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MATHEMATICAL STRUCTURES VIA »-OPEN SETS

SHYAMAPADA MODAK AND JIARUL HOQUE

Abstract. In view of a kernel, s-kernel and b-kernel in a topological space, we study a new type of
generalized closed set through this write-up. This type of generalized closed set splits various types
of collections of generalized open sets, as well as different types of collections of generalized closed
sets. Since the collection of b-open sets in a topological space is a generalization of both collections of
semi-open sets and pre-open sets, the study of generalized closed sets via b-open set is a remarkable
part.

1. INTRODUCTION

H. Maki [13] in 1986 initiated the concept of A-sets in topological spaces. A A-set is a set A which
coincides with its kernel (= saturated set) i.e., with the intersection of all open sets containing A. In
1997, Arenas et al. [2] introduced and studied the notion of A-closed and A-open sets by using A-sets
and closed sets. In 1996, D. Andrijevié [1] gave a new type of generalized open sets, called b-open
sets, whereas generalized locally closed sets have been studied by Modak and Noiri [15] in 2019. Ekici
and Caldas [8] studied b-open sets under the name of y-open sets.

The aim of this paper is to introduce a new class of sets called gbA-closed sets and gbA-open sets
in a topological space and to study their properties and characterizations. Throughout this paper, we
denote by 7 a topological space, where X is a set and 7 is a topology on X on which no separation
axioms are accepted, unless explicitly mentioned. The collection of all closed sets in a topological
space 7 is denoted by C(7). For a subset A of a topological space 7, its closure (resp., interior) is
denoted by CI(A) (resp., Int(A)) and they obey Int(A) = X \ CI(X \ A).

2. KNOwN FACTS

Let us recall the followings representing mathematical tools for our paper.

For a topological space 7, a subset A of X is said to be b-open [1] (resp., semi-open [11], b-closed [1],
semi-closed [11]) if A C Cl(Int(A))UInt (CI(A)) (resp., A C Cl(Int(A)), Cl(Int(A))NInt (CI(A)) C
A, Tnt (CI(A)) € A).

The family of all b-open (resp.7 semi-open, b-closed, semi—closed) sets in a topological space n is
denoted by O°(X) (resp., O°(X), C®(r), C*(7)). The intersection of all b-closed (resp., semi-closed)
subsets of X containing A is called b-closure (resp., Semi—closure) of A and is denoted by Cl,(A)
(resp., Cls(A)).

The kernels are defined as follows:

Kernel [13] (l"esp.7 b-kernel [5], s-kernel [14]) of A is denoted by Ker(A) (I“esp.7 Ker,(A4), Kerg (A))
and is defined as Ker(4) =N{UC X :U D2 A, U € 7} (resp., Ker,(A) =N{UCX:UDA Uce
O'(X)}, Ker,(A)=N{UCX:UDA, UecOX)}).

In this respect, a subset A of X is said to be a A-set [13] if A = Ker(A).

The collection of all A-sets in a topological space 7 is denoted by O*(X). In general, Ker(A) is
neither an open set, nor a closed set.

A subset A of X is called:
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e \-closed [2] (resp., generalized closed, or briefly, g-closed [12]) if A= BNF, where B € OM(X)
and F € C(7) (resp., Cl(A) C U, whenever A C U and U € 7). The complement of a \-
closed (resp., g—closed) set is called A-open (resp., g—open). The collection of A-closed (resp.,
A-open, g-closed, g—open) sets in a topological space 7 is denoted by C*(7) (resp., OMNX),
C9(r), 09(X)).

e g*-closed [10] (resp., generalized semi-closed (briefly, gs-closed) [3], semi-generalized closed
(briefly, sg-closed) [3], Ag-closed [6], gA-closed [6], gsA-closed [14], weakly closed (briefly, w-
closed) [16]) set if C1(A) C U, whenever A C U and U € O9(X) (resp., Cls(A) C U, whenever
ACUand U € 7, Cls(A) CU, whenever A C U and U € O*(X), Cl(A) C U, whenever A C
U and U € OMNX), Cly\(A) C U, whenever A C U and U € 7, Cl\(A) C U, whenever A C U
and U € O°(X), Cl(A) C U, whenever A C U and U € O%(X)). The family of all j-closed
sets in a topological space 7 is denoted by C7(7), where j € {g*, gs, sg, Ag, g\, gsA, w}.

In view of the above, in [2], it has been shown that A is closed if and only if A = FNCI(A) (where
F is a A-set) if and only if A = Ker(A) NCIL(A); 7 C O*(X) C C*(r) and C() C C*(7).

Recall that a point 2 € X is said to be a A-cluster [4] (resp., A-interior [4]) point of A if for every
(resp., there exists a) A-open set U of X containing z, ANU # @ (resp., such that U C A). The
collection of all A-cluster (resp., )\—interior) points of A is called the A-closure (resp.7 )\—interior) of A
and is denoted by Cly(A) (resp., Inty(A)).

In view of the above, the authors Caldas et al. [4] have shown that A is A-closed if and only
if CIx(A) = A; CI\(A) = N{F € C*1) : A C F}; A C Ciy(A) C Cl(A), Clx(A) is A-closed;
X\Int)\(A) = Ol,\(X\A) and for A - B, CZ)\(A) - Cl,\(B)

Recall that a point € X is said to be a A-limit point [4] of A if for each A-open set U containing z,
Uun (A\ {x}) # @. The set of all A\-limit points of A is called A-derived set of A and is denoted by
Dy (A

I(n this context, the author Caldas et al. [4] showed that Dy(A) C D(A) and Clx(A) = AU D, (A)
for a subset A of X, where D(A) is the derived set of A.

3. THE ROLE OF b-OPEN SETS AS A KERNEL

In this section, we split the collections 7, O*(X), CA (1), C9A (1), C9%(1), C(7) and C9** (7). We
study the collections in a topological space which are not related to the collection C9%A (7).

Definition 1. Let 1) be a topological space and A C X. A is said to be gbA-closed in X if Cly(A) C U,
whenever A C U and U € O°(X).

The collection of all ghA-closed sets in a topological space 7 is denoted by C9%A(7).
The following example shows the existence of a gbA-closed set in R.

Example 2. Consider the set R of real numbers with usual topology and A = (0,1) N Q, where
Q stands for the set of all rational numbers. Then Ker(4) = Ker ( U {z}) = U Ker ({z}) =
z€A TEA

U {z} = 4 and hence A = Ker(A) N CI(A). Therefore A is A-closed implies Clx(A) = A. Thus for

;:;1? b-open set U D A, Cl\(A) C A. Hence A is gbA-closed in R.

Theorem 3. Let 7 be a topological space. Then C*(1) C C9%M (7).

Proof. Follows from the fact that for a A-closed set A, Cl\(A) = A. O
The following example shows that the reverse inclusion of Theorem 3 does not hold, in general.

Example 4. Let X = {61,62,63764765} and 7 = {@, {el}, {61,62,63}, {61,64,65},X}. Here,

{62, €3, €4, 65} is gbA-closed, but not A-closed.

However, we can give the converse of Theorem 3 as follows:

Theorem 5. Let 1 be a topological space and A C X. If A € O°(X) N C9% (1), then A € C(1).
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Proof. Follows from the definition of a gbA-closed set. O
Theorem 6. Let 1 be a topological space and A C X. Then for A € C(1), A € C9 (7).
Proof. Follows from the fact that C(7) C C*(7) C C9%A (7). O

For the converse of Theorem 6 we consider the following example.

Example 7. Let X = {61,62,63,64,65} and 7 = {@,{61},{61,62,63},{61,64,65},X}. Let A =

{61,62,63}. Since A is open, Ker(A4) = A. So, A = Ker(A) N CI(A) implies that A is A-closed and
hence Cly(A) = A. So, for any b-open set U D A, Clx\(A) C U. Hence A is gbA-closed, but not closed
in X.

Theorem 8. Let 1 be a topological space. Then for U € 7, U € C9%A (7).
Proof. Follows from the fact 7 C C*(7) C C9%A (7). O

For the converse of this Theorem we intimate the following

Example 9. Let X = {61,62,63,64,65} and 7 = {@, {61},{61,62,63}, {61,64,65},X}. Let A =
{62, 63}. Since A is closed in X, A is gbA-closed but not open in X.

Thus we conclude that every closed subset in a topological space is a gbA-closed set.
Theorem 10. Let 7 be a topological space and A C X. Then for A € C9% (1), A € C9(7).

Proof. Let A be a gbA-closed set in X and A C U, where U is open in X. Since every open set is
b-open [1] and A is gbA-closed, Cl)(A) C U. Hence A is gA-closed. O

For the converse of Theorem 10 we consider the following

Example 11. Let X = {61,62,63764765} and 7 = {@, {el}, {62,63}, {61,62,63},X}. Let A = {63}.
Then A is b-open in X. Now Ker(4) NCI(A) = {62, 63} N {62, €3, ey, 65} = {62, 63} # A implies that
A is not A-closed and hence A G Cly(A), where A is b-open. Hence A is not gbA-closed in X. Since
{62,63} is A-closed containing A, Cl\(A) C {62,63} = Ker(A). Thus for any open set U D A,
Clx(A) CU. Hence A is gA-closed in X.
From the above discussed results, we have the following chains:
o 7 C OMNX) CCNT) C C9\ (1) C CIN(7);
o C(1) C CMNr1) C C%N1) C C(T).
Thus we see that C9°2 (1) splits the collections C*(7) and C94(7).
For the next results, we recall the following definition from [9].

Definition 12. A partition topology is a topology which can be induced on any set X by partitioning
X into disjoint subsets P; these subsets form the basis for the topology.

Proposition 13. Let n be a topological space. Then:

(1) n is a partition space if and only if 7 C C(7) [9].

(2) For a partition space 1, Cl(A) = Cl\(A), where A C X [14].
Theorem 14. In a partition space n, C9* (1) C C¥(7).

Proof. Let A be a gbA-closed set in a partition space X and A C U, where U is semi-open in X.
Since every semi-open set is b-open and A is gbA-closed, Cly(A) C U. Since in a partition space

Cl(A) = Cix(A), Cl(A) CU. Hence A is w-closed. O
Theorem 15. Let 1 be a topological space and A C X. Then for A € C9%M (1), A € C9%)(7).
Proof. Follows from the fact O°(X) 2 O0%(X). O

The converse of Theorem 15 is not true, in general, which is followed by the following
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Example 16. Let X = {61,62,6’3,64,65} and 7 = {@,{61},{62,63,64},{61,62,63,64},)(}. Let
A = {ez}. Then A is b-open in X. Also, Ker(4) N CI(A) = {es,e3,e4} # A. Therefore A is not
A-closed and hence by Theorem 5, A is not gbA-closed. Now, the A-closed sets containing A are
{ez,e3,e4},{e1,e2,e3,€4}, {€2,€3,€4,e5} and X. These are also the only semi-open sets containing
A. Therefore Cly(A) = {ez,e3,e4} = Kery(A). Hence A is gsA-closed.

From the above reasoning, we have the following chains:
o 7 COMNX) CCMNr) CCPN(1) C C9™(7);
o C(1) C CMNr1) C C%\(1) C 9™ (7).
Thus we see that C9°2(7) splits the collections C*(7) and C95 (7).

Remark 17. We now mention that the following collections are not related to each other for a
topological space 7:

1) C9(r) and C91(7);

CM (1) and C9%A (1);

For (1), {p4} is g-closed, but not gbA-closed and {pl, P2, p3} is gbA-closed, but not g-closed.

For (2), {pg,pg} is gbA-closed, but not Ag-closed and {p4} is Ag-closed, but not gbA-closed.

For (3), {p4} is gs-closed, but not gbA-closed and {pg,pg} is gbA-closed, but not gs-closed.

For (4), {p4,p5} is gbA-closed, but not sg-closed and {pl,pg,pg,p4} is sg-closed, but not gbA-closed.

For (5), {pg,pg} is gbA-closed, but not g*-closed and {p4} is g*-closed, but not gbA-closed.

For (6), {pl,pg,pg} is gbA-closed, but not semi-closed and {pl,p4} is semi-closed, but not
gbA-closed.

For (7), {pg,p4} is b-closed, but not gbA-closed and {pl,pz,pg} is gbA-closed, but not b-closed.

The following example shows that union of two gbA-closed sets in a topological space is not neces-
sarily a gbA-closed set.

Example 18. Let X = {p1>p27p37p47p5} and 7 = {®7 {p1}7{p2}>{php?}a{p27p3}a{p17p27p3}7

{pz,ps,m},{pl,p2,p3,p4},{p27p37p4>p5}7X}- Let A = {p1,p2} and B = {p1,pa,p5}. Then A,
being an open set, is gbA-closed in X and B, being a closed set, is gbA-closed in X. Now, AU B =
{pl,pg,p4,p5} and Ker(AU B)NCI(AUB) = X # AU B. Therefore AU B is not A-closed in X.
Moreover, AU B is b-open in X. Hence by Theorem 5, it follows that A U B is not gbA-closed in X.

In a topological space, the intersection of two gbA-closed sets is not necessarily a gbA-closed set
which is followed by the following

Example 19. Let X = {plapZapBapéhpS} and 7 = {®7 {pl}u {p27p3}7 {p17p27p3}7 {p27p37p47p5}7X}'

Let A = {pl,pg,p4,p5} and B = {pg,pg,p4,p5}. Then A is not A-closed in X and the only A-closed
set containing A is X. Therefore Cl)(A) = X, where X is the only b-open set containing X. So, A is
gbA-closed in X and B, being open, is gbA-closed in X. Now, AN B = {pg,p4,p5} is b-open, but not
A-closed. Hence by Theorem 5, it follows that A N B is not gbA-closed in X.

Thus the collection C9%A(7) for a topological space 7 does not form a topology on X, in general.

4. APPLICATIONS OF b-OPEN SETS AS A KERNEL

Theorem 20. Let 1) be a topological space and A C X. If A € C9° (1), then F ¢ Cl\(A) \ A, where
@ #FeC(r).
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Proof. If possible, suppose that F' is a non-empty closed set such that FF C Cliy(A) \ A. Then
A C X\ F. Since A is gbA-closed and X \ F' is b-open, Cly(A) C X \ F' which implies F' C X \ Clx(A).
Moreover, F' C Cly(A). Hence F C (X \ Cl\(A)) N Cl\(A), proving that F = @, a contradiction.
Hence Cl)(A) \ A does not contain any non-empty closed set. O

If Cl5(A)\ A does not contain any non-empty closed set, then it is not necessary that A € C9**(r).

Example 21. Let X = {ky,ky, ks, ks, b5} and 7 = {@,{kl},{kg,kg},{kl,kQ,kg},X}. Let A —

{kg} Then Cly(A {k‘g, kg} and hence Cl(A)\ A = {k‘3} which does not contain any non-empty
closed set. Now, Ker( YN CI(A) = {k‘g, kg} # A implies that A is not A-closed, where A is b-open.
Therefore by Theorem 5, it follows that A is not gbA-closed.

Theorem 22. Let 1) be a topological space and A C X. If A € CI(7), then T ¢ Ci\(A) \ A, where
@#TeCT).

Proof. If possible, suppose that @ # T € C?(7) such that T C Cl5(A) \ A. Then A C X \ T. Since
A is gbA-closed and X \ T is b-open, Cly(A) € X \ T which implies T C X \ CI5(A). Moreover,
T C CIy(A). Hence T C (X \ Cl\(A)) N Clx(A), proving that T = @, a contradiction. Hence
Clx(A) \ A does not contain any non-empty semi-closed set. O

The converse of Theorem 22 need not hold, in general.

Example 23. Let X = {ky, ks, ks, ka, b5} and 7 = {@,{kl},{kz,kg},{kl,kg,kg},X}. Let A —
{k2}. Then Clx(A) = {k2,ks} and hence Clx(A) \ A = {ks} which does not contain any non-empty
semi-closed set, but A is not gbA-closed.

Theorem 24. Let 7 be a topological space and A C X. If A € C9*N (1), then T ¢ CI\(A) \ A, where
@+ T e Ct).

Proof. The proof is straightforward. O

The following example shows that the converse of Theorem 24 is not true, in general.

Example 25. Let X = {kl,kg,kg,k4,ki5} ande{Q {k‘1},{k27k3},{k1,k2,/€3},{k27k3,k4,k5},X}-

Let A = {k4} Then Cl)(A4) = {k4,k5} and hence Cl)\(4)\ A = {k5} which does not contain any
non-empty b-closed set, but A is not gbA-closed.

Theorem 26. Let n be a topological space. Then for each x € X, either {l’} € 1) or X'\ {x} €
C9%M (7).

Proof. Suppose that {z} ¢ C*(7). Then X \ {z} ¢ O"(X). Since X is the only b-open set containing
X\ {z}, Clx(X \ {z}) € X. Hence X \ {z} € C9"(7). Thus either {z} € C’(7) or X \ {z} €
C9%M (7). 0

For the next result, we recall that a topological space n is Hausdorff (or T5) if and only if for each
pair of distinct points x and y of X, there exist U, V € T such that t € U,y € Vand UNV = 2.
In this context, a topological space 7 is called a Tj-space if every singleton set is closed in n. It is
obvious that every Hausdorff space is a Ti-space.

Theorem 27. Let 1 be a topological space in which each one-point set is closed. Then CM(7) =
CI%N (7).

Proof. Let A be a gbA-closed subset of X. If possible, let A be not A-closed. Then Cly(A) \ A is
non-empty. Let z € Cl5(A)\ A. Since {z} is closed, Cl5(A)\ A contains a non-empty closed set {z}
which leads towards a contradiction, by Theorem 20. Hence A is A-closed. Therefore C*(7) 2 C9%A(7).
Moreover, C* (1) C C9°2 (7). Hence the result follows. a

Corollary 28. In a Hausdorff space (and hence Ty -space) n, CMN1) = C9% (7).
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Definition 29 ([12]). A topological space 7 is called a Ty -space if every generalised closed subset of
X is closed.

Proposition 30 ([2]). For a topological space 7, the followings are equivalent:
(1) X is a T';-space;
(2) every subset of X is A-closed.

Theorem 31. Let ) be a Ty -space. Then for each A C X, A € C9 (7).
Proof. The proof immediately follows from Proposition 30 and Theorem 3. O

Definition 32 ([2]). A topological space 7 is said to be a T'1-space if for every finite subset F' of X

and every y ¢ F', there exists a set A, containing F' and disjoint from {y} such that A, is either open
or closed.

Proposition 33 ([2]). For a topological space 7, the followings are equivalent:
(1) X is a T -space;
(2) every finite subset of X is A-closed.

Theorem 34. Let n be a T% -space. Then for any finite subset A of X, A € C9*(r).

Proof. Follows immediately from Proposition 33 and Theorem 3. g
Theorem 35. Let 1 be a Ty-space. Then C9(7) C C9%A (7).

Proof. Follows from Theorem 6 and the following O
Theorem 36 ([6]). Let n be a Ty-space. Then C9(7) C O(1).

Definition 37 ([7]). A topological space 7 is said to be a door space if every subset of X is either
open or closed.

Theorem 38. Let ) be a door space. Then C9%*(7) = P(X), a power set of X.

Proof. Let A be a subset of a topological space 1. Then A is either open or closed in 7. Hence A is
gbA-closed, by Theorem 6 and Theorem 8. O

For a reason of the converse of Theorem 38, the following example is interesting.

Example 39. Let X = {k;, ky, ks, ks } and 7 = {@, {ka Y, (o}, {, ko, {Roa, ooy s ), (e, kz,k4},X}.
By Theorems 6 and 8, it follows that every open and closed subset of X is gbA-closed. Now, the only
subsets of X which are neither open, nor closed, are {kl, kg}, {kl, k4}, {kg, kg} and {kg, k4} which
are A-closed and hence are gbA-closed (from Theorem 3). Therefore every subset of X is gbA-closed,
but X is not a door space.

However, in a partition space, the following theorem holds.
Theorem 40. Let 7 be a partition space. Then C9°* (1) C C9(7).

Proof. Let A be a gbA-closed subset of a partition space X and A C U, where U is open. Then
Clx(A) C U, since U is b-open and A is gbA-closed. Since in a partition space, Cl(A) = Cl(A) and
hence CI(A) C U. Consequently, A is g-closed. O

Theorem 41. Let ) be a topological space and A be a gbA-closed subset of X. Then A € CMN(7) if
and only if Clx(A)\ A € C(7).

Proof. Let A be a A-closed subset of X. Since A is A-closed, Cly(A) = A which implies that
CIx(A)\ A = @, a closed set. Conversely, let A be a gbA-closed subset of X such that Cly(A) \ 4 is
closed. Since A is gbA-closed, Cly(A) \ A contains no non-empty closed subset of X, by Theorem 20.
Since Cly(A) \ A is closed, we must have Clx(A) \ A = @. Therefore Cl5(A) = A and, consequently,
A is A-closed. O
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Theorem 42. Let n be a topological space. If C9%M(1) C CA(1), then for each x € X, either
{z} € C¥(7) or {z} € OMNX).

Proof. If {z} ¢ C(7), then X \ {z} ¢ O"(X). Now, the only b-open set containing X \ {z} is X.
Moreover, Cly (X\ {:z:}) C X. So, X'\ {x} is gbA-closed and by the hypothesis, X \ {:17} is A-closed.
Therefore {:z:} is A-open. Hence for each x € X, {z} is either b-closed or A-open. O

For the next result, we need the following theorem from [4].

Theorem 43. Let n be a topological space and {Ai 11 € A} be an arbitrary collection of A-closed sets.
Then N A; € CA(7).
i

Theorem 44. Let 1 be a topological space and A, F C X. Then for A € O*(X) N C9\(1) and
F e CMT), ANF € 0%\ (7).

Proof. Since A is b-open and gbA-closed, by Theorem 5, we have A is A-closed. Then by Theorem 43,
we get AN F is A-closed. Hence by Theorem 3, it follows that A N F' is gbA-closed. 0

Theorem 45. Let 1 be a topological space and A C X. Then for A € C9% (1), Clb({x}) NA#g,
for every x € Cl\(A).

Proof. If possible, suppose that Clb({:r}) NA = @ for some z € Cl5\(A). Then A C X\ Clb({x}),
where X \ Cl,({z}) is b-open in X. Therefore Cl5(A4) € X \ Cly({z}). Thus = € CI5(A) implies
z ¢ Cly({x}), which is a contradiction. Hence Cl,,({z}) N A # & for every z € Cl5(A). O

Theorem 46. For a topological space 1, the following statements are equivalent:
(1) O°(X) € C*(r);
(2) P(X) C C9 (7).

Proof. (1) implies (2): Let A be a subset of X and A C U, where U is b-open in X. Then Cly(A) C
Cl,(U). Since by the hypothesis, U is A-closed, Cl5(U) = U. Therefore Cl5(A) C U and hence A is
gbA-closed.

(2) implies (1): Let A be b-open in X. By the assumption, A is gbA-closed. Then by Theorem 5,
A is A-closed. O

Theorem 47. Let 1 be a topological space. Let A, B € C9° (1) with D(A) C Dx(A) and D(B) C
Dx(B). Then AU B € C9%7 (7).

Proof. We know that Dy(A) C D(A) and Dx(B) C D(B). Therefore D(A) = Dyx(A) and D(B) =
Dy (B). Now, Cl(A) = D(A)UA = Dy\(A)U A = CIix(A). Similarly, CI(B) = CI\(B). Now, let
AUB CU, where U is b-open. Then A C U and B C U. This implies Cly(A) C U and CI\(B) CU

as A and B are gbA-closed. Now, CI\(AUB) C CI(AUB) = CI(A)UCI(B) = Cix(A)UCIl\(B) CU.
Hence A U B is gbA-closed. O

Following theorem is a characterization of gbA-closed sets.

Theorem 48. Let 1) be a topological space and A C X. Then A € C9 (1) if and only if Clx(A) C
Kery(A).

Proof. Suppose that A is gbA-closed in X. If possible, let © € Cl\(A) but = ¢ Kery(A). Then z ¢ G
for some b-open set G O A. Since A is gbA-closed, Cl\(A) C G implies z € G, we have a contradiction.
Hence Cly(A) C Kerp(A).

Conversely, let A be a subset of X such that Cly(A4) C Kery(A) and A C U, where U is b-open.
Then Kery(A) C U. So, Cix(A) CU. Hence A is gbA-closed in X. O

Theorem 49. Let ) be a topological space. Let A and B be two subsets of X such that A € C9%) (1)
and A C B C Cl\(A). Then B € C9(7).
Proof. Let B C U, where U is b-open. Now, A C B C U implies A C U, where U is b-open. Since A

gbA-closed, Cl\(A) C U. By the hypothesis, B C Clx(A) implies Cl\(B) C Cl, (CZA(A)) =CI\(A) C
U. Hence B is a gbA-closed set. O
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5. COMPLEMENT OF gbA-CLOSED SET
Throughout this section, we study the complement of gbA-closed sets.

Definition 50. Let 1 be a topological space and A C X. A is said to be gbA-open if X \ A € C9*2 (7).
Equivalently, a subset A of a topological space 7 is said to be gbA-open if Inty(A) D F, whenever
ADF and F € C*(7).

The collection of all gbA-open sets in a topological space 7 is denoted as OgbA(X ).

Theorem 51. Let 7 be a topological space and A C X. Then A € O (X) if and only if Inty(A) D F
whenever AD F and F € C°(1).

Proof. Suppose that A is gbA-open in X. Suppose A D F, where F is b-closed. Then X\ A C X\ F,
where X \ A is gbA-closed and X \ F is b-open. Therefore Cly(X \ A) € X \ F and hence F C
X\CIX\A) =Inty(A). Thus Inty(A) D F.

Conversely, let Inty(A) D F, where A D F and F is b-closed. Then X\ A C X\ F and X \Inty(A4) C
X \ F, whence Cl5\(X \ A) C X \ F. Therefore X \ A is gbA-closed and A is gbA-open. O

Theorem 52. Let 1) be a topological space. Then O X) C 09 M(X).

Proof. Let A be A-open. Then X \ A is A-closed. Since every A-closed set is gbA-closed, X \ A is
gbA-closed and hence A is gbA-open in X. O

Theorem 53. Let 1) be a topological space. Then 7 C O (X).

Proof. Let A be open. Then X \ A is closed. Therefore X \ A is A-closed. So, X \ A is gbA-closed, by
Theorem 3. Hence A € O9A(X). O

The converse of Theorem 53 is not necessarily true.
Example 54. Let X = {kl,]fg,k3,k4,]€5} and 7 = {@,{k‘l},{kz},{kl,kg},{kz,kg},{k17k2,k3},
{k27k3,k4}, {kl,kg,k37k4}, {]{Zg,k3,k47k’5}7X}. Then {kl,kg)} and {k17k2,k4,/€5} are gbA-open but

none of them is open.

Theorem 55. Let 1) be a topological space. Then C(1) C O9M(X).

Proof. Let A€ C(7). Then X \ A € 7 C C*1) C C9(7). Therefore A € O (X). O
For the converse of Theorem 55, we consider the following

Example 56. Let X = {kl,kg,kg,k4,k5} and 7 = {@,{kl},{kg},{kl,kQ},{kg,kg},{kl,kg,kg},

{k27k37k4}7{k13k27k37k4},{k27k33k47k5}7X}' Then {klakQ}a {k27k37k4} and {k17k27k3;k5} are
gbA-open, but none of them is closed.

Theorem 57. Let 1 be a topological space and A C X. Then for A € C*(7)N O (X), A€ OMX

).
Proof. Since A is gbA-open and A C A, where A is b-closed, so A C Inty(A). Therefore X \ Inty(A) C
X\ A. This implies Cl5(X\ A) C X\ A. Moreover X \ A C Clx(X\ A). Therefore Ciy(X\A) = X\A
and consequently, X \ A is A-closed. Hence A € O*(X). O

Theorem 58. Let 1 be a topological space and A € O9N(X). Then for Intx(A) C B C A, B
09"\ (X).

Proof. Inty(A) € B C A implies X \ A C X \ B C X \ Inty(4) = CI\(X \ A), where X \ A is
gbA-closed. Therefore X \ B is gbA-closed in X, by Theorem 49. Hence B is gbA-open. O

m

Theorem 59. Let i be a topological space. Let A € O9MX) and G € O(X) with Inty(A)U
(X\A)C G. ThenG=X.
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Proof. Inty(A) U (X \ A) C G implies X \ G C ((X \ Inty(4)) N A = CIy(X \ A) \ (X \ A). Since
X\ Ais gbA-closed, Clx(X\ A)\ (X \ A) does not contain any non-empty b-closed set, by Theorem 24.
Since X \ G C CI (X \ A) \ (X \ A), we must have X \ G = @. Hence G = X. O

Theorem 60. Let ) be a topological space and A C X. Then for A € CIA(1), Clx(A)\ A € 09} (X).

Proof. Let F C Clx(A) \ A, where F is b-closed. Since A is gbA-closed, Clx(A) \ A does not contain
any non-empty b-closed subset, by Theorem 24. Therefore F' = &. So, @ = F C Int)(CIx(A) \ A).
Therefore Cly(A) \ A is gbA-open. O

Theorem 61. Let 1) be a door space. Then P(X) C 091 (X).

Proof. Let A be a subset of a door space 7. Since every subset in a door space is either open or closed,
A is either open or closed. Therefore by Theorem 53 or 55, we have A is gbA-open in X. 0

We consider the following example to show that the converse of Theorem 61 is not true, in general.

Example 62. Consider the topological space in Example 39. In this space, every subset is gbA-closed
and hence gbA-open, but the space is not a door space.

Theorem 63. Let n be a topological space. Then for each x € X, either {x} € C7) or {x} €
O9%M(7).

Proof. Suppose that {z} ¢ C®(7). Then X \ {z} ¢ O"(X). Since X is the only b-open set containing
X\ {z}, Cl\(X \ {2}) € X. Hence X \ {z} € C9%(r) implies {z} € O9*(r). Hence either
{z} € C¥(r) or {z} € O (7). O
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