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THE INEQUALITIES FOR TRIGONOMETRIC POLYNOMIALS AND ENTIRE

FUNCTIONS OF FINITE ORDER IN GENERALIZED WEIGHTED GRAND

LEBESGUE SPACES

TAMUNA GORGADZE1, VAKHTANG KOKILASHVILI2 AND DALI MAKHARADZE3

Abstract. We consider generalized weighted grand Lebesgue spaces and establish Bernstein type

inequalities for trigonometric polynomials and Nikol’skii type inequalities for entire function of finite

order in these spaces.

1. Introduction

Let 1 < p < ∞ and let φ be a positive, non-decreasing function on (0, p − 1) with the condition
φ(0+) = 0. The set of all such functions we denote by Φp.

By w we denote a weight function, almost everywhere positive, locally integrable and defined on
R1.

We consider two types of generalized weighted grand Lebesgue spaces. Let X be a bounded set in
Rn.

The space L
p),φ
w (X) is defined as a set of all measurable functions for which the norm

∥f∥
L

p),φ
w

= sup
0<ε<p−1

(
φ(ε)

∫
X

|f(x)|p−εw(x)dx

) 1
p−ε

is finite.
The space Lp),φ

w (X) is defined as a set of all measurable functions for which the norm

∥f∥Lp),φ
w

= sup
0<ε<p−1

(
φ(ε)

∫
X

|f(x)w(x)|p−εdx

) 1
p−ε

is finite.
Both these spaces are non-reflexive, non-separable Banach function spaces. Grand Lebesgue spaces

Lp) were introduced in 1992 by T. Iwaniec and G. Sbordone [2] in their studies related to the integra-
bility properties of the Jacobian in a bounded open set. This is the case where φ(ε) = ε and w(x) ≡ 1.
More later, the space Lp),θ for an arbitrary positive θ (the case for φ(ε) = εθ and w(x) ≡ 1) was in-
troduced in their paper by L. Greco, T. Iwaniec and C. Sbordone [1]. Nowadays, the theory of grand
Lebesgue spaces is one of intensively developing directions of modern analysis. It turns out that in the
theory of partial differential equations, the generalized grand Lebesgue spaces are appropriate to the
problems of the existence and uniqueness, and also to the regularity problems for various nonlinear
partial differential equations.

Further, we will need the definitions of Muckenhoupt classes of weight functions.

Definition 1.1. A weight function w(x) belongs to the class Ap(1 < p < ∞), if

sup
I

(
1

|I|

∫
I

w(x)dx

)(
1

|I|

∫
I

w1−p′
(x)dx

)p−1

< ∞, p′ =
p

p− 1
,

where I denotes an arbitrary interval on R1.

2020 Mathematics Subject Classification. 26A33, 46E30, 45P05, 41A10.
Key words and phrases. Trigonometric polynomial; Entire function; Bernstein and Nikol’skii inequalities; General-

ized weighted grand Lebesgue spaces.



444 T. GORGADZE, V. KOKILASHVILI AND D. MAKHARADZE

Definition 1.2. A weight function w(x) belongs to the class Ap,q(1 < p < q < ∞), if

sup
I∈R1

(
1

|I|

∫
I

wq(x)dx

) 1
q
(

1

|I|

∫
I

w−p′
(x)dx

) 1
p′

< ∞.

For the multidimensional case, we need the following

Definition 1.3. A weight function w(x, y) is said to be of class Ap, if

sup

(
1

|J |

∫
J

w(x, y)dxdy

)(
1

|J |

∫
J

w1−p′
(x, y)dxdy

)p−1

< ∞,

where the supremum is taken over all rectangles J in R2 with the edges, parallel to the coordinate
axis.

One-weight Bernstein and Nikol’skii type inequalities in the classical weighted grand Lebesgue
spaces under the Muckenhoupt weights were established in [3] and [4].

2. Bernstein Type Inequalities in L
p),φ
w and Lp),φ

w for Trigonometric Polynomials

Theorem 2.1. Let 1 < p < ∞, φ ∈ Φp. Suppose α(α > 0) denotes the order of Weyl fractional
derivatives.

i) If w ∈ Ap, then the inequality∥∥∥T (α)
n

∥∥∥
L

p),φ
w (−π,π)

≤ cna ∥Tn∥Lp),φ
w (−π,π)

holds for arbitrary polynomials Tn with a constant c, independent of Tn.
ii) If wp ∈ Ap, then for arbitrary trigonometric polynomials Tn, we have∥∥∥T (α)

n

∥∥∥
Lp),φ

w (−π,π)
≤ cna ∥Tn∥Lp),φ

w (−π,π)
.

In the sequel, by Tmn(x, y) we denote two-dimensional trigonometric polynomial of order m with
respect to the variable x and of order n with respect to y. We set Q := (−π, π)×(−π, π).

Theorem 2.2. Let 1 < p < ∞, φ ∈ Φp. Let α > 0 and β > 0 be the orders of Weyl fractional
derivatives. The following statements are true:

i) If w ∈ Ap, then the inequality∥∥∥∥∂α+βTmn(x, y)

∂xα∂yβ

∥∥∥∥
L

p),φ
w (Q)

≤ c1m
αnβ ∥Tmn∥Lp),φ

w (Q)

holds for arbitrary trigonometric polynomials Tmn(x, y).
ii) If wp ∈ Ap, then ∥∥∥∥∂α+βTmn(x, y)

∂xα∂yβ

∥∥∥∥
Lp),φ

w (Q)

≤ c1m
αnβ ∥Tmn∥Lp),φ

w (Q)

with the constant, independent of m,n and Tmn.

3. Nikol’skii Type Inequalities

Theorem 3.1. Let 1 < p < q < ∞ and φ ∈ Φp.We set φ1 = φ
q
p . Suppose that w ∈ Ap,q. Then for

arbitrary trigonometric polynomials Tn, we have

∥Tn∥Lq),φ1
w

≤ cn
1
p−

1
q ∥Tn∥Lp),φ

w
.

Theorem 3.2. Let 1 < p < q < ∞ and φ ∈ Φp. We set φ1 = φ
q
p . Assume that w ∈ A1+ q

p′
. Then

for arbitrary trigonometric polynomials Tn, we have

∥Tnw
γ∥

L
q),φ1
w

≤ cn
1
p−

1
q ∥Tn∥Lp),φ

w
,
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where

γ =
1

p
− 1

q
.

4. The Inequalities for Entire Functions of Finite Order

First of all, we define the space suited to the real line. The generalized weighted grand Lebesgue
space on the real line is defined via two weights w and v. This space is defined as a set of all measurable
functions on R1 for which

∥f∥
L

p),φ
v (R1,w)

= sup
0<ε<p−1

{
φ(ε)

∫
R1

|f(x)|p−εw(x)vε(x)dx

} 1
p−ε

< ∞

where wvε ∈ L1
w

(
R1

)
for all 0 < ε < p− 1.

The grand Lebesgue spaces over a set of infinite measure were introduced in [5].

Theorem 4.1. Let 1 < p < ∞, φ ∈ Φp and w ∈ Ap, v
γ ∈ Ap for some γ > 0. Then for an arbitrary

entire function f of order τ from L
p),φ
v

(
R1, w

)
, we have

∥f ′∥
L

p),φ
v (R1,w)

≤ cτ∥f∥
L

p),φ
v (R1,w)

with a constant c, independent of f .

For the Nikol’skii type inequalities, it is more convenient to address to the other definition of

L
p),φ
w ,Lp),φ

w on the real line.

Lp),φ
w (R1) =

{
f :

[
sup

0<ε<σ
φ(ε)

∫
R1

|f(x)|p−εw(x)dx

] 1
p−ε

< ∞
}
,

Lp),φ
w (R1) =

{
f :

[
sup

0<ε<σ
φ(ε)

∫
R1

|f(x)w(x)|p−εdx

] 1
p−ε

< ∞
}
,

where σ is a small positive constant.

Theorem 4.2. Let 1 < p < q < ∞ and φ ∈ Φp. We set φ1 = φ
q
p . Suppose that w ∈ A1+ q

p′
. Then

for an arbitrary function f of order τ , we have∥∥∥fw 1
p−

1
q

∥∥∥
L

q),φ1
w

≤ cτ
1
p−

1
q ∥f∥

L
p),φ
w

with a constant c, independent of f .

Theorem 4.3. Let 1 < p < q < ∞, φ ∈ Φp. We set φ1 = φ
q
p . Suppose that w ∈ Ap,q. Then the

inequality

∥f∥Lq),φ1
w

≤ cτ
1
p−

1
q ∥f∥Lp),φ

w

holds for an arbitrary function f of order τ , where the constant c is independent of f .
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