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SHARP (H,,L,) AND (H,,weak — L,) TYPE INEQUALITIES OF WEIGHTED
MAXIMAL OPERATORS OF T' MEANS WITH RESPECT TO VILENKIN
SYSTEMS

DAVIT BARAMIDZE

Abstract. We discuss (Hp, Lp) and (Hp, weak — L) type inequalities of weighted maximal opera-
tors of T means with respect to the Vilenkin systems with monotone coefficients [44] and prove that
these results are the best possible in a special sense. As applications, both some well-known and
new results are pointed out.

1. INTRODUCTION

It is well-known that Vilenkin systems do not form bases in the space L;. Moreover, there is
a function in the Hardy space H), such that the partial sums of f are not bounded in L,-norm,
for 0 < p < 1. Approximation properties of Vilenkin—Fourier series with respect to one- and two-
dimensional cases can be found in the works of [8,9,26,31,37,40,41]. In the one-dimensional case, the
weak (1,1)-type inequality for the maximal operator of Fejér means

o f = sup o f]
neN

can be found in [32] for Walsh series and in [23] for bounded Vilenkin series. [7] and [29] verified that
o* is bounded from H; to L;. [48] generalized this result and proved the boundedness of o* from
the martingale space H), to the space L,, for p > 1/2. [30] gave a counterexample, which shows that
the boundedness does not hold for 0 < p < 1/2. A counterexample for p = 1/2 has been given by [10]
(see also [33]). Moreover, [49] proved that the maximal operator of the Fejér means ¢* is bounded
from the Hardy space H;/; to the weak — Ly /o space. In [34] and [35], the following result has been
proved.

Theorem T1. Let 0 < p < 1/2. Then the weighted mazimal operator of Fejér means o, defined by

E*f = Sup |U’I’Lf|
P neNy (n + 1)1/17*2 log2[1/2+pl (n+1)

is bounded from the martingale Hardy space H, to the Lebesgue space L,.

oo

Moreover, the rate of the weights {1/ (n+ 1)1/p_210g2[p+1/2] (n+ 1)} in n-th Fejér mean is

n=1

given exactly.
In [39] (see also [2,15]), it was proved that the maximal operator of Riesz means

R*f :=sup|R, f|
neN

is bounded from the Hardy space Hj/, to the weak — L, /5 space and is not bounded from H,, to the
space L,, for 0 < p < 1/2. It was also proved that the Riesz summability has better properties than
Fejér means. In particular, the following weighted maximal operators

log | R f|
(n+ 1)1/17*2 log2[1/2+p] (n+1)
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are bounded from H, to the space Ly, for 0 < p < 1/2 and the rate of weights is sharp.

Similar results with respect to Walsh-Kachmarz systems were obtained in [11] for p = 1/2 and in [36]
for 0 < p < 1/2. Approximation properties of Fejér means with respect to Vilenkin and Kaczmarz
systems can be found in [5,12,25,27,28, 38, 43].

[18] investigates the approximation properties of some special Norlund means of Walsh-Fourier
series of L, function in a norm. In the two-dimensional case, approximation properties of Nérlund
means were considered by [19-22]. In [24] (see also [6,16,25]), it was proved that the maximal operators
of Nérlund means t* defined by

t*f = Sup ‘tnj-' )
neN
either with non-decreasing coeflicients, or non-increasing coefficients, satisfying the condition
1 1
—:O<7), as n — 0o, (1)
Qn n

are bounded from the Hardy space Hy/, to the weak — L1/, space and are not bounded from the
Hardy space H, to the space L,, when 0 < p <1/2.
In [42], it was proved that the maximal operators T* of T' means defined by

T*f = sup |T, f]
neN

either with non-increasing coefficients, or non-decreasing sequence satisfying the condition
dn—1 20(1), as  n — oo, (2)
Qn n
are bounded from the Hardy space H, 5 to the weak — Ly /5 space. Moreover, there exist a martingale
and such 7" means for which the boundedness from the Hardy space H,, to the space L, does not hold
when 0 < p <1/2.

In [44] (see also [13,14]), it was proved that if T" is either with non-increasing coefficients, or non-

decreasing sequence satisfying condition (2), then the weighted maximal operator of T means f;
defined by

Tp'f ' 77.86111\11)+ (n + 1)1/10—2 10g2[1/2+p] ('fl + 1) (3)
is bounded from the martingale Hardy space H, to the Lebesgue space L.

Some general means related to T' means where investigated by [3] (see also [4]).

In this paper we discuss (Hp, L,) and (H,, weak — L,,) type inequalities of weighted maximal oper-
ators of T' means with respect to the Vilenkin systems with monotone coefficients [44] and prove that
the rate of the weights in (3) is the best possible in a special sense. As applications, both some the
well-known and new results are pointed out.

This paper is organized as follows. Some definitions and notations are presented in Section 2. The
main results with their proofs and some of consequences can be found in Section 3.

2. DEFINITIONS AND NOTATION

Denote by N the set of the positive integers, N := N U{0}. Let m := (mg,mq,...) be a sequence
of the positive integers not less than 2. Denote by

Zm,, =10,1,...,my, — 1}

the additive group of integers modulo my.

Define the group G, as the complete direct product of the groups Z,,, with the product of the
discrete topologies of Z,,,,.

The direct product p of the measures py, ({j}) := 1/my (j € Zn,) is the Haar measure on G, with
p(Gm) = 1.

In this paper, we discuss the bounded Vilenkin groups, i.e., the case for sup,, m,, < co.

The elements of G,,, are represented by the sequences

z = (20, %1, Tj,...)  (Tj € Zm,).
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Set e, :=(0,...,0,1,0,...) € Gy, the n-th coordinate of which is 1 and the rest are zeros (n € N).
It is easy to give a basis for the neighborhoods of G,,

IO (‘T) = GWU Iﬂ(x) = {y € Gm | Yo =0,y Yn—1 = .’L'n71},

where = € G,,,, n € N.
If we define the so-called generalized number system based on m in the form

My :=1, Mk+1 = my My, (k’ S N),

oo
then every n € N can be uniquely expressed as n = ) n;M;, where n; € Z,,, (j € N;), and only a
§j=0
finite number of n;‘s differ from zero.
We introduce on G,, an orthonormal system which is called the Vilenkin system. First, we define

the complex-valued function ry () : G,,, — C, the generalized Rademacher functions, by
1y, (z) == exp (2mizy/my) (i = —1,2 € Gy, k €N).
Next, we define the Vilenkin system v := (¢, : n € N) on G, by

= Hrzk () (n€eN).
k=0

Specifically, we call this system as the Walsh—Paley system when m = 2.
The norms (or quasi-norms) of the spaces L, (G,,) and weak—L, (G,,) (0 < p < 00) are respectively
defined by

115 = / 17 i 1 a1, = S (F > ) < +oc.

The Vilenkin system is orthonormal and complete in Ly (G.,) (see [45]).

Now, we introduce the analogues of the usual definitions in Fourier-analysis. If f € L (G,,), we
can define Fourier coefficients, partial sums and Dirichlet kernels with respect to the Vilenkin system
in the usual manner:

n—1
— [ foudu. sus S e D= St (e,
G k=0

k=0

Let {qx : k > 0} be a sequence of non-negative numbers. The n-th T' means T;, for a Fourier series
of f are defined by

Tof = 0 ZQkSkf> where Q@ -—Z% (4)

We always assume that {qj : k > O} is a sequence of non—negatlve numbers and gp > 0. Then the
summability method (4) generated by {qx : & > 0} is regular if and only if lim @, = oco.
n—oo

Let {qr : k > 0} be a sequence of nonnegative numbers. The n-th Nérlund mean ¢, for a Fourier
series of f is defined by

n—1
tf =5 an #Skf,  where  Qn = g (5)
7L k_O

If g, =1 in (4) and (5), we define respectwely the Fejér means o, and Kernels K,, as follows:

1 I
O'nf:zﬁzskfa K”::EZD’“'
k=1 k=1

The well-known example of the Norlund summability is the so-called (C, @) means (Cesaro means)
for 0 < a < 1, which are defined by
a 1 . —
o f = EZ,axg_,iskf,

" =1
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where
a+1)---(a+n)

o, Oé.i(
AS =0, A% = -

n

We also consider the “inverse” (C,a) means, which is an example of T means:

n—1

« ]‘ o—

Unf::EE:Ak 'Spf,  0<a<l
™ k=0

Let V¢ denote the T' mean, where {qo =0, g =k""1: ke N+} , that is,

n—1
1
Vof = Q—Zk“‘lSkf, 0<a<l.
" =1

The n-th Riesz logarithmic mean R,, and the Norlund logarithmic mean L,, are defined by

n—1
respectively, where 1, := > 1/k.
k=1

If {4 : k € N} is a monotone and bounded sequence, then we get the class B,, of T means with
the non-decreasing coefficients

n—1

Bnf = QL Z a1 Sk f.

k=1
The o-algebra generated by the intervals {I,, (z) : € G, } will be denoted by F,, (n € N). Denote
by f = (f™,n € N) a martingale with respect to f ,, (n € N) (for details see, e.g., [46]). The maximal
function of a martingale f is defined by f* := sup |f(”)|. For 0 < p < oo, the Hardy martingale
neN

spaces H,, consist of all martingales f for which
1 e, == N7, < oo

If f = ( fM one N) is a martingale, then the Vilenkin—Fourier coefficients must be defined in a
slightly different manner:

F@) = lim [ f®dp.
k—o0
Gm
A bounded measurable function a is called a p-atom, if there exists an interval I such that

[adu=0. falle <p@", swpla)c 1
I

We need the following auxiliary Lemmas.
Proposition 1 (see, e.g., [47]). A martingale f = (f("),n €N) is in H, (0 < p<1) if and only if

there exist a sequence (ay, k € N) of p-atoms and a sequence (u, k € N) of real numbers such that for
every n € N,

ZukSMnak =™ ae., where Z || < oo. (6)
k=0 k=0
Moreover,

o0 1/p
/11, - inf (Z w) |
k=0

where the infimum is taken over all decompositions of f of the form (6).
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3. THE MAIN RESULTS AND APPLICATIONS
Our first main result reads as
Theorem 1. a) Let the sequence {qi : k > 0} be nondecreasing, satisfying the condition

c
QMqO ; > A for some constant ¢ and n € N, (7)
2n), + Nk

or let the sequence {q : k > 0} be nonincreasing, satisfying the condition
Moy, +1 S _¢

> ,  for some constant ¢ and n € N. 8
QM2 Man, ®)

Then for any increasing function ¢ : Ny — [1, 00) satisfying the conditions
lim ¢(n) = oo
n—oo

and

—_log®(n+1)
lim ————=
e g (nt 1)
there exists a martingale f € Hy /5 such that

T f|
sup
neN ¢ (n)

1/2
b) Let 0 < p < 1/2 and the sequence {qr : k > 0} be nondecreasing, or let the sequence qi be
nonincreasing, satisfying condition (8). Then for any increasing function ¢ : Ni — [1, 00) satisfying

the condition
l—(n +1)/r2

im = +o00, 10
) (10)
there exists a martingale f € H,, such that
T f| _
sup = 00.
neN ¥ (TL) weak—L,

Proof. According to condition (9) in case a), we conclude that there exists an increasing sequence
{nk : k € N} of positive integers such that

o 108" (Man, 1)
k—oo @(Mznk‘Fl)
According to condition (10), we conclude that there exists an increasing sequence {ny : k € N} of
positive integers such that (here we use the same indices ng, but they may be different)
i (M, 27
k—oo (Man + 2)

= +00.

=400, for O0<p<1/2

Let
Tn, (z) = DM2nk+1 (z) — DMZ'n,k ().
It is evident that
) . 1; ifi:M2nka"'7M2nk+1_17
nk \t) =
Jo (8) {0, otherwise,

and
D;(z) = Dy, (®), = Map, +1,..., Moy, 41— 1,
Sifny () = [, (2), @ > Mo, 41, (11)
0, otherwise.
Since

*

e (#) = sup [Sr, (foy; @) = [fns ()],
neN
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we get

= MIVP, (12)

ZTLk
p

Wonllg, = 15711, = [Prse,
First, for case a) we consider p = 1/2. By using (11) and the equality (see [1])
D, (x) = D, () + 7)) () Dy, (x)
for 1 < s < nyg, we get

M. Ms,—1
T, + Mz frn 1 1 2y H:

¢ (Man, + Mas) @ (Mo, + Mas) Qs +Ms. ;0

4 Si [

Moy, +Mas—1
1 1 *

_Qﬁ (]\/[217,;C + M2s) QMan +Mag j—%nk

stjfnk

Moy, +Mas—1
1 1 .

_(,0 (]\42mc + MQS) QMznk+M25 j_%;"k

q; (Dj - DM?nk)

1 1
Y Gt (Ditrtan, — Diszy,)
=0

_90 (Man + M2s) QMznk +Mas

1 1 Ma: 71

= U+ Mo, Dy -
© (Man, + Mas) Qs+, jzzzo 7+ Mam,

Let x € Iy, \[28+1. Then

Ty, + Mo e (@) 1 1 Mz"zkl ,
= dj+Msy, J| -
o (Man, +Mzs) ¢ (Man, + Mas) Qs i, | o 0000

Let the sequence {qi : k > 0} be nondecreasing. Then according to condition (7), we find that

TMan+M25fnk (SU) S 1 qo ]Vlzil .
2 J
14 (Man + MQS) P (M2nk + Mzs) QM27Lk+M25 =0
Mss—1 2
> 1 qo Z j> cMs; )
¢ (Many+1) Qutzny 4020 4= Man, p (Man, +1)

Let the sequence {q; : k > 0} be nonincreasing. Since ¢ : N — [1, c0) is an increasing sequence, by
using condition (8), we get

Mos—1

Y i e
j=0 - M2nk80 (Man+1)

TM2"I¢+JM25 fnk (I) > 1 qM2nk+M2s*1
@ (Man, + Mas) = ¢ (Man, + Mas) Qs+,
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Hence

1/2
dp

|Tnfnk|>1 / ’ Map, +M2bf7lk
sup ——— dp > TEnp 2 Bk
/ (nEII\)I 90(77’) Z M2nk + MQs)

Gm 125\125+1

cM? 1/2 c ok
>Z / ( 25 )> dM > 172 ZM2S|I2S \I2s+1|

M2nk90 MQ”’“'H (ManSO (M2ﬂk+1)) s=1
129\129+1

c Cng
> DI

(Mo (Many 4 ))? 5 (Mo (Man,+1))"?

From (12), we get

2
|T7Lfnk‘)1/2 )
sup,, - d
(Gfm ( N e(n) : cniMan CTL%
1 fri ey T Man o (Man, 1) — ¢ (Man,+1)
c(2ny + 1)2 clog2 (M2, +1)

V

> — 00, as k — oo.
¢ (Ma2n,+1) ¢ (M2, +1)

This completes the proof of part a).
Next, we consider the case 0 < p < 1/2. In view of identities (11) of the Fourier coefficients, we
find that

’TMan +2fns 1 1 Man, +1
@ (Man, +2) o (Man, +2) Qtar, 12 ; 4jSj [y,
G (Mzik +2) QM:%H 03130, 41 (Daton 11 = Doty )
1 1
_go (Man, +2) Qaty,,, +2 AMs, A1V Ma,,
1 AMs,, +1

4 (Man + 2) QM2nk+2 .

Let the sequence {gj : k > 0} be nondecreasing. Then

’TM%,C+2f($)‘ N 1 My, +1 N c
P (Man + 2) Ty (M2le + 2) AMap, +1 (M2nk + 2) T Mo, (MQﬂk + 2)

Let the sequence {gj : k > 0} be nonincreasing. Then, according tocondition (8), we find that

’TM%,C+2f (I>‘ 1 My, +1 c

P (Man + 2) a P (M27'Lk + 2) QMznk+2 T Mo, (MQﬂk + 2)

Hence

! Man, +2.f (2) | c }
c G k > =1|G,,| = 1.
{x o (o, +2) = Moo (M, 72 — €
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Then from (12), we get

c
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1/p
|TMznk+2fnk(z)|
- ¢c : > c
M2n,c<P(M2nk+2) {M {LL‘ € Gm @(MznkJrQ) - MznktP(fVIan+2)

>

”fnk”Hp
c 0‘2\41/1?*2

an

" Moo (M, +2) My M7 0 (Mo, +2)
1/p—2
(Mo, +2)'7

¥ (M2nk + 2)
The proof is complete.

— o0, as k — oo.

O

As an application, we get the well-known result for the weighted maximal operator of Fejér means
which was considered in [34, 35]:

Corollary 1. Let ¢ : N — [1,00) be any increasing function satisfying the conditions

and

Then

and

iy #) = 00

1)1/P=2 | o21/2+P] 1
Tim (n+1) ozg ) (n+1) _ oo (13)
n—00 @n

[supnen 525

Py

lue

Jsupaen 24

1T,

H weak—L,,

We also present some new results on 7" means with respect to Vilenkin systems which follow

Theorem 1.

Corollary 2. Theorem 1 holds true for US f, V.*f and B, f means with respect to Vilenkin systems.
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