Q2
o-m=|. T 3)

0 0 ... Qss
Here, the block ();; has dimension k; x k;, the diagonal blocks @;; are the constant invertible £; x k;
matrices, and the off-diagonal blocks @;;(t) are matrix polynomials in the variable t~! of degree at
most »; — »;. The set Q_(p1,...,p,) is a subgroup of the group GW?*?(T).
Let D(t) = diag[t**,...,t?]. Define a matrix function

Q+(t) = D1 (H)Q' (1) D(1).

Q+(t) has the same form as (3), and only in this case, Q;;(t) are the matrix polynomials in ¢ of degree
at most s¢; — 5;. Thus, Q4 (z) € GWEP(T).

The Gohberg—Krein theorem on the general form of the factorization states that if (1) is a Wiener—
Hopf factorization of the matrix function A(¢) with partial indices p; < --- < p,, then the represen-
tation

At) = G_()) DG (1), (4)
where G_(t) = A_(t)Q_(t), G4+ (t) = Q+(t)A+(t), is also a Wiener-Hopf factorization of A(t) for
any Q_(t) € Q_(p1,...,pp). Moreover, any factorization A(t) can be obtained from the original
factorization (1) in a similar way with an appropriate choice of Q_(t).
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Definition 1. The transition from the original factorization (1) to the factorization (4) by using any
matrix function Q_(t) € Q_(p1, ..., pp) will be called the normalization of the factorization (1)
at infinity. The matrix function @_(¢) is called the normalization matrix.

Thus, the normalization of the factorization at infinity is determined by the choice of Q_(t) €
Q_(p1,...,pp). Since the Q_(p1,...,pp) is a group, we can produce the normalization in several
steps choosing the normalization matrix arbitrarily at each step.

Our task is to produce (in some sense) a canonical choice of @Q_(t). The main condition that
determines the choice of a canonical representative Q_(t) € Q_(p1,...,pp) will be related to the
Birkhoff factorization of the matrix function of A(t).

Definition 2. Let P be a permutation matrix of order p. The Wiener—Hopf factorization of the
matrix-function A(t):
A(t) = C_ (DA (1)
is called P-normalized if the following conditions are fulfilled:
(1) The matrix function B_(t) = PD~1(t)P~1C_(t)D(t) belongs to the algebra W ?(T);
(2) B_(c0) =P.
We consider the P-normalization as canonical normalization of the factorization.

It turns out that if the P-normalized factorization A(t) exists, then it is unique and generates a
Birkhoff factorization A(t).

Theorem 1. Suppose a matriz function A(t) € GWP*P(T) has a P-normalized Wiener—Hopf factor-
1zation
A(t) = C_(t)D(t)C(t).
Then
(1) this Wiener—Hopf factorization generates a Birkhoff factorization by the formula
A(t) = PD(&)P~'B_ ()B4 (1),
where B_(t) = PD™*(t)P~1C_(t)D(t), B4 (t) = C4(t);

(2) the given P-normalized Wiener—Hopf factorization is unique.

Proof. Condition (1) of Definition 2 is equivalent to the statement that B_(t) € GWP*P(T). The
existence of the above Birkhoff factorization is verified directly.
Let us prove the uniqueness of the P-normalized Wiener—Hopf factorization. Assume that A(t) =

C_(t)D(t)C(t) is another P-normalized factorization of A(t) and
A(t) = PD(t)P~'B_(t)B.(t)

is the corresponding Birkhoff factorization. Then B~'(t)B_(t) = §+(t)B;1(t), and, therefore, by
Liouville’s theorem, this matrix function is a constant invertible matrix. Hence B~!(t)B_(t) =
B~!(00)B_(0) = I,, due to condition (2) of Definitions 2. Thus B_(t) = B_(t) and C_(t) = C_(t),
Ci(t) =Cy(t) . O

Remark 1. The condition B_(c0) = P, which ensures the uniqueness of the P-normalized factoriza-
tion, can be replaced by B_(0co0) = Ag, where Ay is any invertible matrix. The condition B_(c0) = P
allows us to obtain a simplest form of the factors C'_(t), B_(t) in P-normalized factorizations.

3. EXISTENCE OF A P-NORMALIZATION FOR MATRIX FUNCTIONS WITH DIFFERENT SYSTEMS OF
PARTIAL INDICES

In this section, we prove that the P-normalized factorization always exists for a matrix function
having the different right partial indices p1 < --- < pp. The explicit form of the factor C_(¢) for
such a factorization and the form of B_(t) in the corresponding Birkhoff factorization will also be
obrtained. It turns out that the existence of the P-normalization is equivalent to the existence of the
so-called PLU-factorization of the invertible numerical matrix A_(co).
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Recall (see, e.g., [11]) the definition of an LU-factorization of a numerical invertible matrix Ag.
If Ay is a product of lower and upper triangular matrices L and U, Ay = LU, then Ay is said to
be admitting an LU-factorization. A necessary and sufficient condition for the existence of an LU-
factorization of the matrix Ay is that all leading minors of this matrix are nonzeros. If we fix the
diagonal elements of the matrix L, then the LU-factorization will be unique. We assume that all
diagonal elements of L are equal to 1.

In general, by permutation of rows of Ag, it is always possible to make all its leading minors
non-zero. It means that there exists a permutation matrix P~' such that P~'4y admits an LU-
factorization, i.e., Ay is represented as A9 = PLU. This is the PLU—factorization Ay. In general, the
permutation P is non-unique in this representation of Ag.

Since the matrix A_(oo) is invertible, there always exists its PLU-factorization. Note that if
there exists a Wiener—Hopf factorization A(t) = A_(¢)D(t)A4(t) for which A_(o0) admits the PLU—
factorization with the given P, then it follows from the theorem on the general form of factorization
that any Wiener—Hopf factorization A(t) has this property.

Theorem 2. Suppose a matriz function A(t) € GWP*P(T) has different right partial indices p; <
p2 < -+ < pp, and let pj; = pj — p; for i < j. The matriz function A(t) admits the P-normalized
factorization if and only if for some factorization A(t) = A_(t)D(t)AL(t) the numerical matriz A_(00)
admits PLU -factorization.

If this condition is fulfilled, then the P-normalized Wiener—Hopf factorization and the corresponding
Birkhoff factorization have the form

A(t) = C_()D()C4 (), A(t) = PD(t)P~ B_(t)B4(t),

where
1+ t_lc1_1 t—pm—lcl—Q o t—Pm—lcl—p
ey L+t ley, - tre—ley
Co(t) = P | e , (5)
Cp—1,1 Cp—1,2 tTerri e
Cpa Cpo 1 +t‘1c;p
1+t te t=Lep, et e,
t=Pcy T+ttey 0 e,
B_(t)=P | oo , (6)
t*Pp—l,lc;_Ll t—Pr-12¢ - tilc;—l,p
=fric, t=rr2e, 1+ t_lc;p

Here, c; (t) € W_(T).

Proof. For convenience, we use the notation O(t~¢) for a function of the form t~*c_(t), where c_(t)
is a function that is analytic in the neighborhood of infinity, ¢ > 0.

First, we prove the theorem for the case of P = I, i.e., when there exists a Wiener—Hopf factorization
A(t) = A_(t)D(t) A4 (t) for which A_(oc0) admits an LU-factorization: A_(c0) = LU.

Let us show that a factorization of the form (5) always exists. We normalize the original fac-
torization by taking Qo = U~! € Q_(p1,...,pp) as the normalizing matrix. Then A(¢) admits the

factorization A(t) = AV (1) D) AL (1), A9 (1) = A_(£)Qo, for which

1+ tilagq) tila(lg) e t’lag?)_l t’lag?o)
S T . SR S
Ay = | , (7)
apa D, Ap.p—1 L+t app

where a") (t) € W_(T).

ij
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Let us prove by induction on the number of rows s that there always exists a normalized factorization
At) = A (t)D(t)A(f)(t) for which the matrix function A" (t) has the first s rows as in (5), and the
remaining p — s rows as in matrix (7).

Let s = 1. Take as a normalizing matrix

1 tilqlg tilqlp
0 1 0

Q1) = | . : . : € Q_(p1y---,pp)s
0 0 1

where ¢;;(t) are arbitrary polynomials in t~! of degree at most pji — 1. Now,
A(t) = AV D) AD (1), AD 1) = AV )@ (1),
is a new normalized Wiener—Hopf factorization. The first row of the factor AW (t) has the form
(14670 14 0 D)g + ) @ e, + ).

For any choice of polynomials gi2(t), . .., ¢1p(t), the rows of A(_l)(t) with indices 2, ..., p have the same
form as the corresponding rows of the matrix A (t) (see formula (7)). Let us represent the element

11+ t_lagq))qu + t_la(lg-) of the first row in the form
) aiy
A+ ) [+ ——— .
1 @
1+t 1ag1)
{9 (1) aiy (1)

o0
. . - . . . (15) ,—k
The function 00 is analytic in a neighborhood of infinity. Let a0 = k§:0 g, t7" be

pi1—1 .
its expansion into the Laurent series. Set ¢1;(t) = — q,(clj )=k, Then
k=0

11+t )y + Y = oY), j=2,0p.
It easily follows that O(t=ri1—1) = t’pﬂ’la%) (t) for some a%) (t) € W_(T). Hence the statement

is true for s = 1.
Let us assume that the Wiener—-Hopf factorization A(t) = A(_s_l)(t)D(t)ASf_l) has already been

obtained at the (s — 1)-th normalization step, where the factor Ags_l)(t) has the desired structure.
Let us partitione Affl)(t) into the blocks

s—1 s—1
AG=D () — Ag1 : ‘A§2 :
- ( ) - A(sfl) ‘ A(sfl) ’
21 22

where Agifl) is the s x s block. By virtue of the prescribed structure of A(f*l)(t), these blocks have
the following form:

1+ t(—lalg)j‘” t—Pm—laé;‘i; . L‘_p“_laéi_g
S— — s— — — S—

46D _ a9 1+t tagy, R AT .

1mn = i
agi_l) agz_l) R t’lagss_l)

t*psﬂvl*lag‘:ﬂ t’pS“’l’laf;rlQ) ... t’pp,l’lagfp_l)
A ; : : :
t—ﬂs+1,s—1—1ag§_*12+1 t—Ps+2,s—1—1agS_71};+2 L t—pp,s_l—la,gs_*l};
=1l 1l ) . t=1q( Y
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(s—1) (s—1) (s—1)

Osp11 Osq12 -+ Osp1s
Aésl_l) = : . . ;
al’s " ;72 A
— -1 —_ -1 _ -1
1+t( %il Lt gi(l §+)2 et 1a%i_1%
S— — -1 — s—1
ALY Ps+2,5+1 L+t ag o540 - t 1as+2717
22 = . ) )
1 1 _ s—1
;és_;.i 1(,55+% .o 1+t 1a1(,;, )

Here, all functions agj_l)(t) belong to the algebra W_(T).
Apply to the factor A(f_l)(t) the normalization matrix Q.(t) € Q_(p1,...,pp) of the following

block structure
(I | Q2
Qult) = < 0 | I—s >’

t s fl(h,p

where

Q12 = : :
tilqs,s+1 T flq(g,p
Here, g;;(t) are polynomials in t~! of degree at most pji — L.
Then at the s normalization step we get the following factorization factor
ATV ATV Qo+ AT )
Agi Y ‘ (s 1@12+A(S b

AD(1) = ALV (0)Qu(1) = (

The blocks Ag‘; 2 A(s D have already the required form. It is easy to see that for any choice of
polynomials ¢;;(t), the block Aésfl)ng + Aé;ﬁl) can be written as

1+ t(_l 2421 s+1 t~ta 2-2(1 )g+2 . tTha E:‘;lp
a 1+t 1a .. tTla ,
s+2,s+1 .s+2,s+2 § :s+27p , agég) SAUS (T)
p2+1 ;(:L)e+2 . 14t lafy)

It remains to choose the polynomials g;;(t), degg;;(t) < pj; — 1 such that the block A§§71)Q12 +
Ag‘;_l) has the desired structure. Let us extract the j-th column of this block

gy, t’pm*lafj_l)
£ g,
(s—1) J .
= : 91511(9 1) ’ s—’_lS]Sp.
’ t 51,5
gy =10
8,J
Now, we consider p — s systems of equations of the form
ey —pj1—1,(s—1)
t 1qu tri 1“13‘ 0
Y : 0
—1 J .
Al : + o e | T sTisise (8)
: Jys— ag_1; :
t G, 1, (s=1)
i tay 0

The elements of the matrix of this system are the functions from W_(T) and therefore are analytic

in the neighborhood of infinity. Obviously, det Agsl_l)(oo) = 1. Thus, the matrix function Agsl_l)(t) is
invertible in the class of matrix functions that are analytic in the neighborhood of infinity. Therefore,
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each of the systems of equations (8) has a unique solution (t7'¢i;,¢t 'G2j,...,t71qs;)?, where the
functions g;;(t) are analytic in the neighborhood of infinity. Let us expand the function g;;(t) into a
Laurent series in the vicinity of infinity as follows:

i; (t Zq(”)t Fo1<i<s, s+1<j<p,
k=0

pji—1
and define the polynomials ¢;;(t) = > q,(:j)t_k. Let us represent g;;(t) as ¢;;(t) = q;;(t) + Ot~ ).
k=0

Taking into account the structure of the matrix function Agifl)(t), we get

—pi1— —1
t‘iqu t=rslal (’)Et—f’ﬂ—ig
t a2 : Ot~
—1 J .
AT T+ I : L s+1<j<p.
: t— Pj,s—1 q_ g :
t71qs; 1, (s 1) O(t=ris—1)

Since the elements of the column on the left—hand side of this relation belong to the algebra W_(T),
the right-hand side can actually be represented as

O(t—rir—1) t_p-“_lag?)
or=t) | |tretal)
O(t=ri=—1) t,pjsf1a(j)

for some functions a! i ( ) from the algebra W_(T). This means that the block A T 1)Q12 + A(S 2
has the required form. We have completed the s-th normalization step. After p normahzatlon steps

we find that A(_p)(t) has the form (5) for P = I.

Thus the existence of a normalized factorization of the form (5) for P = I is proved. Let us
now verify that this factorization is I-normalized. In order to do this, we find the matrix function
B_(t) = D7L(t)C_(t)D(t). Tt is easy to see that it has the form (6) for P = I. Since all elements
of B_(t) belong to the algebra W_(T) and B_(oc0) = I, the conditions of Definition 2 are satisfied.
Therefore, by Theorem 1, the normalized factorization of the form (5) is unique. For the case P = I,
the theorem is proved.

Now, we suppose that for A(t) there exists a factorization A(t) = A_(t)D(t) A (t) for which A_(o0)
admits the PLU -factorization: A_(co) = PLU. Note that in this case, any factorization of A(t) has
this property.

Let us define the matrix function F(t) = P 1A(t). Then F(t) = (P1A_(t))D(t)A,(t) is its
Wiener—Hopf factorization, and the condition F_(0o) = LU is satisfied for F__(t) = P~1A_(¢). By
the proved part of the theorem, F(t) admits the I-normalized Wiener—Hopf factorlzatlon F(t) =
K_(t)D(t)Fy(t). Then A(t) = (PK_(t))D(t)F(t) is the P-normalized factorization of A(t). The
theorem is completely proved. O
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