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VARIOUS CONVERGENCES OF MULTIFUNCTIONS

PANKAJ JAIN, CHANDRANI BASU AND VIVEK PANWAR

Abstract. In the present paper, we introduce different types of convergences of nets of multi-
functions from one topological space to another and compare them. Attempt has been made to
formulate sufficient conditions under which these convergences preserve slight B*-continuity of the
limit multifunction.

1. INTRODUCTION

Continuity and its various weaker and stronger forms (see [5-10,13-16]) are the fundamental notions
in the general topology and analysis. Consequently, different types of convergences have been studied
which preserve these generalized continuities. In [12], Kupka and Toma defined the concept of strong
convergence and Domnik [2] proved that strong convergence preserves upper and lower semi continuity.
Ganguly and Mallick [3,4] gave the notion of econvergence and some sufficient conditions under which
this type of convergence preserves further generalized continuity, namely, scontinuity.

The present paper aims to introduce the concepts of 7':[' and 7_-pointwise convergence, upper and
lower cl-convergence and nearly-strong convergence. It is proved that, in general, cl-convergence is
stronger than pointwise convergence. Further, we formulate sufficient conditions under which the cl-
convergence preserves upper and lower slight B*continuity. We establish some relationship between cl-
convergence and nearly-strong convergence. We have proved that nearly-strong convergence preserves
slight B*continuity.

Throughout the paper, X and Y will denote topological spaces, unless specified otherwise. By
F: X — Y, we shall mean that F' is a multifunction with domain X and co-domain S(Y’), the power
set of Y excluding the empty set. If F': X — Y is a multifunction then for A C Y we denote

FH(A)={r e X : F(x) C A}
and
F-(A)={zeX:Fx)NnA+# 0}
For any open set U C Y, we denote
Ut={BeSY):BcU}and U ={BeS(Y): BNU #0}.

By Bt and P~, we denote the collections of all U™ and U~ respectively. The collection B' forms a
base for some topology in S(Y'), called the upper Vietoris topology, usually denoted by 7. Similarly,
P~ forms a subbase for some topology in S(Y), called lower Vietoris topology, 7. For these topologies,
one may refer to [2,15] and references therein.

A set B is said to be a B*set if it is not nowhere dense having the property of Baire, [5].

A multifunction F': X — Y is said to be

(a) upper slightly B*continuous at a point x, if for every open set U C X containing = and for
every clopen set V such that F(z) C V, there exists a B*set B containing z such that
BC Ft(V)nU.
(b) lower slightly B*continuous at a point z, if for every open set U C X containing x and for
every clopen set V such that F'(z) NV # (), there exists a B*set B containing = such that
BCF (V)nU.
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(c) slightly B*continuous if it is both upper and lower slightly B*continuous, see [10].
A net {a; : j € J} of elements of Y is said to be convergent to a € Y, if for each neighborhood V'
of a, there exists jo € J such that a; € V for every j € J,j > jo, see, eg., [11].
For a space Y with topology 7, if a net {a; : j € J} converges to a € Y, then we shall be writing
a € 7-lima;.

2. POINTWISE, NEARLY-STRONG AND ¢l-CONVERGENCE

We begin this section by defining topologies weaker than the Vietoris topologies 7 and 7. The
idea is to replace open sets by clopen sets in the construction. Consider a nonempty clopen subset U
of Y, and let

Ul :={BeS(Y):BcCU},
and
U, ={BeSY):BNU #0}.

Let us denote by B, and P/, the collections of all U} and U, respectively. It is easy to see that B,

forms a base for some topology in S(Y), to be called upper cl-Vietoris topology and will be denoted by
7'5. Similarly, P, forms a subbase for some topology in S(Y'), to be called lower cl-Vietoris topology
and we shall denote it by 7.

Below we define some new convergences:

Definition 2.1. A net {F; : j € J} of multifunctions Fj : X =Y is said to be T:lr—pointwise (resp.T;l-
pointwise) convergent to a multifunction F : X =Y if for every x € X, F(x) € T:lr—lim F; (z)(resp.
F(z) € 7;-lim F}(z)) and we write F € 7.4 -1im Fj(resp. F € 7;-lim F}).

Definition 2.2. A net {F; : j € J} of multifunctions F; : X — Y s said to be upper (lower) cl-

conwergent to a multifunction F : X — 'Y if for every clopen set V inY with F+(V) # 0 (F~(V) #0)
there exists jo € J such that for every j € J with j > jo

FH(V) C Ff (V) (F—(V) c FJ._(V)).
The net {F; : j € J} is said to be cl-convergent to F if it is both upper and lower cl-convergent.

Definition 2.3. A net {F; : j € J} of multifunctions F; : X — Y s said to be upper (lower)
nearly-strongly convergent to a multifunction F : X — Y if for each clopen cover U of Y there exists
jo € J such that for every j > jo and for every x € X,

Fi(x) C Sta(F(x),U) (F(x) C Stcl(FJ»(x),U)),

where for any A CY, the set Sty (A,U) = J{B €U : BN A # 0} is called the cl-star of A CY with
respect to cover U of Y.

The net {F; : j € J} is said to be nearly-strongly-convergent to F' if it is both upper and lower
nearly-strongly convergent.

In the next two theorems, we prove that both cl-convergence as well as nearly-strong convergence
are stronger than the pointwise convergence.

Theorem 2.4. If a net {F; : j € J} of multifunctions F; : X — Y is upper cl-convergent converging
to F: X =Y then F € le—liij.

Proof. Let x € X and V' € B}, be such that F(z) € V. Then V is clopen in (Y, 7), i.e., z € FH(V).
Since {F; : j € J} is upper cl-convergent to F' and F+ (V) # 0, there exists jo € J such that for
each j € J with j > jo, F*(V) C F;"(V). Hence z € F" (V) for all j € J, j > jo. This implies that
Fe Tc"‘l'—lim F;. O

Theorem 2.5. If a net {F; : j € J} of multifunctions F; : X — Y is upper nearly-strongly convergent
converging to ' : X — Y then F € T;-lim Fj.
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Proof. Let x € X and V* € B, such that F(z) € V*. Then V is clopen in (Y,7), i.e.,, x € FH(V).
Since V is clopen, it follows that A = {V,Y \ V} forms a clopen cover of Y. Now, from the upper
nearly-strong convergence of the net {F; : j € J}, there exists jo € J such that for each j € J with
j > jo and x € X, we have,

Fj(x) C Sty(F(x),A) =V.
Hence x € Fj+(V) for all j € J, j > jo, which implies that F' € le'— lim F;. O

Results corresponding to Theorems 2.4 and 2.5 for lower convergence can be proved on the similar
lines. We only state them below:

Theorem 2.6. If a net {F; : j € J} of multifunctions F; : X — Y is lower cl-convergent to
F:X =Y then F' € 7/-lim F}.

Theorem 2.7. If a net {F; : j € J} of multifunctions F; : X —'Y is lower nearly-strongly convergent
to F': X =Y then F € 7 -lim F).

Comparing cl-convergence and nearly-strong convergence, the following can be proved:

Theorem 2.8. Let Y be a mildly compact space. If a net {F; : j € J} of multifunctions Fj : X —Y
cl-converges to a multifunction F' : X —'Y, then {F; : j € J} converges nearly-strongly to F.

Proof. Let A be a clopen cover of Y. Since Y is mildly compact, A admits a finite subcover, say, U.
Since {F}; : j € J} is lower cl-convergent to F, there exists jo € J such that for all j > jo and U € U,

F~(U) C F; (U).

Letz € X,y € F(x) and j € J with j > jo. Then there exists U € U with y € U, so that F(z)NU # 0.
This gives that
zeF(U)CF;(U),
i.e., for all j > jo,
Fi(z)NU # 0,
which further gives that
U C Sty(Fj(z), A).

Thus y € Sty (Fj(x), A) for every x € X and for every j € J with j > jo, i.e., F(z) C Sty (F;(z),.A)
for all 7 > jo.

We now prove that Fj(z) C Sty (F(z), A) for every x € X and every j € J with j > jo. On the
contrary, let Fy (z0) € Sta(F (o), A) for some 2o € X and for some j > jo. Take

z € Fy(20) such that z & Sty (F(xg), A).
Then z ¢ Ste(F(x0),U) for some finite subcover U of A. Let U = Sto(F(xo),U). Then
FrU)CFf(U) forall  Ueld

and x, ¢ FJT(U’) forall U € U'. So, F (o) ¢ Ste(F(xo),U), which is a contradiction and the assertion
follows. -

3. SLIGHT B*™CONTINUITY OF THE LIMIT MULTIFUNCTION

In this section we provide sufficient conditions under which the upper (lower) slight B*continuity
for the limit multifunction is preserved. First we give the following definition:

Definition 3.1. A net {F; : j € J} of multifunctions F; : X — Y is said to be frequently upper
(lower) slightly B*-continuous at v € X if for each j € J there exists jo € J, jo > j such that Fj, is
upper (lower) slightly B*-continuous at . The net {F; : j € J} is said to be frequently upper (lower)
slightly B*-continuous on X if it is so at every point of X.

The net {F; : j € J} is said to be frequently slightly B*-continuous if it is both frequently upper
and lower slightly B*-continuous.

We prove the following:
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Theorem 3.2. Let a net {F; : j € J} of multifunctions F; : X — Y be Tc"l’—pointwise as well as
lower cl-convergent to a multifunction F : X — Y and {F; : j € J} be frequently upper slightly
B*-continuous. Then F' is also upper slightly B*-continuous.

Proof. Let, if possible, F' be not upper slightly B*continuous at xy € X. Then there exists a clopen
set VinY with F(xz) C V and an open set U containing xg such that each B*set B with g € B C U
contains a point xp such that
F(zg)N(Y\V) #0.

Put V4 = Y\ V. Since F(z¢) € 7.}-1lim Fj(zo), there exists j; € J such that Fj(z¢) C V for all j > j;.
Now {F; : j € J} being lower cl-convergent and F~(V;) # 0, there exists jo € J such that for all
J>J2

F~(V)) € F} (),
so that,

Fj(xB)ﬂvl #@ (31)
Since {F; : j € J} is frequently upper slightly B*continuous at xg, there exists j € J with
j > max{j1,j2} such that Fj is upper slightly B*-continuous at z. Hence Fj(zo) C V and there
exists a B*-set B such that for all b € B,

xo € BCU with F;(b) CV,
which contradicts (3.1) and the assertion follows. O
Similarly, the following can be proved:

Theorem 3.3. Let a net {F; : j € J} of multifunctions F; : X — Y be 7_ -pointwise as well as
upper cl-convergent to a multifunction F : X — Y and {F; : j € J} be frequently lower slightly
B*-continuous. Then F is also lower slightly B*-continuous.

In view of Theorems 2.4, 2.5, 3.2 and 3.3 we immediately get the following:

Theorem 3.4. If a net {F; : j € J} of multifunctions F; : X =Y cl-converges to F': X — Y and
if it is frequently slightly B*-continuous then F is also slightly B*-continuous.

The following theorems show that nearly-strong convergence preserves the upper (lower) slight
B*continuity of the limit multifunction.

Theorem 3.5. Let {Fj : j € J}, be a net of multifunctions F; : X —'Y that converges nearly-strongly
to a multifunction F' : X — Y. If {F}} is frequently upper slightly B*-continuous then F is also upper
slightly B*-continuous.

Proof. Let 29 € X, V be clopen in Y with F(xzg) C V and U be an open set containing xzy. Then
A :={V, Y\ V}is a clopen cover of Y. Since {Fj : j € J} is nearly-strongly convergent to F, there
exists j; € J such that for all j > j; and for all z € X,

F(x) C Sta(Fj(x), A) and Fj(z) C Sty(F(x), A).
Again, since F; : X — Y is frequently upper slightly B*continuous at zo, there exists jo € J
with jo > ji such that Fj, is upper slightly B*continuous at zg. Thus there exists a B*set B C U
containing xg such that for all b € B
FL(b) CV

which implies that

St (Fj,(b),A) =V.
Now

Fj, (20) € Sta(F(z0), A) =V,

which gives that

Stcl(sz(Io),A) =V
Consequently, we have that for all b € B

F(bs) C Sta(Fj,p),A) =V
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and we are done. g
The following can also be proved on the similar lines:

Theorem 3.6. Let {F; : j € J} be a net of multifunctions Fj : X —Y converging nearly-strongly to
a multifunction F' : X — Y. If {F; : j € J} is frequently lower slightly B*-continuous then F is also
lower slightly B*-continuous.

4. SET OF POINTS OF SLIGHT B*™CONTINUITY

For a multifunction F': X — Y, we write,

BT (F) = {x € X : F is upper slightly B*continuous at x}
and

B7(F) ={z € X : F is lower slightly B*continuous at z}.

Theorem 4.1. If a net {F; : j € J} of multifunctions F; : X — Y is 7.} -pointwise as well as lower
nearly-strongly convergent to a multifunction F : X — Y, then

NUBE) < 5P,

i€J j>i
Proof. Let o € (| U BT (F}), V be clopen in Y with F(z¢) C V and U be an open neighborhood

€T j>i
of xy. Since F; : X =Y is Tc"l’—pointwise convergent, we have
F(z0) € 7.}-lim Fj(x)
which implies that VT is an open neighborhood of F(zg) in (S(X),7.;) and therefore there exists
j1 € J such that for all j > j;
Fj (1’0) eV,

Again, since {F; : j € J} is lower nearly-strongly convergent converging to F, corresponding to the

clopen cover A = {V,Y \ V} of Y, there exists j, € J such that for every j € J, j > j» and z € X,
we have

F(z) C Sty (Fj (), A).

Choose j > max{ji, jo} such that zop € BT (F}). Then there exists a B*set B C U containing z such
that for all x € B

Fi(z)CV
so that
St(Fj(x), A) =V.
This implies that F'(z) C V for every x € B. Hence 29 € BT (F) and we are done. O

On the similar lines, we prove the following:

Theorem 4.2. If a net {F; : j € J} of multifunctions F; : X =Y is 7 -pointwise as well as upper
nearly-strongly convergent to F: X — 'Y then

(UB~(F) € B~(F).
i€J j>i
Proof. Let g € () U B7(F;), V be clopen in Y with F(xzo) NV # () and let U be an open
neighborhood of xv()eJSﬁée F;: X —Y is 7_;-pointwise convergent, we have
F(xg) € 7,,-1lim Fj(x0)

which implies that V'~ is an open neighborhood of F(z) in (S(X),7;) so that there exists j; € J
such that for all j > ji,
Fj(ﬂ?o) eV
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Again, since {F; : j € J} is upper nearly-strongly convergent converging to F, corresponding to the
clopen cover A = {V,Y \ V} of Y, there exists j, € J such that for every j € J, j > jo and z € X,
we have

F(z) C Sty (Fj (), A).
Choose j > max{ji, j2} such that zy € B~ (Fj.) Then there exists a B*~set B C U containing x( such
that for all x € B
Suppose that F(z' )NV = for some 2 € B. Then

Fz)cY\V

which implies that

Sta(F(z'), A) =Y\ V.
But Fj(z') NV # () which is a contradiction and we are done. O

The notion of upper (lower) slight continuity [16] is stronger than that of upper (lower) slight B*
continuity. In what follows, we provide the conditions under which the limit multifunction becomes
upper (lower) slightly continuous. First we recall the following notion for functions [1]:

A net {f; : j € J} of functions f; : X — Y is called continuously convergent at o € X to a
function f: X — Y if for each net {z, :a € A} in X

o € limaa = f(zo) € }@hfj(%)-

If the convergence is at each point xg € X, then the net is said to be continuously convergent on X.

The above notion of convergence of functions has been generalized to multifunctions in [2] which
is as follows:

Let 7 denotes a topology on a family S(Y") of all subsets of Y. A net {F} : j € J} of multifunctions
F; : X — Y is said to be T-continuously convergent to F' : X — Y if the net of functions Fj; : X —
(S(Y), ) is continuously convergent to a function F': X — (S(Y), 7).

Now, we prove the following:

Theorem 4.3. Let {F; : j € J} be a net of multifunctions F; : X — Y. If {F; : j € J} is lower

nearly-strongly as well as Tc"l’—continuously convergent to a multifunction F' : X — Y at the point xg,

then zo € Ct(F), where, Ct(F) ={z € X : F is upper slightly continuous at x}.

Proof. On the contrary, let if possible, zo ¢ C*(F). Then, there exists a clopen set V C Y such that
F(xz) C V and for each neighborhood U of Xy, there exists a point 2y € U with the property

Flzp) N (Y \ V) £ 0. (4.1)

Let A denote the family of all neighborhoods of zy. We define an ordering ” <” in A and say that
for Uy,Us € A, Uy < U, if Uy C Uy. Then (A, <) is a directed set. Let us denote

Y={o:=U,j5):UcAand j € J}.
For o1 = (U, 1) and o9 = (Us, j2), we write o1 < o9 if Uy C Uy and j; < jo. We consider
{Fj(zy):0=(U,j) € £}.
Since the net {F; : j € J} is T:lr—continuously convergent to F' at the point x(, we have
F(zo) € 71- liénFj(xU)7
i.e, we get o9 = (Up, jo) such that Fj(xy) C V for every o > 0¢, 0 = (U, j). Now, for the clopen cover
U={V,Y\V} of Y, we get for all o > o,
Sta(Fj(rvv),U) = V. (4.2)

From (4.1) and (4.2), we have
F(SL’U) SZ V = Stcl (Fj(ﬂ?U),U)
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so that the net {Fj : j € J} is not lower strongly convergent to F' which is a contradiction and we
are done. g

The following can also be proved on similar lines:

Theorem 4.4. Let {F; : j € J} be a net of multifunctions F; : X — Y. If {F; : j € J} 1is upper
nearly-strongly as well as T_ -continuously convergent to a multifunction F': X —'Y at the point xo,
then xg € C~(F'), where, C~(F) = {x € X : F is lower slightly continuous at x}.
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