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ON SOME NEW SEQUENCE SPACES DEFINED BY ¢-PASCAL MATRIX

TAJA YAYING!, BIPAN HAZARIKA2 AND FEYZI BASAR3*

Abstract. In this study, we construct the g-analog P(q) of Pascal matrix and study the sequence
spaces ¢(P(q)) and co(P(q)) defined as the domain of g-Pascal matrix P(g) in the spaces ¢ and co,
respectively. We investigate certain topological properties, determine Schauder bases and compute
Kothe duals of the spaces c¢o(P(g)) and ¢(P(g)). We state and prove the theorems characterizing
the classes of matrix mappings from the space ¢(P(q)) to the spaces o of bounded sequences
and f of almost convergent sequences. Additionally, we also derive the characterizations of some
classes of infinite matrices as a direct consequence of the results about the classes (¢(P(q)), o) and
(c(P(q)), f)). Finally, we obtain the necessary and sufficient conditions for a matrix operator to be
compact from the space co(P(q)) to anyone of the spaces ¢, ¢, co, £1, ¢S0, CS, bs.

1. INTRODUCTION AND PRELIMINARIES

The g-analog of a mathematical expression means the generalization of that expression using the
parameter ¢q. The generalized expression returns the original expression when ¢ approaches 1. The
study of g-calculus dates back to the time of Euler. It is a wide and an interesting area of research
in recent times. Several researchers are engaged in the field of g-calculus due to its vast applications
in mathematics, physics and engineering sciences. In the field of mathematics, it is widely used by
researchers in approximation theory, combinatorics, hypergeometric functions, operator theory, special
functions, quantum algebras, etc.

Let 0 < g < 1. Then the g-number r(q) is defined by

r—1
qu7 T:172737"'7
v=0

0, r=0.

r(q) =

One can notice that r(q) = r whenever ¢ — 1.
The g-analog (;)q of the binomial coefficient (;) is defined by

() - ErrrRe

0, s>,

where g-factorial r(g)! of r is given by

r(@)!=r(g)(r —1)(q)---2(q)1(q).

Also, (8)q = (S)q = (:)q = 1. Further, (Tis)q = (;)q which is a natural g-analog of its ordinary version

(,",) = (7). We strictly refer to [21] for detailed studies in g-calculus.

T—S8

1.1. Sequence space. A linear subspace of w, the space of all real- or complex-valued sequences, is
called a sequence space. Few examples of classical sequence spaces are the space £ of k-absolutely
summable sequences, 1 < k < oo, the space £, of bounded sequences, the space ¢ of convergent
sequences, the space ¢y of null sequences, etc. Further, the spaces of all bounded, convergent and
null series are denoted by bs, ¢s and c¢sg, respectively. A Banach sequence space having continuous
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coordinates is called a BK-space. The spaces ¢y and ¢ are BK-spaces endowed with the supremum

norm ||z||., = sup |z,|, where Ny is the set of non-negative integers.
r€Np
It is well known that the matrix mappings between BK-spaces are continuous. Because of this

celebrated property, the theory of matrix mappings takes an important place in the study of sequence
spaces. Let X and Y be two sequence spaces and ® = (¢,s) be an infinite matrix of real or complex
entries. Further, let @, denote the r*" row of the matrix ®, i.e., &, = (¢rs)sen, for all r € Ny. The

sequence Pz = {(Pz),} = { > gi)TsxS} is called ®-transform of the sequence x = (x;), provided that
s=0

(o]
the series > ¢rsxs converges for each r» € Ny. Further, if ®z € YV for every sequence x € X, then
s=0
the matrix ® is said to define a matrix mapping from X to Y. The notation (X,Y’) represents the
family of all matrices that map from X to Y. Furthermore, the matrix ® = (¢,.5) is called a triangle
if ¢ #£ 0 and ¢.s =0 for r < s.
The matrix domain X¢ of the matrix ® in the space X is defined by

Xo={x€w: Pz e X}. (1.1)

The set Xg itself is a sequence space. This property plays a significant role in constructing new
sequence spaces. Additionally, if ® is a triangle and X is a BK-space, then the sequence space Xg
is also a BK-space equipped with the norm [|z||y = [|®x||y . Several authors applied this celebrated
theory in the past to construct new Banach (or BK) sequence spaces using some special triangles.
For relevant literature, we refer to the papers [23,34,39,41-45] and textbooks [9,27,40].

1.2. Compact operators and Hausdorff measure of non-compactness (Hmnc). Let X and Y
be two Banach spaces. By B(X,Y’) we denote the set of all bounded linear operators from the space X
into the space Y which is again a Banach space equipped with the norm ||L|| = sup,¢ 5, ||Lz||, where

L € B(X,Y) and Bx denotes the open ball in X. Further, we denote ||z v+ = sup,cp, | > 2sZs|- In
s=0

this case, we observe that z = () € X” provided that the supremum exists.
Now, we recall the definitions of compact operator and Hmnc of a bounded set.

Definition 1.1. An operator L : X — Y is said to be compact if the domain of L is all of X and for
every bounded sequence (z,) in X, the sequence (L(z,)) has a convergent subsequence in Y.

Definition 1.2. The Hmnc of a bounded set H in a metric space X is defined by
X(H)=inf{e >0: H CU,_yB(zs,as), zs € X, a5 <e (s=0,1,2,...,r), r € No},
where B(xs,as) is the open ball centered at x5 and of radius as for each s =0,1,2,...,r.
The compact operator and Hmnc are closely related. An operator L : X — Y is compact if and
only if HLHX = 0, where HLHX denotes Hmnc of the operator L and is defined by ”L”x = x(L(Bx)).

Using Hmnec, several authors obtained the necessary and sufficient conditions for matrix operators
to be compact between BK-spaces. For relevant literature, we refer to [12,13,28-31].

1.3. Pascal matrix and related sequence spaces. The Pascal matrix P = (p,.s) is defined by

{(,.is), 0<s<r,
Prs =
0, s>

for all r,s € Ny, (see [8,24]). The domains ¢(P) and ¢o(P) of the matrix P in the spaces ¢ and
¢o, respectively are studied by Polat [33]. Aydin and Polat [8] further extended these domains to
difference spaces by introducing the difference spaces ¢(PV) = cpy and ¢o(PV) = (¢o) pv, where V
denotes the first order backward difference operator.

Let 0 < ¢ < 1. Then the g-analog of P(q) = (pgs) of Pascal matrix is defined by

i = (Z)q, 0<s<r,
" 0, s>
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for all r, s € Np, (cf. [38]). We refer to [19,38] for some publications dealing with g-Pascal matrices.
The construction of sequence spaces using g-analog C(q) of Cesaro matrix has been studied recently
by Demiriz and Sahin [18], where C(q) = (c{,) is defined by

S

q
cly =14 (r+1)(q)’
0, s>

0<s<r,

for all 7,5 € Ng. The authors studied the domains Xo(q) = (co)c(q) and Xc(q) = cc(q). More recently,
Yaying et al. [46] studied the Banach spaces X} = ()¢ (q) and X4 = (foo)c(q), and the associated
operator ideals. For studies in g-Hausdorff matrices, we refer to [1,2,15, 35].

1.4. The spaces f and fy. We begin with giving a short survey on the concept of almost convergence.
The shift operator P is defined on w by Ps(x) = 2541 for all s € Ng. A Banach limit L is defined on
{+, as a non-negative linear functional such that L(Pz) = L(x) and L(e) = 1, where e = (1,1, 1,...).
A sequence © = (x5) € o is said to be almost convergent to the generalized limit « if all Banach
limits of = coincide, are equal to « [25] and is denoted by f — limx, = a. Let P* be the composition
of P with itself k times and for a sequence x = (z), we write

T

1
Y I;)Psk(x) for all r,s € Ny.

trs(z) =

Lorentz [25] proved that f — limz, = « if and only if lim ¢,,(x) = «a, uniformly in s. It is well-
r—00

known that a convergent sequence is almost convergent such that its ordinary and generalized limits

are equal. For more detail on the Banach limit, the reader may refer to Colak and Cakar [16], and

Das [17]. Now, we can define the spaces fy and f of almost null and almost convergent sequences by

r

fo 3={$ = (w,) € loo Tlggoz_%m = 0 uniformly in s},

L o BET - Ts+k . .
f .—{ac = (25) €l : Tgn;OkZ_o ol uniformly in s for some « € (C}.

It is known that the a-, 8- and y-duals of the spaces fp and f are the space ¢1, (see [14, Part (d) of
Theorem 7.1.11] and [11, Proposition 4.5]).

Inspired by the above studies, we construct the BK-spaces ¢o(P(q)) and ¢(P(q)) generated by the
g-analog P(q) of the matrix P. We exhibit some topological properties and determine the bases for
the spaces ¢o(P(q)) and ¢(P(q)). In Section 3, we compute Kothe duals (a-, 8- and y-duals) of the
spaces co(P(q)) and ¢(P(q)). In Section 4, we state and prove theorems characterizing the classes
of matrix mappings from the space ¢(P(q)) to the spaces £ of bounded sequences and f of almost
convergent sequences. In the final section, we determine the necessary and sufficient conditions for a
matrix operator to be compact from the space cq(P(q)) to the space Y € {l, ¢, co, 1, bs, cs,cso}

2. THE SEQUENCE SPACES ¢o(P(q)) AND ¢(P(q))

The ¢-Pascal matrix P(q) can be expressed in the explicit form as

(8)q 0 0 0

P(g) = |(
(

Clearly, the g-Pascal matrix P(q) reduces to P when ¢ approaches 1. Also, we observe that the sum

of the elements of the r'" row is Y pi, = G,(q), where G,(q) is called the r*" Galois number and is
s=0
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defined by the recurrence relation G,11(q) = 2G,(q) + (¢" —1)Gr_1(q) with Go(¢) = 1 and G1(q) = 2.
If we consider the ordinary binomial coefficient in place of g-binomial coefficient, then the rt* Galois
number reduces to 2". The Galois number plays significant role in determining the number of subspaces
of a finite field. For more details, we refer to [21]. Further, we also point out here that the sequence in
each column of the matrix P(q) converges unlike the sequence in the columns of the ordinary Pascal
matrix. More specifically, p?, — 1/[s(q)!(1 — q)®], as r — 0.

Now we define the ¢g-Pascal sequence spaces co(P(q)) and ¢(P(q)) by

T

co(P(q)) ::{x = (2,) Ew: Tlgrolo; (:)qx = 0},
(P(q)) ::{x = (z,) €w: lim Z (Z)qz exists}.

s=0
We emphasize that when ¢ tends to 1 the spaces ¢o(P(q)) and ¢(P(q)) are reduced to the Pascal

sequence spaces ¢g(P) and c(P), respectively, introduced by Polat [33]. With the notation of (1.1),
we redefine these sequence spaces by

co(P(q)) = (co)pg) and c(P(q)) = cp(q)-
The sequence y = (y,-) is defined as the P(g)-transform of the sequence x = (z,). That is,

w= @2, =3 (1) = 1)

s=0
for each r € Ny. We suppose throughout that the sequences x and y are connected with the relation
in (2.1). Further, we observe by using (2.1) that

=S () -

v=0
for each s € Ng.
Now, we state our first result.

Theorem 2.1. ¢o(P(q)) and ¢(P(q)) are BK-spaces endowed with the norm defined by

" /r
x = ||z = su s
e P = I1llep o ety ‘ ;J (8>q

Proof. This is a routine verification. So, we omit details. O
Theorem 2.2. ¢o(P(q)) = ¢o and ¢(P(q)) = c.

Proof. We provide the proof for the space co(P(q)). The proof for the space ¢(P(q)) can be obtained
in a similar way. Define the mapping 7 : ¢o(P(q)) — ¢o by mz = y = P(q)x for all z € ¢o(P(q)).
Clearly, 7 is linear and one-one. Let y = (y,-) be any sequence in ¢y and x = (z5) be defined as in
(2.2). Then, since y € ¢y, we have

i 3 (1) we=m 3 () [0 () o)

s=0 s=0 t=0

= lim y, = 0.

=00

Thus we realize that x is a sequence in ¢o(P(g)) and the mapping 7 is onto, and norm preserving.
Hence, ¢o(P(q)) = co. O

To end this section, we construct the bases for the spaces c¢o(P(q)) and ¢(P(q)). We recall that the
domain X¢ of a triangle ® in the space X has a basis if and only if X has a basis, (see Jarrah and
Malkowsky [20, Theorem 2.3]). This statement together with Theorem 2.2 leads us to the following
result.
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Theorem 2.3. For every fized s € Ny, define the sequence b'*)(q) = (bgs)(q)) of the elements of the
space co(P(q)) by

0, s>

b (q) = {(‘I)HQ(T‘ZS) (g s<m

Then the following statements hold:
(a) The set {b(o)(q),b(l)(q),b(Q) (q),} forms the basis for the space co(P(q)) and every x €
co(P(q)) has a unique representation x = io: ysb®) (q).
(b) The set {e,b(o)(q),b(l)(q),b@) (@),.--} forjg; the basis for the space ¢(P(q)) and every x €
c(P(q)) can be uniquely expressed in the form x = ze + io:o(ys — 2)b%)(q), where y, =

(P(q)x)s = 2z, as s = 0.

3. KOTHE DuALS

In this section, we determine Kéthe duals (a-, -, y-duals) of the spaces ¢(P(q)) and co(P(q)).
Since the computation of duals is similar for both spaces, we omit the proof for the space ¢(P(q))
Before proceeding, we recall the definitions of Kothe duals.

Definition 3.1. The K&the-Toeplitz duals or a-, 8- and v-duals X*, X? and X7 of a sequence space
X are defined by

X :={u=(us) €w:uzx = (uszs) € £ for all z € X},
XP ={u= (us) € w:uxr = (usz,) € cs for all z € X},
X7 :={u = (ug) € w: ur = (usxs) € bs for all x € X},

respectively.

The following lemma is essential to determine the dual spaces. Throughout the paper, we denote
the collection of all finite subsets of Ny by N.

Lemma 3.2 ([37]). The following statements hold:
(i) ® = (¢prs) € (co,41) = (¢, 41) if and only if

sup Ors| < 00; 3.1
e 2|2 )
(ii) @ = (¢rs) € (co,¢) if and only if
sup Z |frs| < 00 (3.2)
reNp s=0
Jay, € C> lim ¢.s = ay for each s € Ny; (3.3)
T—>00

(iii) @ = (¢rs) € (c0,¥o0) = (¢, €s0) if and only if (3.2) holds.
Theorem 3.3. The a-dual of the spaces co(P(q)) and c(P(q)) is the set §1(q) which is defined by

St () <] <)

TER
e = 301705 (7) o = o), (3.4

s=0

01(q) == {z = (z) Ew: sup Z

ReN s=0

Proof. Consider the following equality:
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for all r € Ny, where the matrix A(q) = (ad,) is defined by

wi, = (—1)7—%4( 2‘)(2)(12“ 0<s<r,
0, s>

for all r,s € Ng. We realize by using (3.4) that zz = (z,2,) € ¢; whenever = € ¢o(P(q)) if and only
if A(q)y € £1 whenever y € ¢g. Thus we deduce that z = (2,) is a sequence in the a-dual of ¢o(P(q))
if and only if the matrix A(q) belongs to the class (¢g, £1). Thus we conclude from Part (i) of Lemma

3.2 that [co(P(q))]" = d1(q)-

Theorem 3.4. Define the sets d2(q), d3(q) and d4(q) by

oo

r—s

82(q) ::{z = (z) ew: Y (~1) %l )(Z>qzr exists for each s € No},

r=s
r

8 (0) ={ () cwr s Y ST yrg(E) (t)

r€No —o I 1—s

i) == (o e tim S5 al¥) (1) s e}

s=0 t=s

Then [co(P(q))]” = 82(q) N d3(q) and [c(P(q))]” = 62(q) N 83(q) N da(q).

Proof. Consider the following equality

for each r € Ny, where the matrix B(q) = (b%,) is defined by

t—s

I 0 <

t
0, s>

)

b

O

for all r, s € Ny. Thus, on using (3.5), we realize that zo = (z,2,) € cs whenever z = (z,) € co(P(q))
if and only if B(q)y € ¢ whenever y = (ys) € co. This yields that z = (z,) is a sequence in S-dual of
co(P(q)) if and only the matrix B(q) belongs to the class (¢g,¢). This in turn implies by using Part

(ii) of Lemma 3.2 that

T
sup Z [bd.] < oo and rlggo bl exists for each s € Ny.

reNo ;2o

Thus [co(P(q))]” = d2(g) N 3(q).

Theorem 3.5. The y-dual of the spaces co(P(q)) and c(P(q)) is the set d3(q).

Proof. This is similar to the proof of Theorem 3.4 with Part (iii) instead of Part (ii) of Lemma 3.2.

To avoid the repetition of the similar statements, we omit details.

O
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4. MATRIX MAPPINGS

In the present section, we essentially determine the necessary and sufficient conditions for a matrix
to define the mapping from the space ¢(P(q)) to the spaces o, and f, firstly. Later, we give the
characterizations from the space ¢(P(q)) to any of the spaces ¢, fo, co, bs, fs, fso, cs, cso.

Now, define the matrix © = (6,5) via the matrix ® = (¢,5) by

= t
0,5 = Z(l)tsq(t?)< > épe for all 7, s € Np. (4.1)
t=s s q
Throughout the text, we suppose that the elements of the matrices © = (6,5) and ® = (¢,,) are
connected with the relation (4.1).

Theorem 4.1. ® = (¢r5) € (c¢(P(q)), loo) = (co(P(q)), Loo) if and only if

o0

sup Z 6] < 0. (4.2)
rENp s=0

Proof. Suppose that (4.2) holds and take any = = (z,) € ¢(P(q)). Then ®, = (¢,s)sen, € [c(P(q))]?
for each r € Ny. This implies the existence of ®z. Let r € Ny be fixed. Let us consider the following

equality obtained from the ;' partial sum of the series Y ¢,z with (2.2):
s=0
J J s ooy (s
D brews =Y s [Z(l)Stq( 2 )<t) yt}
s=0 s=0 t=0 q
J J o (1
=3 [ (1) o (13)
s=0 -t=s § q

for all j,r € Ng. Then, by letting j — oo in (4.3), we observe that
(®2)r =D Orsys = (Oy), (4.4)
s=0

for all € Ny. Therefore the condition in (3.2) of Part (iii) of Lemma 3.2 is satisfied by the matrix ©.
This leads to the fact that Oy = ®x € £,. Hence the condition in (4.2) is sufficient.

Conversely, suppose that ® = (¢.s) € (¢(P(q)), ). Then Pz exists and belongs to the space £o
for every x = (x,) € ¢(P(q)). Then ®, = (¢,s)sen, € [c(P(q))]? for each r € Ng. This means that the
condition in (4.2) is necessary. O

Prior to giving the theorem characterizing the class of matrix transformations from the space
¢(P(q)) to the space f, we quote the following lemma due to King [22] which yields the necessary and
sufficient conditions of the class (¢, f) of almost conservative matrices.

Lemma 4.2. ® = (¢,5) € (¢, f) if and only if

Sup Z |¢TS| < oo’ (4'5)
m€No ;T

I(as) Ew such that f—lim ¢.; = a, for each s € Ny, (4.6)
Ja € C such that f —lim Z Ors = Q. (4.7)

s=0
Theorem 4.3. ® = (¢,5) € (c(P(q)), f) if and only if (4.2) holds, and

I(as) € w such that f—lim 0, = g for each s € Ny, (4.8)
da € C such that f —lim 29” =a. (4.9)

s=0



106 T. YAYING, B. HAZARIKA AND F. BASAR

Proof. Suppose that the conditions in (4.2), (4.8) and (4.9) hold, and take any x = (z,) € ¢(P(q)).
Then, since ®, = (d,s)sen, € [c(P(q))]? for each r € Ny, ®x exists. Therefore, bearing in mind the
relation (4.4), one can see that the conditions in (4.2), (4.8) and (4.9) correspond to the conditions in
(4.5), (4.6) and (4.7) of Lemma 4.2 with 0, instead of ¢,,, respectively. That is to say that Oy € f
which leads by (4.4) to the desired result that ® € (¢(P(q)), f)-

Conversely, let ® = (¢,5) € (c(P(q)), f). Then ®z exists and is in the space f for all z = (z,) €
¢(P(q)). Since the inclusion f C ¢ holds, the necessity of the condition in (4.2) follows from Theorem
4.1. In this situation, since we again have (4.4), one can easily see by passing to f-limit that Oy € f.
Hence © € (c, f). Therefore the conditions in (4.6) and (4.7) are satisfied by the matrix © which
correspond to the conditions in (4.8) and (4.9). O

If we replace the space fy by the space f, then Theorem 4.3 reduces to the following:
Corollary 4.4. ® = (¢,5) € (¢(P(q)), fo) if and only if (4.2) holds, and

f—1lim 6., =0 for each s € Ny, (4.10)
f=lm > 6, =0. (4.11)
s=0

If we replace the spaces ¢ and ¢y by the spaces f and fy, then Theorem 4.3 and Corollary 4.4
respectively reduce to the following

Corollary 4.5. ® = (¢,5) € (c¢(P(q)),c) if and only if (4.2) holds, and

I(as) € w such that lim 0,5 = ag for each s € Ny, (4.12)
T— 00
Ja € C such that rll>nolo ;Hm =a. (4.13)

Corollary 4.6. ® = (¢,5) € (¢(P(q)),co) if and only if (4.2) holds, and

lim 6., =0 for each s € Ny, (4.14)
™00
Jim Zoem =0. (4.15)

Lemma 4.7 ([10, Lemma 5.3]). Let X and Y be any two sequence spaces, A be an infinite matriz,
and B be a triangle matriz. Then A € (X,Yg) if and only if BA € (X,Y).

It is trivial that combining Theorems 4.1, 4.3 and Corollaries 4.4, 4.5 and 4.6 with Lemma 4.7, one
can derive the following results.

Corollary 4.8. Let ® = (¢.s) be an infinite matriz over the complex field. Then the following
statements hold:

(1) @ € (c(P(q)),bs) if and only if (4.2) holds with > 6,5 instead of 0,5 for all v, s € Ny.
=0

j=
(ii) @ € (c¢(P(q)), bveo) if and only if (4.2) holds with 8,s—0,_1 s instead of 0,5, where bus, denotes
the space of all sequences x = (x5) such that (zs — Ts—1) € oo, (cf. Bagar and Altay [10]).

(iii) @ € (e(P(q)), Xoo) if and only if (4.2) holds with Y, 0,5/(r+1) instead of 0,5 for allr,s € Ny,
7=0

T

where X, denotes the space of all sequences © = (x5) such that { >oas/(r+ 1)} € loo,
(cf. Ng and Lee [32]). 0

(iv) @ € (c(P(q)),g) if and only if (4.2) holds with i t;0;s/T, instead of 0,5 for all v,s € Ny,
where T, = to +t1 + -+ + t, and g’ denotes thje:;)pace of all sequences © = (x4) such that
( io tsxs/Tr) € U, (cf., Altay and Basar [4]).
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(v) ® € (¢(P(q)),a,) if and only if (4.2) holds with io(l + t9)0;5/(1 + 1) instead of 0,5 for all
i=

r, s € No, where al_ denotes the space of all sequences x = (xs) such that { S(1+t%)xs /(14
s=0

7’)} € loo, (cf., Aydin and Basar [7]).

(vi) @ € (c(P(q)),eL) if and only if (4.2) holds with _ZT:O (;)(1 — t)"It10,5 instead of 0,5 for
j=

T

all r,s € Ny, where et denotes the space of all sequences x = (x5) such that { > (-

s
s=0

t)“stsxs} € oo, (cf., Altay et al. [5]).

Corollary 4.9. Let ® = (¢.s) be an infinite matriz over the complex field. Then the following
statements hold:

(i) @ € (c(P(q)), fs) if and only if (4.2), (4.8) and (4.9) hold with i: ;s instead of O,s for all
r,s € Ny, where fs denotes the space of all series whose sequenc]e:%f partial sums are in the
space f.

(ii) @ € (e(P(q)),cs) if and only if (4.2), (4.12) and (4.13) hold with ZT: 0;s instead of 0,5 for all
r,s € Np. =

(i) @ € (e(P(q)),c(A)) if and only if (4.2), (4.12) and (4.13) hold with 6,5 — 0,_1 s instead
of 0,5 for all ;s € Ny, where c¢(A) denotes the space of all sequences x = (xs) such that
(x5 —xs—1) € ¢, (cf., Bagar [9)]).

(iv) ® € (¢(P(q)),¢) if and only if (4.2), (4.12) and (4.13) hold with zr: 0;s/(r + 1) instead of 0,5
=)

J
s

for all k,n € Ny, where ¢ denotes the space of all sequences v = (x5) such that { Sag/(r+
s=0

1)} € ¢, (cf., Sengéniil and Basar [36]).
(v) ® € (c(P(q)),qt) if and only if (4.2), (4.12) and (4.13) hold with Y t;0;5/T, instead of 6,5 for
3=0
T
all r, s € No, where gt denotes the space of all sequences x = (x5) such that ( > tsms/Tr) €c,
s=0

(cf., Altay and Bagar [4]). .
(vi) @ € (¢(P(q)),a) if and only if (4.2), (4.12) and (4.13) hold with i (1+t9)0;5/(1+7) instead

j=0
of 0.5 for all r,s € Ng, where a’. denotes the space of all sequences * = (xs) such that
{ SA 4tz /(1 + r)} € ¢, (cf., Aydin and Bagar [6]).
s=0

(vii) @ € (c(P(q)),€et) if and only if (4.2), (4.12) and (4.13) hold with ZT: (;)(1 —1)"It90;5 instead
7=0

of 0.5 for all r,s € Ny, where €' denotes the space of all sequences x = (x) such that
{ > (0)(a- t)r_stsxs} € ¢, (cf., Altay and Basar [3]).
s=0

Corollary 4.10. Let ® = (¢,5) be an infinite matriz over the complex field. Then the following
statements hold:

(i) ® € (¢(P(q)), fso) if and only if the conditions in (4.2), (4.10) and (4.11) hold with zr: 0js
j=0

instead of 0,5 for all r,s € Ny, where fsg denotes the space of all series whose sequence of
partial sums are in the space fg.
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(i) @ € (c(P(q)),cs0) if and only if the conditions in (4.2), (4.14) and (4.15) hold with )~ 0;,
§=0
instead of 0.5 for all r,s € Ny.
(iii) ® € (e(P(q)),co(A)) if and only if the conditions in (4.2), (4.14) and (4.15) hold with 0,5 —
0,_1,s instead of 0,5 for all v, s € Ny, where co(A) denotes the space of all sequences © = (x5)
such that (zs — xs_1) € ¢, (cf., Bagar [9]).

T
(iv) @ € (c(P(q)),co) if and only if the conditions in (4.2), (4.14) and (4.15) hold with > 0;s/(r+ 1)
§=0
instead of 0,5 for all k,n € Ny, where ¢y denotes the space of all sequences x = (x5) such that

{ ZT: xs/(r+ 1)} € ¢p, (cf., Sengéniil and Basgar [36]).
s=0

(v) @ € (c(P(q)), g8) if and only if the conditions in (4.2), (4.14) and (4.15) hold with >~ t;0;s/T,
j=0
instead of 0,5 for all v,s € Ny, where g denotes the space of all sequences x = (xs) such that

( > tSmS/TT) € ¢, (cf., Altay and Bagar [4]).
s=0

(vi) @ € (c(P(q)),ay) if and only if the conditions in (4.2), (4.14) and (4.15) hold with 3 (1 +
§=0
t9)0;5/(1 + r) instead of 0.5 for all r,s € Ny, where a, denotes the space of all sequences
x = (xs) such that { S +t)zs /(1 + 7")} € ¢, (cf., Aydin and Bagar [6]).

s=0

T
J

(vii) ® € (c(P(q)),eh) if and only if the conditions in (4.2), (4.14) and (4.15) hold with Y- (7)(1 —
7=0
t)"It70;5 instead of 0,5 for all r,s € Ny, where el denotes the space of all sequences T = ()

such that { > (0a- t)’"_stsxs} € ¢, (cf., Altay and Bagar [3]).

s=0

5. COMPACTNESS BY HMNC

It is known from Part (a) of Theorem 3.2.4 of [27] that if X and Y are any two BK-spaces, then
every matrix ® € (X,Y) defines a linear operator Ly € B(X,Y), where Loz = ®z for all z € X.
Moreover, if X O o is a BK-space and ® € (X,Y), then |Lo| = (@ xy) = sup,en, [[|®r] x+ <
oo (see [26, Theorem 1.23]), where o represents the set of all sequences that terminate in zeroes. The
following lemmas are essential for our investigation.

Lemma 5.1. /3 =cf = cg = (1. Further, if X € {{w,c,co}, then ||z| i = [|z||,, -

Lemma 5.2 (|26, Theorem 2.15]). Let H be a bounded subset in co and define the operator m, : co — co
by m-(xo, x1, 22, ...) = (zo, 21, Z2,...,2,0,0,...) for all x = (x,) € ¢y, then

X(H) = lim | sup [[(I —m)(@)] |,
T—>00 reH
where I is the identity operator on cg.

Lemma 5.3 ([29, Theorem 3.7]). Let X D o be a BK -space. Then the following statements hold:
(a) If ® € (X,co), then ||Lo||, = limsup [|[®,||x: and Lo is compact if and only if lim 1P|l =
r—00 00

0.
(b) If X has AK and ® € (X, c¢), then

1. .
3 limsup [ @, — @[ xi < [|Lo||, < limsup||®; — ¢ x+
T— 00

T—>00
and Leg 1is compact if and only if ILm |®, — &l x+ = 0, where ¢ = (¢s) with ¢rs — ¢s, as

r — oo, for all s € Ny.
(c) If ® € (X,lx), then 0 < [[Lol|, <limsup||®,|y: and Lo is compact if lim [|@ |y = 0.
r—00 r—00
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In the rest of the paper, R,, is the subcollection of R consisting of subsets of Ny with elements
that are greater than m.

Lemma 5.4 ([29, Theorem 3.11]). Let X D o be a BK-space. If ® € (X, 1), then

lim < sup ZtI’ ) < ||Lsll, <4- lim ( sup o, )
m—=00 \ RERm <R Xt RERm |l .2 Xt
and Lg is compact if and only if lim ( sup ” ) =0.
m—=00 \ ReR,, ! reR Xt

Lemma 5.5 ([29, Theorem 4.4, Corollary 4.5]). Let X D o be a BK-space and let

@)y =

Then the following statements hold:
(a) If® € (X, cs0), then || Lo, = ligs;.ip ||‘1>HET)](}IJS) and Lo is compact if and only szlglélo ||q>‘|£7_;](,bs)
=0.
(b) If X has AK and ® € (X cs), then

Z@qug

— hm sup H
s=0 Xt

r—00

< || Lol < limsup
+ r—00

and Lg is compact if and only 1

- (ZSHXT = 0, where ¢ = (¢s) with

T—00

b5 = lim Z Oms for all s € Ny.
—)OO
[r] . FIRF [r] -
(c) If ® € (X, bs), then 0 < | Lo||, < hiris;ip ||<I>H(X7bs) and Lg is compact if rli>nolo ||<I>||(X7bs) =0.
Lemma 5.6. Let X be a sequence space and ® = (¢r5) be an infinite matriz. If ® € (co(P(q)), X),
then © € (co, X) and ®x = Oy for all x € co(P(q)).

Proof. Let ® € (co(P(q)),X) and = € co(P(q)). Then @, = (¢rs)sen, € [co(P(q))]” for all r € Ny.
Consider the following equality:

(©y), = 2 Orsys
S pe () e[S () -]

s=0 t=s

= Z ¢rsxs = ((I)ZC)
s=0

for all » € Nyg. Thus we realize that ©, is absolutely summable for each r € Ny and ©y € X. This
yields the desired consequence © € (cg, X). O
Theorem 5.7. The following statements hold:

(a) If @ € (co(P(q)), o), then ||Lo||,, = limsup 3 |6rs].

r—oo s=0
(b) If @ € (co(P(q);c), then

—limsu 0,s — 6| <||L < hm su 0.s — 0|,
2Tﬁwp§j| <Ll p§%| 0
where 0 = (05) and 05 = ILm 0,5 for each s € Ny.
(c) If @ € (co(P(q)), L), then 0 < | La||, < limsup Z |Ors] -

—0o0 s=0
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(d) If(I) € (CO(P(Q))agl)a then

. ] , ]
im0 S el <4 Tm (19 pg)) 0, 0

Z 97’5

reR

where ||‘I’||(CO(P (@)),¢1) — SUPReR,, 2

Z ets

(e) If @ € (co(P(q)),cs0), then ||Lall, = hni}sup ( ioj P

(f) If ® € (co(P(q)), cs), then =

1 o0 T _ o]
2limsup<z ZGtSGD < [|Lall, <hmsup(zo

T N =0 | t=0

T

S-4)

where 0 = (és) with 05 = lim Z 05 for each s € Ny.

r—00 t=

(8) If ® € (co(P(q)),bs), then 0 < [|Lo|, < limsup (
=00

).

s=0"1t=0

Proof. (a) Let ® € (¢o(P(q)), co) . We observe that

181l copiayyr = 151l = 10011, =D 165l

for r € Ny. We realize by using Part (a) of Lemma 5.3 that

||L(p|| = hmsup (Z |0:-s] )

s=0
(b) Notice that

18, =6l = 10 = bll,, =D |6rs — 65| (5.1)
s=0

for each r € No. Now, let & € (c¢o(P(q)),c). Then Lemma 5.6 implies that © € (cg,c).
Employing Part (b) of Lemma 5.3, we deduce that

1. .
5 limsup |©, — 0| + < ”L‘I’Hx < limsup [|©, — 0] 1,
2 o 0 r—00 0

which yields in the light of (5.1) that
fhmsuprm — 0 < || Lall, <hmsup2|om — 0]
T s=0 s=0

which is the desired result.
(¢) The proof is analogous to that of Part (a). So, we omit details.

(d) We have
sef [se -X[suf )
reR C reR s=0'reR
Let ® € (co(P(q)),¢1). Then Lemma 5.6 1mpheb that © € (cg,¢1) . Hence by using Lemma
5.4, we get
lim su O, < ||L <4-. hm su O,
s (g |2 o,) <=t (g |20

reR reR 0

which is reduced by using (5.2) to

lim
m—r

LRI gy ey < [Tl < 4 Tim

L @] g

as desired.
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(e) Notice that

T

Z Gts
t=0

T T

>e,

t=0

T

> e
t=0

which yields by using Part (a) of Lemma 5.5 that

|Lall, = limsup (Z
oo =0

P,
=0

co(P(q)T

9

Cg @1

)

>

t=0

Z ets
t=0

(f) We have

(5.3)

00
s=0

for each r € Ny. Let ® € (¢o(P(q)),¢s). Then Lemma 5.6 implies that © € (cg, ¢s). Thus with
the aid of Part (b) of Lemma 5.5, we deduce that

Se,-i

t=0

£y

Z@)t 0,

t=0

- hmsup < ||Lq;.|| < hmsup

r—00

)

T
c cq

which yields us by using (5.3) that

%limsup (Z i@m fés

T Ns=0lt=0

> < HL<I>H <hmsup(z Zets*és
= =0!t=0

as desired.
(g) Since the proof is analogous to that of Part (e), we omit the details. O

Now, we have the following
Corollary 5.8. The following statements hold: (a) Let ® € (co(P(q)),co). Then Lg is compact if
and only if lim Y |6,5] = 0.
T—>00 s=0
-4, ) =o.

(b) Let ® € (co(P(q)),c). Then Lg is compact if and only if lim (
T—00 s=0

(¢) Let ® € (co(P(q)),€o). Then Lg is compact if ILm > 10| = 0.
T o0 s=0

(d) Let ® € (co(P(q)),¢1). Then Lg is compact if and only if li_r>n [ sup ( >
m o

)| =0

E 91‘3

RERm “s=0"'re
(e) Let ® € (co(P(q)),cs0). Then Lg is compact if and only if lim sup ( > Z (T )
r—00 g 0

T‘

> ts—a‘):().

t=0

)=o.

(f) Let @ € (co(P(q)),cs). Then Lg is compact if and only if limsup ( >

r—00 s=0

(g) Let @ € (co(P(q)),bs). Then Lg is compact if limsup ( ST i

r—>00 s=0"'t=0
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