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CONSEQUENCE OF THERMOPHORESIS AND BROWNIAN MOTION ON

THREE-DIMENSIONAL MAGNETOHYDRODYNAMIC CASSON NANO-FLUID

FLOW WITH HEAT TRANSFER ANALYSIS

AAQIB MAJEED1∗, AHMAD ZEESHAN2, SAJJAD ALI3 AND FARZAN MAJEED NOORI4

Abstract. This paper investigates 3D chemically reactive magnetohydrodynamics (MHD) non-

Newtonian Casson nano-fluid flow towards a stretchable porous surface. The effects of thermal
radiation and Biot number on heat and mass transfer phenomena have also been examined. The

well-known classical Navier-Stokes problem is modelled, and similarity functions are utilized to con-

vert the nonlinear system of partial differential equations (PDEs) into ordinary differential equations
(ODEs). Numerical illuminations are obtained with the help of MATLAB using a boundary value

solver. The influence of dimensionless convergence flow parameters like nano-particle concentra-

tion, Lewis number, heat generation parameter, magnetic parameter, Casson fluid factor, Brownian
motion parameter, chemical reaction rate, stretching ratio parameter, Prandtl number on velocity,

temperature and concentration fields along with the heat transfer rate and friction factor and Sher-

wood numbers are beautifully tackled with the aid of tables and graphs. The essential outcomes
indicate that enhancement is seen in concentration and temperature profiles by increasing the ve-

locity slip parameter, whereas increment in stretching rate parameter decrement is perceived both

in concentration and in temperature profiles.

1. Introduction

Nanotechnology has recently received a lot of attention, attracting many researchers and scientists
due to its numerous applications in business and medicine, such as ceramics and drug delivery. Choi [2]
was the forerunner in developing a magnificent and new process involving nanoparticles and the base
fluid. For the sake of modern heat transfer fluids that are far more efficient from an energy-saving
and environmental-cleaning standpoint, higher thermal conductivities are desirable. Nanofluid is a
particular sort of medium for heat transfer consisting of nanoparticles of size about less than 100 nm,
which are spread constantly and steadily in a fluid with a base like oil water-glycol and ethylene. The
most frequently used nanoparticles are Al, Ti , Ag, Cu and their oxides to improve the nanoparticle
thermal conductivity as well as convection and conduction coefficient taking, considering extra heat
transference. Because of the linear stretching surface, Makinde et al. [14] investigated non-isothermal
boundary layer nano-fluid fluid. The heat transfer properties for nano-fluid flow in the channel by
considering two types of mixture models were stated by Sheikholeslami et al. [26]. Goodarzi et
al. [7] recorded nano-fluids flow in a narrow cavity channel for laminar and turbulent cases. The flow
for multiphase convection nano-fluid underneath the narrow transverse channel by using modified
Buongiorno’s model was proposed by Malvandi et al. [15].

The rheology of non-Newtonian fluids has got a lot of interest in the sciences and bioengineering
because of their wide range of applications in food processing, metallurgy, drilling operations, the
abstraction of basic oil from petroleum products, geophysics, and clay coating. Casson fluid has
gained a lot of attention among non-Newtonian fluids because of its numerous uses in penetrating
activities, nutrition control, and bio-engineering missions. Due to the boundless viscosity, Casson
fluid is considered as diminishing fluid at a rate of zero. It yields stress beneath due to which no flow
appears. The importance of non-Newtonian fluid, including conventional cushy stress, has directed
many concepts of the present growth [4, 21]. In this discussion of non-Newtonian fluid, Casson fluid
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has gained high importance in scientific and engineering areas. Casson presented his model for the
viscoelastic fluid flow in 1995. Reddy [23] investigated a non-Newtonian unsteady fluid flow through
a stretched plate. The non-Newtonian fluid flow under the influence of uniform temperature was
studied by Khalid et al. [9]. Nazar et al. [20] and Ishak et al. [8] contributed to a stagnation point
flow discussion over a stretching sheet. Khan et al. [11] implemented a power-law model for mixed
convection flow and heat analysis of third-grade nano-fluid over a vertical heated surface. Ibrahim et
al. [17] analyzed the MHD Casson nano-fluid flow through a stagnation point and analyzed that the
viscosity of thermal boundary layers increased with increment in the slip factor.

Rashidi et al. [22] instigated that nano-fluid dynamic for an isothermal elongation sheet and special
effects of transpiration by implementing the homotopy analysis method (HAM). Rahimi and Freidoon-
imehr [6] discussed the MHD nano-fluid flow past through a stretched surface by instigating partial
slip effects. Tian et al. [27] established a scheme using a variant of Prandtl number model to improve
the numerical model for the case of a super pressure fluid. Bukhari et al. [10] investigated MHD
third-grade fluid flow over a stretching sheet under the influence of variable reactive index. Recently,
Nadeem et al. [18] considered MHD boundary layer flow of Casson fluid past a linear stretching sheet.
Esfe et al. [5] applied various intelligence artificial methods to estimate the viscosity of Tio2/SAE 50
nano lubricants with Power-law models. The performance of hybrid nano-fluid with a specific discus-
sion on thermo-physical, synthesis methodologies, histology, current position and some other salient
features was discussed by Baber and Ali [1]. Manasrah et al. [16] engrossed in the development of
constituents founded at the nanoparticles. Some recent investigations relate to the non-Newtonian
fluid are discussed in [13,25]. Kilicman et al. [12] found ODEs of non-isothermal fluid transfer solution
using a homotopy perturbation method. Nadeem et al. [19] analyzed radiative Jeffery fluid flow over
an exponentially stretching sheet with prescribed boundary conditions.

From the above literature reviews, a lot of work is still present on the nano-fluid, so we expressed
a strong desire to investigate the three-dimensional magnetohydrodynamic flow of Casson nano-fluid
flow towards a stretching surface in the presence of thermophoresis, Brownian motion, and the impact
of nanoparticle concentration. Numeric simulation with the bvp4c function in MATLAB was used
to solve the resulting system of ODEs connected with the problem. Furthermore, the effects of non-
dimensional flow parameters on velocity, temperature, concentration profiles, Nusselt number, skin
friction, and Sherwood number are discussed using graphs and tables.

2. Mathematical Formulation of the Problem

In this section, we consider 3D incompressible Casson fluidic problem on the boundary layer segment
using heat transfer and thermal radiation effect. The domain z > 0 occupies the flow, and the sheet
has a fixed origin and is stretched in two directions. The u = ax and v = by are the respective velocities
along with the axial and transverse directions. The geometrical model problem is demonstrated in
Figure 1. Here, u, v and w indicate the velocity components in three lateral x, y and z directions.
Tf and T∞ indicate the surface and ambient temperatures. Furthermore, CW and C∞ represent
nanoparticles concentration and the ambient concentration of the problem, respectively. By applying
the boundary layer approximation, the governing equations are given as [17,18]:
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The corresponding boundary conditions are [18]:

u = Uw = ax, u = axf ′(η), v = ayg′(η), w = −
√
νa (f (η) + g (η)) ,

φ (η) =
C − C∞
Cw − C∞

, θ (η) =
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.
(6)

The modelled equations (1), (2), (3), (4), (5), (6) and the associated boundary relation take the
dimensionless form by using the similarity transformation(
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The respective boundary conditions are:

f (η) = 0, f ′ (η) = 1, g (η) , g′ (η) = c, θ′(0) = −Bi (1 + θ(0)) , φ(0) = 1,
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Figure 1. Physical sketch of the problem.
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3. Solution Methodology

In the recent demonstration, a well-known sophisticated numerical scheme called boundary value
problem solver bvp4c is employed to solve the system of highly nonlinear equations (7), (8), (9), (10)
with the boundary condition (11). The domain [0, η∞] is considered for the proposed problem. The
value of the η∞ = 8 has been chosen throughout the article. To get the first order ODEs system, we
use the notation y1 = f, y4 = g, y7 = θ, y9 = φ.
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Here, p, q, r and t are the missing initial conditions.

4. Results and Discussions

In this section, we have analyzed the velocity profiles f ′ (η) and g′ (η) for different physical param-
eters such as Casson fluidic parameter β, magnetic parameter M , porosity parameter λ, nanoparticle
concentration C, thermophoresis parameter Nt, Lewis number Le, Brownian motion parameter Nb,
radiation parameter Nr and chemical reaction factor χ. Table 1 validates that the present results of
skin friction coefficients, which shows a superb accuracy with those achieved by Nadeem et al. [18]
with the absence of both porosity parameter λ and Casson fluid parameter β. Table 2 shows the heat
transfer rate increases by enhancing the value of the physical parameters Nb, Pr and Bi while quite
diverse behavior is noted for Nr and χ.

Table 1. Calculated values of skin frications f ′′ (0) and g′′ (0).

c = 0 c = 0.5 c = 1
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f ′′ (0) -

(
1 + 1

β

)
g′′ (0) -

(
1 + 1
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)
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0 1000 0 1.00049 [19] -1.09363 [19] 0.46543 [19] -1017430 [19]
0 5 0 1.09544 1.19742 0.50960 1.28574
0 1 0 1.41422 1.54587 0.65790 1.65988
0 1 0.5 1.73205 1.83608 0.82283 1.93155
0 1 1 1.99999 2.08845 0.96138 2.17180
10 100000000 0 3.31662 [19] 3.34202 [19] 1.64588 [19] 3.36721 [19]
10 5 0 3.63318 3.66100 1.80297 3.68859
10 1 0 4.69041 4.72634 2.32764 4.76198
10 1 0.5 4.79583 4.83095 2.38072 4.86580
10 1 1 4.89897 4.93334 2.43265 4.96745
100 100000000 0 10.04987 [19] 10.05817 [19] 5.02079 [19] 10.06646 [19]
100 5 0 11.00908 11.01817 5.50000 11.02726
100 1 0 14.21267 14.224397 7.10046 14.23611
100 1 0.5 14.24780 14.25950 7.11804 14.27119
100 1 1 14.28285 14.29452 7.13552 14.30618
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Table 2. Calculated values of Nusselt number–θ′(0) and Sherwood number–φ′(0)
for different parameters.

M Nr Pr Nb Nt Le χ λ Bi –θ′(0) –φ′(0)

0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.4143701 0.414370
0.5 0.4143701 0.061632
1.0 0.4143701 0.061632

0.3 0.3887338 0.034847
0.5 0.3679027 0.013463
0.7 0.3504527 0.004169

1.5 0.3987212 0.045223
2.0 0.4338778 0.082334
2.5 0.4614280 0.112004

0.08 0.4625572 0.112004
0.06 0.4636843 0.356605
0.04 0.4648090 0.662346

0.03 0.4665408 0.026196
0.05 0.4660475 0.208651
0.07 0.4655530 0.390549

0.2 0.4640750 0.220643
0.3 0.4630327 0.094268
0.4 0.4622297 0.008461

0.3 0.4617116 0.109761
0.5 0.4612668 0.200081
0.7 0.4608786 0.281824

0.4 0.4608786 0.281824
0.7 0.4608786 0.281824
1.0 0.4608786 0.281824

1.5 0.5436251 0.206841
2.0 0.5970751 0.158550
2.5 0.6344249 0.124873

The effects of magnetic parameter M for each velocity components (f ′, g′) on temperature θ and
concentration φ profiles are displayed in Figures 2, 3, 4 and 5. For electric conduction to inflict the
magnetic parameter M , a drag force or resistive force known as Lorentz force exist. This force has a
tendency to slow down the speed of the flowing fluid. Decreasing in the velocity profiles are seemed by
increasing the magnetic factor M along the x− and y-direction. The Lorentz force mentioned above
affects the magnetic parameter; M works like a proxy in the fluid flow resistance. Also, changing the
value M , change is seen in the Lorentz force, and decreasing is seen in both velocity profiles. Also,
changing the value of M , we can notice changes in the concentration profile, boundary layer wideness,
and species boundary layer. The obtained results clearly show that the magnetic parameter M is
in the transverse track with marvels of conveyance. This is the critical remark that the enormous
hurdles in the flow of fluid particles cause heat generation. As a result, an increase is noticed when
the magnetic field is enlarged. Figures 6 and 7 epitomize the behaviour of non-Newtonian parameter
β on the both velocity profiles f ′(η) and g′(η). From figure, it is examined that with increment in
β, it yields confrontation in the flow field. So, for higher values of β, the boundary layer wideness
and the amount of velocity profiles f ′(η) and g′(η) decreased. Indefinitely, with the increment in
non-Newtonian parameter β the recent phenomena condense to Newtonian fluid. From Figure 8,
it can observed that for increasing non-Newtonian parameter will increase the concentration profile.
Figure 9 shows that the temperature profiles increase as thermal radiation increases, and because the
effect of Nr is to enhance heat transfer, the thermal boundary layer thickness increases with thermal
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radiation. Figure 10 shows the influence of thermophoresis parameter Nt against the temperature
distribution. For large values of Nt, the molecules start movements from hot to the cooler surface. As
a result, an improvement is recorded in the boundary layer wideness, which leads to an increase in the
temperature profile. The graphical impact of the parameter Le on the concentration of fluid particles
is reflected in Figure 11. Le represents the relation between influence of the rate of thermal and
species diffusions in the region along the boundary layer. To increase the parameter Le, the boundary
layer region involving species are crippled and the temperature profile gets elevated. Figures 12, 13
show the relationship between nanoparticle concentration C, and the velocity profile f ′(η) and the
concentration profile are discussed. By increasing the concentration profile C, the increment in velocity
profile along the x-direction is shown in the figure, whereas the opposite behaviour is shown in the
concentration profile, i.e., by increasing the nano-particle concentration C, the concentration profile
decreased. Figure 14 provides the influence of chemical reaction factor on concentration profile. By
increasing the chemical reaction factor, decrement is exposed in the concentration profile. Figures 15,
16, 17, 18 elucidates the influence of porosity parameter on velocitie, temperature and concentration
profiles. From graphs it is seen that for increasing values of porosity parameter λ, the velocities in the
boundary layer decrease in both directions. The presence of porous media creates huge resistance to
fluid flow due to which there occur insignificant changes in the momentum boundary layer and hence
there appears provocative for the fluid temperature. Moreover, the boundary layer thickness also
decreases for higher values of λ, whereas opposite trend is noted for temperature and concentration
profiles.
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Figure 2. Inspiration of M on f ′(η).
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Figure 3. Inspiration of M on g′(η).

0 1 2 3 4 5 6 7 8
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

η

θ
(η
)

M=0
M=1
M=3

Pr=0.72, Nr = 0.1, Nb = 0.1, Nt = 0.1,
β= 3, Le = 2, λ = 0.1, c = 2, Bi = 0.1,
 χ = 0.1, Q =0.1,

Figure 4. Inspiration of M on θ(η).



64 A. MAJEED, A. ZEESHAN, S. ALI AND F. M. NOORI

0 1 2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

η

φ
(η
)

M=0
M=1
M=3

Pr=0.72, Nr = 0.1, Nb = 0.1, Nt = 0.1,
β= 3, Le = 2, λ = 0.1, c = 2, Bi = 0.1,
 χ = 0.1, Q =0.1,

Figure 5. Inspiration of M on φ(η).
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Figure 6. Inspiration of β on f ′(η).



EFFECTS OF THERMOPHORESIS AND BROWNIAN MOTION ON 3D NANO-FLUID 65

0 1 2 3 4 5 6 7 8
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

η

g
′
(η
)

β=0.1
β=0.3
β=0.5

Pr=0.72, Nr = 0.1, Nb = 0.1, Nt = 0.1,
M=0.1, Le = 2, λ = 0.1, c = 2, Bi = 0.1,
 χ = 0.1, Q =0.1,

Figure 7. Inspiration of β on g′(η).
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Figure 8. Inspiration of β on φ(η).
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Figure 9. Inspiration of Nr on θ(η).
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Figure 10. Inspiration of Nt on θ(η).



EFFECTS OF THERMOPHORESIS AND BROWNIAN MOTION ON 3D NANO-FLUID 67

0 1 2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

η

φ
(η
)

Le=1.0
Le=1.5
Le=2.0

Pr=0.72, Nr = 0.1, Nb = 0.1, Nt = 0.1,
β= 3, M = 0.1, λ = 0.1, c = 2, Bi = 0.1,
 χ = 0.1, Q =0.1,

Figure 11. Inspiration of Le on φ(η).

0 1 2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

η

f
′
(η
)

Pr=0.72, Nr = 0.1, Nb = 0.1, Nt = 0.1,
β= 3, M = 0.1, λ = 0.1,  Bi = 0.1,
 χ = 0.1, Q =0.

C=1
C=1.5
C=2.0

Figure 12. Inspiration of C on f ′(η).
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Figure 13. Inspiration of C on φ(η).
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Figure 14. Inspiration of χ on φ(η).
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Figure 15. Inspiration of λ on f ′(η).
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Figure 16. Inspiration of λ on g′(η).
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Figure 17. Inspiration of λ on θ(η).

0 1 2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

η

φ
(η
)

λ=0
λ=1
λ=3

Pr=0.72, Nr = 0.1, Nb = 0.1, Nt =0.1,
β= 3, Le = 2, M = 0.1, c = 2, 
Bi =0.1,χ = 0.1, Q =0.

Figure 18. Inspiration of λ on φ(η).

5. Conclusion

In the recent article, three-dimensional MHD Casson liquid flow and heat transfer towards a
stretched surface with the aid of thermal radiation, Brownian motion, chemical reaction nanoparticle
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concentration have been verified pictorially. In addition, the proposed boundary layer equations are
solved numerically using MATLAB bvp4c function with shooting technique. The important findings
of the present study are outlined as:

• By increasing the magnetic parameter M , the velocity profiles decrease, and for concentration
profiles and temperature profiles, the opposite performance has been perceived.

• It is also noticed that the concentration profile reduces by raising the value of Le.
• An increment is noticed in temperature profiles by accelerating the radiation parameter, Nr

and thermophoresis parameter Nt.
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