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ON (p,q)-EIGENVALUES OF SUBELLIPTIC OPERATORS ON HOMOGENEOUS
LIE GROUPS

PRASHANTA GARAIN! AND ALEXANDER UKHLOV?2*

Abstract. In this article, we study the nonlinear Dirichlet (p, g)-eigenvalue problem for subelliptic
operators defined by the left-invariant vector which satisfy the Héormander condition. We prove both
the solvability of the eigenvalue problem and the existence of the minimizer of the corresponding
variational problem.

1. INTRODUCTION

In this article, we consider the Dirichlet (p, ¢)-eigenvalue problem, 1 < p < v, 1 < ¢ < p*=vp(v—p)
for subelliptic operators

—dive ([Vaul?" Vi u) = Al [ul*u in Q, w=0 on 99, (1.1)

where Vi u = (X114, ..., X1,,u) is the horizontal (weak) subgradient of u defined by left-invariant
vector fields X1, ..., X1,, which satisfy the Hérmander condition [19]. Since the vector fields X;u,
..., X1n, satisfy the Hormander condition, they generate a Lie algebra V', and we consider (2 as a
bounded domain on a corresponding stratified homogeneous Lie group G. The number v is called
the homogeneous dimension of G. Note that the Kohn—Laplace operator Ay = divgVy induced by
left-invariant vector fields on Heisenberg group H" is a subelliptic operator which plays an important
role in physics.

The eigenvalue problems for subelliptic operators defined by the left-invariant vector which sat-
isfy the Hormander condition were considered first in [11]. Remark that in the recent decades the
eigenvalue problems for p-sub-Laplace operators

—divy (Vi ulP2Vgu) = Mu[Pu in Q, u=0 on 09,

were intensively studied, for example, in [4,23,31].

The eigenvalue problem (in the commutative case, G = R™) traces back to the works of Lord
Rayleigh [28], where the author established the variational formulation of this problem in the linear
case (p = ¢ = 2) which is based on the Dirichlet integral

||u||3vol,z(m :/|Vu|2 dx.
o)

We note also classical works [26,27] devoted to eigenvalues of linear elliptic operators and their
connections with the problems of continuum mechanics.

The non-linear commutative case p = ¢ # 2 was investigated by many authors as a typical non-
linear eigenvalue boundary value problem in Euclidean domains of R™ (see, for example, [1,2,15,16,18],
for extensive references we refer to [21]). In the case p # ¢, the non-linear eigenvalue boundary value
problems in domains @ C R™ were considered in [9,14,15,24]. Unfortunately, standard methods of
the non-linear spectral theory of elliptic operators (see, for example [14]), do not work in the case
of subelliptic operators. Therefore in the present work we adapted the inverse iteration method,
which was suggested in [10]. On the base of this adapted method we study the non-linear eigenvalue
boundary value problem for subelliptic operators.
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In the present work, we consider the Dirichlet (p, ¢)-eigenvalue problem (1.1) in the weak formula-
tion: a function u solves the eigenvalue problem, iff u € W, **(2) and

/|VH ulP 2V uVg v dr = AHuH’L’;(qQ) / lu|T2un da (1.2)
O )

for all v € WO1 P(Q). In this case, we refer to A as an eigenvalue and to u as the corresponding
eigenfunction.

We prove the solvability of the Dirichlet (p,q)-eigenvalue problem (1.1) (see Theorem 3.1 and
Theorem 3.2). Indeed, in Theorem 3.2, we have considered the following minimizing problem given
by

A= _inf /|VH ul? dx
UEWO ’p(Q): HuHLq(Q):l o

and proved the existence of a function v € W, (1), lvl|La(ay = 1, such that
A =/|VH v|P dx.
Q

Moreover, we observe that v is an eigenfunction corresponding to A and its associated eigenfunctions
are precisely the scalar multiple of those vectors at which A is reached. Finally, in Theorem 3.3, we
establish some qualitative properties of the eigenfunctions of (1.1).

2. HOMOGENEOUS LIE GROUPS AND SOBOLEV SPACES

Recall that a stratified homogeneous group [13], or, in another terminology, a Carnot group [25]
is a connected simply connected nilpotent Lie group G whose Lie algebra V is decomposed into the
direct sum Vi @ - - - @ V,, of vector spaces such that dimV; > 2, [Vi, V;] = V1 for 1 <i<m—1 and
Vi, Vin] = {0}. Let X31,..., X1, be left-invariant basis vector fields of V3. Since they generate V', for
each 7, 1 < ¢ < m, one can choose a basis X;; in V;, 1 < k < n; = dim V}, consisting of commutators

m
of order i — 1 of fields Xy, € V;. We identify the elements g of G with the vectors z € RN, N = 3" n,,
i=1
x = (), 1 <i<m, 1< k< n; by means of exponential map exp(d_ 2, X;r) = g. Dilations ¢
defined by the formula

)
0ex = ('Tir)1<i<m, 1<k<n,

2 2 m m
= (tx11,. . i1, 7 T21, o Ty e T T, e E T, ),

are automorphisms of G for each ¢t > 0. The Lebesgue measure dz on RY is the bi-invariant Haar
measure on G (which is generated by the Lebesgue measure by means of the exponential map), and
m
d(d;x) = t¥ dx, where the number v = Y in; is called the homogeneous dimension of the group G.
i=1
The measure |E| of a measurable subset E of G is defined by |E| = [ dx.
E

The system of basis vectors X1, Xo,..., X, of the space V; satisfies the Hormander hypoellipticity
condition [19].

Euclidean space R™ with the standard structure is an example of an abelian group: the vector fields
0/0x;, i =1,...,n, have no non-trivial commutation relations and form the basis of the corresponding
Lie algebra. One example of a non-abelian stratified group is the Heisenberg group H™. The non-
commutative multiplication is defined as

hh' = (z,y,z) (", 2") = (x+ 2",y + 9, 2+ 2 — 2xy’ + 2y2’),

where z,2',y,y € R™, z,2/ € R. The left-translation Lj(-) is defined as Ly(h') = hh'. The left-
invariant vector fields

0 0 0 a0 . 0
Xz_aixz+2ylay }/Z_aiyl_2mlg7 2—17...,TL7 Z_Ev



ON (p, q)-EIGENVALUES OF SUBELLIPTIC OPERATORS ON HOMOGENEOUS LIE GROUPS 209

constitute the basis of the Lie algebra V of the Heisenberg group H™. All non-trivial relations are
only of the form [X;,Y;] = —4Z,i=1,...,n, and all other commutators vanish.

The Lie algebra of the Heisenberg group H™ has dimension 2n + 1 and splits into the direct sum
V = V1 @ V5. The vector space V7 is generated by the vector fields X;, Y;, i = 1,...,n, and the space
V, is the one-dimensional center which is spanned by the vector field Z.

Recall that a homogeneous norm on the group G is a continuous function |- | : G — [0, 00) that is
C*>°-smooth on G \ {0} and has the following properties:

(a) 2| = 271 and |6,(z)] = t|a;

(b) |z| = 0 if and only if = 0;

(c) there exists a constant 79 > 0 such that |z1z2| < 7o(|z1] + |22]) for all 21,22 € G.

The homogeneous norm on the group G defines a homogeneous (quasi)metric

p(x,y) = |y " al.

Recall that a continuous map 7 : [a,b] — G is called a continuous curve on G. This continuous

curve is rectifiable if
SUP{Z| tk+1)|} < 00,

where the supremum is taken over all partitions a = ¢; < t2 < -+ < t,,, = b of the segment [a,b]. The
rectifiable curve is called a horizontal rectifiable curve if its tangent vector #(t) lies in the horizontal

ni
tangent space Vi, i.e., there exist functions a;(t), t € [a,b], such that > a? < 1 and
1

t) = Z ai(t) X1 (v(t))-

The length I(7) of a horizontal rectifiable curve v : [a,b] — G can be calculated by the formula
b

1) = [ G050 de = /(Zm ) i,

where (-, -), is the inner product on Vj. The result of [5] implies that one can connect two arbitrary
points z,y € G by a horizonal rectifiable curve. The Carnot-Carathéodory distance d(x,y) is the
infimum of the lengths over all horizontal rectifiable curves with endpoints = and y in G. The Hausdorff
dimension of the metric space (G, d) coincides with the homogeneous dimension v of the group G.

2.1. Sobolev spaces on Carnot groups. Let G be a Carnot group with one-parameter dilatation
group 0, t > 0, and a homogeneous norm p, and let £ be a measurable subset of G. The Lebesgue
space LP(E), p € [1,00], is the space of pth-power integrable functions f : E — R with the standard
norm

I lzecer = / @l ) 1<, )

and || f|| g (m) = esssupg | f(x)| for p = co. We denote by L7 (E) the space of functions f : E — R
such that f € LP(F) for each compact subset F' of E.

Let © be an open set in G. The (horizontal) Sobolev space W1P(Q), 1 < p < oo, consists of the
functions f : © — R which are locally integrable in €2, having the weak derivatives Xi;f along the
horizontal vector fields X4;, ¢ = 1,...,n1, and the finite norm

I fllwre) = [ fllzr) + IVE fllze@)s

where Vi f = (X11f, ..., X1n, f) is the horizontal subgradient of f. If f € W'P(U) for each bounded
open set U such that U C €, then we say that f belongs to the class VVéf(Q)
The Sobolev space W, () is defined to be the closure of C2°(Q) under the norm

1l = 1 lzr e + V5 Fllisy-
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For the following result, refer to [12,29, 30, 32].
Lemma 2.1. The space WOLP(Q) is a real separable and uniformly convexr Banach space.

The following embedding result follows from [8, (2.8)] and [12], [17, Theorem 8.1], see also
[3, Theorem 2.3]. We denote by p* = vp/(v — p).

Lemma 2.2. Let Q C G be a bounded domain and1 < p < v. Then Wol’p(Q) is continuously embedded
in L1(Q) for every 1 < g < p*. Moreover, the embedding is compact for every 1 < g < p*.

Hence, in the case 1 < p < v, we can consider the Sobolev space Wol’p(Q) as Banach spaces with
the norm

”f”WOl*”(Q) =Vu fllr (o) (2.2)

Next, we state the following result, which follows from [6, Theorem 9.14] on bounded, continuous,
coercive and monotone operators on Banach spaces.

Theorem 2.3. Let V be a real separable reflexive Banach space and V* be the dual of V. Assume
that A :' V. — V* is a bounded, continuous, coercive and monotone operator. Then A is surjective,
i.e., given any f € V*, there exists u € V' such that A(u) = f. If A is strictly monotone, then A is
also injective.

3. DIRICHLET (p, q)-EIGENVALUE PROBLEMS

We assume that 1 < p < v, 1 < ¢ < p* and the spaces L4(Q2) and Wol’p(Q) are endowed with the
norms (2.1) and (2.2), respectively, unless otherwise mentioned. In this article, we study the non-linear
eigenvalue problem defined the vector fields satisfying the Hormander hypoellipticity condition [19].

Let 1 < p <wv, A € R, and consider the following subelliptic equation:

—divyg (|[VaulP2Vhu) = /\||u||1£;(qm|u|q_2u inQ, u=0ondN, (3.1)

where 1 < ¢ < p* = ;5. We say that (A, u) € R x W,y P(€2) \ {0} is an eigenpair of (3.1) if for every

v € WyP(2), we have

/|VHu\p_2VHuVHvdx:)\||u||’£;(qm/|u|q_2uvdac. (3.2)
o) )

Moreover, we refer to A as an eigenvalue and to u as the corresponding eigenfunction.

3.1. Main results. Let us formulate in this section the main results of the present work which are
stated as follows.

Theorem 3.1. Let 1 <p < v and 1 < g < p*. Then the following properties hold:

(a) There exists a sequence {w,}nenw C WyP(Q) N LI(Q) such that lwnllLay = 1 and for every
v € WyP(Q), we have

/‘VHwn+1|p_2van+lvHUd$:Un/|wn|q_2wnvd-r7 (3:3)
O O

where

Ly >N i= inf{/|VHu|pda: cu e Wy P(Q) N LI(Q), ullLaco) = 1}.
Q

(b) Moreover, the sequences {pn}nen and {||wpi1]| )}nEN given by (3.3) are nonincreasing and

P
WP (Q
converge to the same limit p, which is bounded below by \. Further, there exists a subsequence {n;};en
such that both {wn; }jen and {wn, ., }jen converge in WP () to the same limit w € Wy () N L1(Q)
with ||w||pao) =1, and (u,w) is an eigenpair of (3.1).
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Theorem 3.2. Let 1 < p < v and 1 < q < p*. Suppose {un}nen C Wy P(Q) N LI(Q) such that

llunllLa) =1 and hm [l |I7 war ) = =\

Then there e;msts a subsequence {tn, }jen which converges weakly in WyP(Q) tou € WyP(Q) N

L) with ||ul|a(ay = 1 such that X = [ |V g u|P dx. Moreover, (X, u) is an eigenpair of (3.1) and any
Q
associated eigenfunction of A are precisely the scalar multiple of those vectors at which X is reached.

Our final main result concerns the following qualitative properties of the eigenfunctions of (3.1).

Theorem 3.3. Let 1 <p <v andl < q < p*. Assume that A > 0 is an eigenvalue of problem (3.1)
and u € WyP(Q) \ {0} is a corresponding eigenfunction. Then (a) u € L°(Q). (b) Moreover, if u
is nonnegative in ), then uw > 0 in Q. Further, for every w € €, there exists a positive constant c
depending on w such that u>c¢ >0 in w.

4. AUXILIARY RESULTS

In this section, we establish some auxiliary results that are crucial to prove our main results. To
this end, we define the operators A : Wy P (Q) — (W, *(2))* by

(Av,w) = (div (|Vu v|P*Vhv),w) = / Vg [P~ 2V oVyg wdz (4.1)
Q
and B : L1(Q2) — (L9(Q))* by

= / [v|7 20w da. (4.2)
Q

The symbols (W, *(2))* and (L9(Q))* denote the dual of W, ?(Q) and L%(RQ), respectively. First, we
have the following result.

Lemma 4.1. (i) The operators A defined by (4.1) and B defined by (4.2) are continuous. (ii) More-
over, A is bounded, coercive and monotone.

Proof. (i) Continuity: We only prove the continuity of A, since the continuity of B would follow
similarly. To this end, suppose {v, }nen C Wo?(€) such that v, — v in the norm of Wy ?(Q). Thus,
up to a subsequence {vnj }jeN» it follows that Vg vp; — VH v pointwise almost everywhere in Q. We
observe that

193000, P59, 5 ) < 190 0, i < €

for some constant C' > 0, which is independent of n. Therefore

[V Un, |p72vH Up,; — [V ’U|p72VH v

Wl Q)

weakly in LP%I(Q) Since the weak limit is independent of the choice of the subsequence, it follows
that
‘VH Un|p72VH Uy — ‘VH U|p72VH v

weakly in Ly (©). As a consequence, we have
(Avy, w) = (Av,w),
for every w € Wy?(). Thus A is a continuous operator.

(ii) Boundedness: Using Holder’s inequality, we have

|40l oy = sup[Avw] < ol o ol < ol
° 0l <1

Thus A is bounded.
Coercivity: We observe that

— P — p
o,y = [ [Tl do = ol g
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Since p > 1, the operator A is a coercive operator.
Monotonicity: Recall the following algebraic inequality from [7, Lemma 2.1]: there exists a constant
C = C(p) > 0 such that

(lal""2a = [b[P=2b,a — b) > C(p)(lal + )P ~*|a — bJ*, 1 <p < o0, (4.3)

for any a,b € RV.
Hence for every v,w € WO1 P(Q), we have

(Av — Aw,v — w) = /<|VH v[P72Vh v — Vg w|P >V w, Vi (v — w)) dv

Q
— /<|VH VP2V — |[Vaw|P2Vyw, Vv — Vi w) do
Q
> C(p) /(|VH v| + |[Vaw|)P 2| Vagv — Vaw|*dz > 0.
Q
Thus A is a monotone operator. O

Lemma 4.2. The operators A defined by (4.1) and B defined by (4.2) satisfy the following properties:
(Hy) A(tv) = [t|P~2tA(v) YteR and Yve WP (Q).

(Hz) B(tv) = |t|]972%tB(v) VteR and Vv e LI(Q).

(H3) (A(v),w) < ||1;||P i Q)H’U}”Wl r(qy for allv,w € WP (), where the equality holds if and only if
v=0o0rw=20 0rv—twf0rsomet>0

(Hy) (B(v),w) < ||v||qL;(1m||wHLq(Q) for all v,w € L1(RY), where the equality holds if and only if v =10

orw =0 orv=tw for somet > 0.

(Hs) For every w € LI(Q) \ {0}, there exists u € WP (Q) \ {0} such that
(A(u),v) = (Bw),v) ¥ veWyP(Q).

Proof. (Hy) Follows by the definition of A.

(Hs) Follows by the definition of B.

(Hs) First, using Cauchy—Schwartz inequality and then by Holder’s inequality with exponents ;;%1
and p, we obtain

(Av, w) :/|VHv|p_2VHvVdex§/|VHv|p_1\VHw|dx
<ol

1 p(Q)Hw”WOl*”(Q)'

If v = 0 or w = 0, then the equality (Av, w) = ||11||W1 » Q)\

such that both v # 0 and w # 0. Then the equahty of Cauchy—Schwartz and Holder’s inequality hold
simultaneously. That is, at one end (due to the equality of the Cauchy—Schwartz inequality), we get

|w||W1 »(q) holds. So, we assume this equality

/|VHU|”_2VHUVde$:/|VHv|p_l|VHw|dx,
Q

which gives |V v|P72VyoVyw = |V v[P~ Vi w| and hence Vyv(x) = ¢(z)Vy w(z) for almost
every x € € for some c¢(z) > 0. Also, due to the equality in Holder’s inequality, we have

/ Vi ol 2V oV w de = ol g ol oo
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which gives |[Vpov| = ¢t|Vgw| in Q for some constant ¢ > 0. Therefore ¢(x) = t in Q. Hence
Vuv=tVgw in Q and therefore v = tw in Q for some ¢ > 0. Thus (Hs) holds.

(Hy4) This property can be verified similarly as in (Hg).

(Hs) Note that by Lemma 2.1, it follows that VVO1 "P(Q) is a separable and reflexive Banach space. By
Lemma 4.1, the operator A : W, *(Q) — (W3 (Q))* is bounded, continuous, coercive and monotone.
By Lemma 2.2, we have W ?(€) is continuously embedded in L?(£2). Therefore B(w) e (Wy* ())*
for every w € L1(2) \ {0}.
Hence by Theorem 2.3, for every w € L(Q) \ {0}, there exists u € Wy ?(Q) \ {0} such that

(A(u),v) = (B(w),v) Vv € WyP(Q).
Hence the property (Hs) holds. This completes the proof. O

The next result is useful to prove the boundedness of the eigenfunctions of (3.1).

v

Lemma 4.3. Let Q C G be such that |Q < ocoand 1l <p<wv, 1 <r <p*= %' Then for every
u e WyP(Q), there exists a positive constant C = C(r,p,v) such that

</|qu:c> "< C|Q|i—é+i</vHupdx>P. (4.4)
Q Q

Proof. Proceeding as in [22, Corollary 1.57], we set

{1, if rv<v+r
S =

vr M
el if vr>v4mr.

Then 1 < s <p, s <vands* =2 >r. Using Holder’s inequality along with Lemma 2.2, we obtain

v—s —
1_ 1,1 11,1
L= ()| Q7 sto < OVaul s )| st

1_1,1
< CHVHUHLP(Q)|Q|”‘ Ty, (4.5)

lull r o) < lul

Hence the proof is complete. O

5. PROOF OF THE MAIN RESULTS

Proof of Theorem 3.1.

(a) First, we recall the definition of the operators A : W, P(Q) — (W, *())* from (4.1) and
B : L1(Q) — (L1(Q))* from (4.2), respectively. Then, noting the property (Hs) from Lemma 4.2 and
proceeding along the lines of the proof in [10, page 579 and pages 584 — 585], the result follows.

(b) Note that by Lemma 2.1, W, () is a uniformly convex Banach space and by Lemma 2.2,
W, P() is compactly embedded in L9(£2). Next, using Lemma 4.1-(i), the operators A : Wy () —
(WyP()* and B : L9(Q) — (L(Q))* are continuous and by Lemma 4.2, the properties (H;) — (Hs)
hold. Noting these facts, the result follows from [10, page 579, Theorem 1]. O

Proof of Theorem 3.2. The proof follows due to the same reasoning as in the proof of Theorem 3.1-(b)
except that here we apply [10, page 583, Proposition 2| in place of [10, page 579, Theorem 1]. O

Proof of Theorem 3.3.

(a) Due to the homogeneity of equation (3.1), without loss of generality, we assume that ||u|| 7. () =1.
Let k> 1 and set L(k) := {z € Q: u(x) > k}. Choosing v = (u — k)T as a test function in (3.2), we
obtain

/ [V ulPde =\ / lu|T2u(u — k) dx < A / lu|T (u — k) d. (5.1)
L(k) L(k) L(k)

We prove the result in the following two cases:
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Case I. Let ¢ < p, then since k > 1, over the set L(k), we have |u|?~! < |u[P~!. Therefore from
(5.1), we have
/ Vit ulP dz < A / P~ (u — k) da
LK)

<>\/ (2P~ H(u — k)P + 207 P (u — k) dx, (5.2)

where to obtain the last inequality above, we have used the inequality (a + b)P~! < 2P~ (aP~1 +pP~1)
for a,b > 0. Using Sobolev’s inequality (4.4) with » = p in (5.2), we obtain
(1 — SA2P7YL(K)|¥) / (u— k)P de < AS2P~ kP~ L(k)|¥ / (u— k) d, (5.3)
L(k) L(k)

where S > 0 is the Sobolev constant. Note that ||ul|;1(q) > k|L(k)| and therefore for every k > ko =
(2P S\)» l[ul| (), we have SA2P~Y[L(k)|¥ < 4. Using this fact in (5.3), for every k > max{ko, 1}, we
get

/ (u — k)P do < AS2PkP~ Y L(k)|» / (u— k) da. (5.4)
L(k) L(k)
Using Holder’s inequality and estimate (5.4), we obtain
/ (u— k) da < (AS2P) 7T k| L (k)| 75T (5.5)
LK)

Noting (5.5), by [20, Lemma 5.1], we get u € L>(2).

Case II. Let ¢ > p, then using the inequality (a + )97 < 297 1(a97! + b771) for a,b > 0 in (5.1),
we get

/ Vg ulP de < X / (277 (u — k)T 4+ 277 kT (u — k) da. (5.6)
L(k) L(k)

Now, using Sobolev’s inequality (4.4) with r = ¢ in estimate (5.6), we obtain

( / (u — k)1 dx) "< SAL(k)[PG vy / (277 (u — k)T + 277 kT (u — k) da, (5.7)
L(k) L(k)
where S > 0 is the Sobolev constant. Since [ (u—k)?dz < ||u||Lq(Q =1 and ¢ > p, the quantity in
L(k)
the left-hand side of (5.7) can be estimated from below as

( / (u— k)%)g = ( / (u— k)qu> o > / (u — k) dz. (5.8)

L(k) L(k) L(k)
Using (5.8) in (5.7), we get
(1 - SA2q—1|L(k)|P(%—%+%>) / (u— k)7 dz
L(k)

< SA20 R LK) PG ) /(u—k)dx. (5.9)

L(k)
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Let a = p(% - % + 1), which is positive, since 1 < ¢ < p*. Choosing k; = (S)\QqﬁHuHLl(Q), due to
the fact that k|L(k)| < |lul|z1(q), we obtain for every k > ky that SA2¢97|L(k)|* < 1. Using this
property in (5.9), we have

/ (u — k) dr < SN27kT|L(k)|* / (u—k)dz. (5.10)

L(k) L(k)

By Hoélder’s inequality and estimate (5.10), we arrive at

(u—k)de < (AS29)TTk|L(k)|*+ T (5.11)
L(k)

Noting (5.11), by [20, Lemma 5.1], we get v € L>(2).
(b) By [29, Theorem 5], the result follows. O

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.
20.

21.

ACKNOWLEDGEMENT

The authors thank Professor Giovanni Franzina for some fruitful discussion on the topic.

REFERENCES

. M. S. Ashbaugh, Isoperimetric and universal inequalities for eigenvalues. In: Spectral theory and geometry (Edin-
burgh, 1998), 95-139, London Math. Soc. Lecture Note Ser., 273, Cambridge Univ. Press, Cambridge, 1999.

. M. S. Ashbaugh, R. D. Benguria, Universal bounds for the low eigenvalues of Neumann Laplacians in n dimensions.
SIAM J. Math. Anal. 24 (1993), no. 3, 557-570.

. L. Capogna, D. Danielli, N. Garofalo, An embedding theorem and the Harnack inequality for nonlinear subelliptic
equations. Comm. Partial Differential Equations 18 (1993), no. 9-10, 1765-1794.

. H. Chen, H. G. Chen, Estimates of Dirichlet eigenvalues for a class of sub-elliptic operators. Proc. Lond. Math. Soc.
(8) 122 (2021), no. 6, 808-847.

. W. L. Chow, Uber Systeme von linearen partiellen Differentialgleichungen erster Ordnung. (German) Math. Ann.
117 (1939), 98-105.

. Ph. G. Ciarlet, Linear and Nonlinear Functional Analysis with Applications. Society for Industrial and Applied
Mathematics, Philadelphia, PA, 2013.

. L. Damascelli, Comparison theorems for some quasilinear degenerate elliptic operators and applications to symmetry
and monotonicity results. Ann. Inst. H. Poincaré C Anal. Non Linéaire 15 (1998), no. 4, 493-516.

. D. Danielli, Regularity at the boundary for solutions of nonlinear subelliptic equations. Indiana Univ. Math. J. 44
(1995), no. 1, 269-286.

. P. Drébek, A. Kufner, F. Nicolosi, Quasilinear Elliptic Equations with Degenerations and Singularities. De Gruyter

Series in Nonlinear Analysis and Applications, 5. Walter de Gruyter & Co., Berlin, 1997.

G. Ercole, Solving an abstract nonlinear eigenvalue problem by the inverse iteration method. Bull. Braz. Math. Soc.

(N.S.) 49 (2018), no. 3, 577-591.

C. Fefferman, D. H. Phong, Subelliptic eigenvalue problems. In: Conference on harmonic analysis in honor of

Antoni Zygmund, vol. I, IT (Chicago, I1l., 1981), 590-606, Wadsworth Math. Ser., Wadsworth, Belmont, CA, 1983.

G. B. Folland, Subelliptic estimates and function spaces on nilpotent Lie groups. Ark. Mat. 13 (1975), no. 2,

161-207.

G. B. Folland, E. M. Stein, Hardy Spaces on Homogeneous Groups. Mathematical Notes, 28. Princeton University

Press, Princeton, N.J.; University of Tokyo Press, Tokyo, 1982.

G. Franzina, P. D. Lamberti, Existence and uniqueness for a p-Laplacian nonlinear eigenvalue problem. FElectron.

J. Differential Equations 2010, No. 26, 10 pp.

J. Garcia Azorero, 1. Peral Alonso, Existence and nonuniqueness for the p-Laplacian: nonlinear eigenvalues. Comm.

Partial Differential Equations 12 (1987), no. 12, 1389-1430.

V. Gol’dshtein, A. Ukhlov, The spectral estimates for the Neumann-Laplace operator in space domains. Adv. Math.

315 (2017), 166-193.

P. Hajlasz, P. Koskela, Sobolev met Poincaré. Mem. Amer. Math. Soc. 145 (2000), no. 688.

A. Henrot, Extremum Problems for Figenvalues of Elliptic Operators. Frontiers in Mathematics. Birkh&user Verlag,

Basel, 2006.

L. Hérmander, Hypoelliptic second order differential equations. Acta Math. 119 (1967), 147-171.

Olga A. Ladyzhenskaya, Nina N. Ural’tseva, Linear and Quasilinear Elliptic Equations. Translated from the Russian

by Scripta Technica, Inc. Translation editor: Leon Ehrenpreis Academic Press, New York-London, 1968.

P. Lindqvist, A nonlinear eigenvalue problem. In: Topics in mathematical analysis, pp. 175-203, Ser. Anal. Appl.

Comput., 3, World Sci. Publ., Hackensack, NJ, 2008.



216 P. GARAIN AND A. UKHLOV

22. Jan Maly, William P. Ziemer, Fine Regularity of Solutions of Elliptic Partial Differential Equations. Mathematical
Surveys and Monographs, 51. American Mathematical Society, Providence, RI, 1997.

23. F. Montefalcone, Geometric inequalities in Carnot groups. Pacific J. Math. 263 (2013), no. 1, 171-206.

24. M. Otani, Existence and nonexistence of nontrivial solutions of some nonlinear degenerate elliptic equations.
J. Funct. Anal. 76 (1988), no. 1, 140-159.

25. P. Pansu, Métriques de Carnot-Carathéodory et quasiisométries des espaces symétriques de rang un. (French) Ann.
of Math. (2) 129 (1989), no. 1, 1-60.

26. L. E. Payne, H. F. Weinberger, Some isoperimetric inequalities for membrane frequencies and torsional rigidity.
J. Math. Anal. Appl. 2 (1961), 210-216.

27. G. Pélya, G. Szegd, Isoperimetric Inequalities in Mathematical Physics. Annals of Mathematics Studies, No. 27
Princeton University Press, Princeton, N. J., 1951.

28. L. Rayleigh, Theory of Sound. London, Macmillan, 1894—1896.

29. S. K. Vodop’yanov, Weighted Sobolev spaces and the boundary behavior of solutions of degenerate hypoelliptic
equations. (Russian) translated from Sibirsk. Mat. Zh. 36 (1995), no. 2, 278-300 i Siberian Math. J. 36 (1995),
no. 2, 246-264.

30. S. K. Vodop’yanov, V. M. Chernikov, Sobolev spaces and hypoelliptic equations. (Russian) Trudy Inst. Mat.
29 (1995), 7-62.

31. N. Wei, P. Niu, H. Liu, Dirichlet Eigenvalue Ratios for the p-sub-Laplacian in the Carnot Group. J. Partial Differ.
Equ. 22 (2009), no. 1, 1-10.

32. Ch. J. Xu, Subelliptic variational problems. Bull. Soc. Math. France 118 (1990), no. 2, 147-169.

(Received 09.03.2022)

IDEPARTMENT OF MATHEMATICS, UPPSALA UNIVERSITY, UPPSALA-75106, SWEDEN

2DEPARTMENT OF MATHEMATICS, BEN-GURION UNIVERSITY OF THE NEGEV, P.O. Box 653, BEER SHEVA, 8410501,
ISRAEL

E-mail address: pgarain92@gmail.com

E-mail address: ukhlov@math.bgu.ac.il



