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BOUNDARY-TRANSMISSION PROBLEMS OF THE
THERMO-PIEZO-ELECTRICITY THEORY WITHOUT ENERGY DISSIPATION

OTAR CHKADUAY2 AND ANIKA TOLORAIA?

Abstract. In the paper, we study Dirichlet, Neumann and mixed type interaction problems of
pseudo-oscillations between thermo-elastic and thermo-piezo-elastic bodies. The model under con-
sideration is based on the Green—Haghdi theory of thermo-piezo-electricity without energy dissi-
pation. This theory allows the thermal waves to propagate only with a finite speed. Using the
potential theory and the method of boundary pseudodifferential equations, we prove the existence
and uniqueness of solutions and analyze their smoothness.

1. INTRODUCTION

In this paper, we investigate the boundary-transmission problems, i.e., the Dirichlet, Neumann
and mixed type interaction problems of pseudo-oscillations between thermo-elastic and thermo-piezo-
elastic bodies. The model under consideration is based on the Green-Haghdi theory of thermo-piezo-
electricity without energy dissipation. This theory allows the thermal waves to propagate only with
a finite speed.

Other models of thermo-piezo-electricity, in particular, Foigt and Mindlin’s model is well known.
Our model is refined, it takes into account microrotation and microstretch of a particle.

Almost complete historical and bibliographical notes in this direction can be found in [14], where
the dynamical equations of the thermo-piezo-electricity without energy dissipation are derived on the
basis of the GreenNaghdi theory established in [11,12] and Eringen’s results obtained in [7,8]. In
the present paper, we consider the pseudo-oscillation equations obtained by the Laplace transform
from the dynamical equations derived by Iean in [14] for homogeneous isotropic solids possessing
thermo-piezo-electricity properties without energy dissipation.

Using the potential theory and the method of boundary pseudodifferential equations, we prove the
existence and uniqueness theorems of solutions in appropriate function spaces. We prove regularity
results of the Dirichlet and Neumann boundary-transmission problems. Further, we analyze regularity
of solutions of mixed boundary-transmission problem near the exceptional curve, where different type
boundary conditions collide. This regularity of solutions depends on the material constants and does
not depend on the geometry of the exceptional curve. If these constants meet certain conditions, then
the smoothness of solutions is C'2 (see [2-6]).

2. THERMO-ELASTIC FIELD EQUATIONS AND THERMO-PIEZO-ELASTIC FIELD EQUATIONS
WITHOUT ENERGY DISSIPATION

The model under consideration is based on the Green-Haghdi theory of thermo-piezo-electricity
without energy dissipation.

Consider disjoint bounded domains €7 and €5 in the Euclidean space R? with sufficiently smooth
boundaries 99y = S; and 90 = S1US2 (S1NSe = &). Throughout the paper n = (n1,n2,n3) stands
for the exterior unit normal vector to 93 = S; and vector v = (vq,v9,v3) is exterior unit normal
vector to 99 = S1 U Ss.

Suppose the domain 2 is filled with a homogeneous thermo-elastic material, then the system of
governing differential equations of pseudo-oscillations with respect to the sought vector function U =
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F1GURE 1. Composed body

(u™, 9N T where u") = (ugl),ug),ugl))T is the displacement vector and 9™ is the temperature,

has the following form (see [15]):

(D + >N A® + (AD 4 W) grad divu™® — TQplu(l)—Tﬁél) grad 9V :(Fl(l)7 2(1), F3(1))T7 (2.1)
EOAYD — 726090 — 280 giv ) = £V (2.2)

)

where (Fl(l), Fz(l)7 Fg(l))T is a mass force density, Fil) is a heat source density, p; is the mass density,
u(1)7 7A@ /3’(()1)7 kM and a(M) are the thermo-elastic constants satisfying the conditions

x>0, 2 42 >0, M 42,0 430D >0, kD >0, py >0, oV >0,
ﬂ((,l) >0, T=0+iw, 0 >09>0, weR
The stress operator for a homogeneous isotropic system of equations is defined as follows:

T(l) = T(l)(awvn’T) = [Ti(jl)(axvn’ 7-)]4><4

AD7,0; + p Doy + 65 (uD + 5V )ndilaxs,  [~765 nlsx1 .
[0]1x3 Vo, |,
We can write the above system (2.1)—(2.2) of equations for pseudo-oscillations of the theory of
homogeneous isotropic thermo-elasticity in the following matrix form:
AW (@, D = FO),

where UM = (v 9T 1) = (Fl(l), FQ(I)7 F3(1)7 F4(1))T, and A1) (9,, 7) is the 4-dimensional matrix
differential operator of the generalized thermo-elasticity:

A (9, 7) = [AD(9,,7)]

05 (A + uA + (AW + 10,0, — 72p16;5]3x3, —Tﬁél)[aﬂsm
~mB"[05)1x3 —7a® + kWA 4X4’

4x4

where §;; is the Kronecker delta.

The domain €25 is filled with a thermo-electro-elastic material. The corresponding system of differ-
ential equations of pseudo-oscillations with respect to the sought vector function U has the following
form (see [14]):

(1@ + %(2))6j3ju§2) +(\@ 4 M(Q))(‘?iajuf) - pQTQ’U/l(-Z) + %(2)€ijk8j¢](€2)
+ AP0, — 720,09 = —pofs, i=1,2,3, (2.3)
1
k(2)8j6j19(2) — 72¢y?) _ 7582)8ju§2) - Tcéz)gp@) + V£2)8j6j<p(2) — V§2)8j8jw(2) = T p2Q, (2.4)

’}/(2)8j8j¢§2) + (a(2) + 5(2))({9]81(1552) — T2[(()2)¢1(-2) + %(2)51‘]‘]@0]'11,]&2)
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—2:96% = _poX;, i=1,2,3, (2.5)

(a§79;0; — &6 )0 — j§ 720 = 2P 0;0,0@ + 179,00
+ 062)7'19(2) - ABQ)ajuf) = —po I, (2.6)
/\82)53.5].%0(2) + X@)a,aw(?) + ,/(2)5.3,19(2) =—f (2.7)
where U®?) = (u} 2 u; U 19(2) , 01 (2 ¢(2 ¢(2) 2 YT u? = (u g ) ug), (2))—r is the displace-

ment vector, 19(2) is the temperature, $? = (¢1 ,¢§2),¢§2))T is the vector of microrotation, (?)
is the microstretch, (? is the electric field potential, and (f1, f2, f3) is the external body force per
unit mass, @ is the external rate of supply of heat per unit mass, X; is the external body couple per
unit mass, F' is the microstretch body force, f is the density of free charge, Ty is the initial reference
temperature, €51 is the Levi-Civita symbol and ps is the mass density.

Due to the positiveness of internal energy, the coefficients of system (2.3)—(2.7) must satisfy the
following conditions:

2 >0, @ 4242 >0, %2 4243 323 >0,
P 4 2u® 4 30@) > 302,
7@ S 18O, @k — (D)2 >0, @ 44 1 3a@ >,
Y2 >0 a® >0 k@ >0 a? >0, aPH?-p?)>202)2
(v® = B2)ag k) — )] + 407 v - 2a? (157 ) = 26 (87)? > 0,
p2 >0, 12 >0, >0, 8% >o0.
Denote by

AP (9,,7) = (AP (8, 7)]oxo

the matrix differential operator generated by the left-hand side expressions in (2.3)—-(2.7),
A2 (0,,7) = 05 (1 + )30 + (AP + 1)8,0; — 72p2dy;,

= —1820;, AP 4(00,7) = — e,
- @’ai, AR (02,7) =0,

=880, AR 0u.7) = kD90, — 72a?,
=0, AP0, =200, -7, AP 0., 7) = P a0,
= —3@e0), Aiys4(0s,7) =0,
Y200+ () + 8)8,0; — (22 4+ 7217)6,5,
; AE-Z&-)4,9(8I7T) =0,
= 2205, AR (0., 7) =P80 + e,
0y, ) =0, AD(p,7) = al? 00y — (€ + 7255?),
= AP0, AL (0.7)=0, AF) (0. 7) = v 010,

A (00, 1) =0 AR (0s,7) = AV 0D, Ag(0s,7) = X P81, i, =1,2,3.

The stress differential operator of thermo-electro-elasticity is defined as follows:

TC) = T (@,,0,7) := [T (02, v, Tloxo,

Il
o o

(
(Ox
(
(
Az(-zr)4,j+4 (O, 7
(
(
(
(

where
T (00,0, 7) = X005 + 1P + 035 (0 + 5yndh, T (Or 1) = —75Pws,

ij
TiE§L4(8m, v, T) = 7%(2)51-%1/;6, Ti(;) (Op, v, T) = )\(()2)1/1-, Tiﬁj)(am v,7) =0,
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:—V§2)Vk8k, 1;+4J(8x,l/ 7') —0
(2)

= v e, Ty 4a(0ev,m) = a0 + P v0; + 657D v,

)
)
)
)
Op,V,T) = b( e i1 0n, Tiﬂ’g(am, v, T) = )\gz)slikylak,
) =0, Téi)(amz/, T) = Vl )10,
) —b((f)slikl/lak, T88 (Op, v, T) = aO ukak, Tg(9 (Op,v,T) = ,\§2>ukak,
)
)= —)\gz)sljkylﬁk, Tg(?(aw,v, T) = /\52)1/168;“
TS (00, v,7) = XPDvgdh, i,j=1,2,3.
The system of equations (2.3)—(2.7) can be written in a matrix form
D0y, VU =

where
0P = @?,uf? u 92, 6,657, 6P, 6@, @),

1 T
¢ = —(P2f1’/-72f2yﬂ2f3’ fﬂzQ’ p2X1,p2Xa, p2 X3, p2F, f)
0

and A®(9,,7) is the 9-dimensional matrix differential operator corresponding to system (2.3)(2.7).

3. FORMULATION OF BOUNDARY-TRANSMISSION PSEUDO-OSCILLATION PROBLEMS

By H* with s € R, we denote the Sobolev-Slobodetsky space. Let My be a smooth surface without
boundary. For a proper sub-manifold .# C .4, we denote by H®(.#) the subspace of H*(.4,),

H*(M)={g : g€ H* (M), suppg C M },
while H*(.#) stand for the space of restriction on .# of functions from H*(.#).

3.1. Formulation of the Dirichlet boundary-transmission problem (7D), of pseudo-osci-
llations. We are looking for a solution

U = @907 = @) e ()]
U = (u®,9@ @ @ yCYT = (4@, uf), (2 )’”.’uéQ))T € [H ()]
of the pseudo-oscillation equations
AV (0, UM =0 in Q,
AP (9, VU =0 in Q,
which satisfy on the surface S; the following transmission conditions:
{u§1)}+ {u (2)}+ f(l) on Sy, j=1.4,
(T8, v, 1) UDYF 4+ {T@ (0,0, NUD} = P on 81, j=T14, v=-n,

and the boundary conditions

W =Q®, j=579,
while on the surface Ss, the Dirichlet boundary conditions

{U(Q)}+ :p(2) on S,
where
fens(s), fPeH 3(8), j=14
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QP e HE(S1), j=5,9, p® e[H(S)).
3.2. Formulation of the Neumann boundary-transmission problem (T'N), of pseudo-osci-
llations. We are looking for a solution
v = @, 907 = @, i) e 1 @],
U® = (0@, 9@ @ @ 3T = (u(z),uf),uf), . v“s()Q))T € [H'(Q)]°

of the pseudo-oscillation equations
AN (@, 1) UN =0 in Q,
AP (0, Y UP =0 in Q,
which satisfy on the surface S; the following transmission conditions:
{U;l)}+ {U(Q)}+ f(l) on Sy, j=T1,4,
{TD (0, v, VUMDY + (TP (0,0, 1) UPY = fP on S1, j=T,4, v=-n,

and the boundary conditions

)y =Q, j=57,
while on the surface S, the Neumann boundary conditions

{T(Q)(&E,I/, T)U(2)}+ =q¢? on 9,
where
fVer (S), fPeH (S, j=T171
Q¥ e Hi(S1), j=59, ¢ e[H5(Sy))"

3.3. Formulation of the mixed boundary-transmission problem (TM), of pseudo-osci-
llations. We are looking for a solution

g — (u(1)719(1))'l' _ (u(l),uil))'l' e [H(Q1)],
U® = u®, 9@ 4@ @ p@)T = (4, ufl ) g ) u§2)) e [H'(2)]°
of the pseudo-oscillation equations
AN (@, 1) UM =0 in Q,
AP (0, 1\ UP =0 in Q,
which satisfy on the surface S7) the following transmission conditions:
{uél)}-&- {U(Q)}+ (1) on Sy, j=T1,4,
(T @0, v, NUDY +{TD (0, v, U = 1 on 81, j=T74,

and the boundary conditions

N
N
I
\
3

Py =0 on S5, j=59,
while on the surface Sy, the mixed boundary conditions
U@y =pf” on 557
{T(2)(8z71/7 7')U(2)}Jr = qéN) on S;N),
where
Sy =5 usiM, s stV =g,
b =087 =05 ec=, IV emi(S), [P eH 3(S), j
QP e H3(81), j=59, p” eHFSTP, oV elH *%<5<N’J
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4. UNIQUENESS THEOREMS FOR SOLUTIONS OF BOUNDARY-TRANSMISSION PROBLEMS OF
PSEUDO-OSCILLATIONS

Theorem 4.1. The boundary-transmission problems (T'D),; and (TN),; cannot have two different
solutions in the class of regular vector functions UM € [C%(2)]* N [CH ()4, UP € [C?(Q)])°
[CY(Q2)]° and also in the Sobolev space [H()]* x [H(22)]°.

Proof. Tt is sufficient to show that the homogeneous problems (T'D). and (T'N), have only the trivial
solution. Indeed, suppose (UM, U®?)) is a regular solution to the homogeneous problem (T'D), or
(TN),. Let us write Green’s formulas for the vector functions U(") and U in the domains ©; and
Qs, respectively:

/ A0, U .U Vg + / EOW®, T)dr = / {TOUMY (U Wyts, (4.1)
Q1
/A 2)(0,, 1)U . U(Q)dx—F/E@)(U(Q) Uz) de = / {TOUPYF . (U P Fds, (4.2)
Qo S1US>2
where

v = (u(l),ﬂ(l))T’ U@ — (u(2),19(2)’¢(2)7()0(2)71/,(2))T7
EO@WD TMY) = &u®, aM) + p;72[u®? — 78090 diva D + k1| grad 9V 2
+Tﬁél) divu®9 D 4 724D |19(1)|2,
EwM, 7y = (uV + D) grad u® 2 + (AL 4 1 D)| divu).

Here and in what follows, a - b denotes the scalar product of two, in general, complex-valued vectors

N
a'b:ZakEk, a,beCV.

k=1

Obviously, &(u™,zM) > 0,

E@U®, T®) = Bu®,17?) + 2iAPej m(0k 20,8, ) + 20A2 Tm(9;0@0;5>)
+2iu§2) Im(ajﬁ@)@j@@)) + 22’7’562) Im(aju?)ﬁ@)) + 22'7'0(()2) Im(go(2)19 )
+7-2(p2|u(2)|2 + 152)|¢(2)|2 +j(§2)|50(2)|2 + a(2)\19(2)|2);

here, B(u®, 7)) > 0 Vu® # 0 (for the definition of this form see [5] formula (2.19)).
Adding Green’s formulas (4.1) and (4.2) and taking into account the fact that (UM U®) is a
solution to the homogeneous transmission problem (7'D). or (T'N),, we get

/E§1>(U<1>,U<1>)dx+/E§2>(U<2>7U<2>)dx

/Z{T(l WyHT @ }+ds+/Z{T(2)U T P} ds

s, J=1 s, J=1
/Z (TOUDYF 1+ TOURYH) T @) Fds = 0.
s, J=1
Therefore we obtain
/E§1>(U“>,U(”)daz + /E£2>(U<2>,U(2))dx —0. (4.3)

Q
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Similarly we get (see [5])
/ EDWW TW)dg + / E@ WU TUP)dz =0, (4.4)
Q1 Q2
where
E@W® TU?) .= BOW® 7?) + 21’7@%2) Im(ajuf)ﬁ(”) + 2@'7'(:(()2) Im(<p(2)5(2))
+ 72 (palul? + 157161 + 567 [0 4+ a2 |9P). (4.5)
Now, let us take first the real part of equality (4.3), and then the imaginary part, where
T=0+4iw, 7°=(0%—-w?) +2iow, o>00>0, wcR.
Thus we obtain the following integral equalities:
/ {éa(u(l), uM) 4+ (02 — w?)py [uV|? — ZBél)wIm(E(l) divu™) + kW] grad 9V 2
(o5
+aV(o? - w2)\19(1)|2} dx
+ / {B(u(g), u?) — QwﬁSZ) Im(9 @ divu?) — 2wc(()2) Im(e@9 @) + (6% — w?) (p2|u(2)|2

Qo
FIP16OP + 516 + a9 P) | dr = 0, (46

/ [2owp1|u(1)|2 + 2aWow| M| + 25(()1)01111(3(1) div u(l))d:v}
Q1
+ / [20&@ Im(9 @ divu?) + 200(()2) Im (@9 @) + 20w(po|u?|?

Q2
+ 116D + P10 @ 2 + 0@ )| do = 0. (4.7)

Multiplying (4.7) by £ and adding equality (4.6), we get

/ [5(u(1), uD) + (02 + w?)p1 [uV]? + kD) grad 9V |2 4 oV (02 + w2)|19(1)|2} dx
Q
+/waw%+wwmeww+#wmwm9wmww@wmﬂm:a<m>

Q2
Since
&(uD u®y >0, vu £0,
B(u® u®) >0, vu® #£0,
p1>0, k0 >0 a® >0 py>0, I? >0 ;>0 a? >0,
we obtain

= )| =0,
W] = 6@ = [p®] = [9@] =0,
[ ks —o,
Qg
where E = — grad ¢ (see formula (2.3) in [5]), hence
WM =0 9 =0 in Q,
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u? =0, ¢@ =0 ¢©P=0 92=0 and ¥® =b in Q,

here, b is an arbitrary constant.
For the function ¢(?), the Dirichlet homogeneous condition on the surface S; implies that b = 0.
Therefore for the homogeneous transmission problem (7'D)., we obtain

UW = (@M 9T =0 in Q,
U(2) = (U(Q)aﬁ(2)7 ¢(2)a 90(2)?1/)(2))1— =0 in QQ’

while for the homogeneous transmission problem (T'N)., for the function 1@ the Dirichlet homoge-
neous condition on the surface S; implies that b = 0, and we get

UM = w®, 9T =0 in O,
U = @ 9@ 6@ o2 pCHT =0 in Q.
Note that the uniqueness theorem of the transmission problems (7'D), and (T'N), in the Sobolev
space [H1(Q1)]* x [H'(Q2)]° can be proved similarly. O
For the mixed boundary-transmission problem (7'M )., the following theorem holds.

Theorem 4.2. The mized boundary-transmission problem (T M), cannot have two different solutions
in the Sobolev space [H'(Q1)]* x [H(Q2)]°.

Proof. Tt is sufficient to show that the homogeneous problem (T'M), has only the trivial solution.
Indeed, suppose (UM, U?) is a solution to the homogeneous problem (T'M),. Let us write Green’s
formulas for the vector functions U and U®) in the domains ©; and Qy, respectively:

/mewmwvwm+/ﬂWw%W%m:qﬂ%ﬂmxm%ﬂ& (4.9)
Q1 1951
/A@wmﬂw”%””x+/E9@W%U@Mx:«ﬂ”wmﬁxUQVﬁw&, (4.10)
Qo Q2

where the symbols (-,-)s, and (-,-)s,us, denote the duality between the function spaces [H~2(S5;))]*
and [H=(S5;))]*, and the function spaces [H~2(S; U Sy)]? and [H2 (S; U S5)]?, respectively.

Adding Green’s formulas (4.9) and (4.10) and taking into account that (U1, U(?)) is a solution to
the homogeneous transmission problem (T'M),, we get

/E§1>(U<1>,U(1>)dx+/E$2>(U<2>,U<2>)dz
Ql 92

4 9
— ZHT(DU(DH’ {U(l)};F)sl + Z<{T(2)U(2)};—’ {U(Q)};_>Sl
j=1

j=1

UTOUWY 4 {TOTOY (U )s, =o0.

4
Jj=

—

Therefore we obtain
/E§1>(U<1>,U<1>)dx + /E@(U@),U(?))dx =0, (4.11)
Ql Q2

and

/ EDWW, TW)dz + / E@ U, T)dz = 0.
Ql QQ

Now, if we repeat the reasoning in Theorem 4.1, we get
=0 9M =0 in Q,
u? =0, ¢@ =0 ¢?=0 YP=0 and @ =b in Oy,
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where b is an arbitrary constant.
For the function ¢(?), the Dirichlet homogeneous condition on the surface S’(D2) implies that b = 0.
Therefore for the homogeneous transmission problem (T'M),, we obtain

U = @® 9T =0 in Q,
U = (u®,92,6® 0@ T =0 i Q. H

5. PROPERTIES OF POTENTIALS AND BOUNDARY OPERATORS

The single layer potentials are defined as follows (their properties see [15], [5]):

Vv (g)(@) = / D (2~ 4)g(y)dy S,

S1

V) (f)(a) = / IO (z — 4) f(y)d, S,
S1

VO (h)(x) = / IO (s — y)h(y)d, s,
Sa

where 'V (z —y) and T(®) (2 —y) are the fundamental solutions of the differential operators A (9, 7)
and A®)(9,,7) respectively (see [15], [5]).

The following theorem holds (see [15], [5], [17]).

1

-2

Theorem 5.1. Let g € [H_%(Sl)r, felH (51)]9, h € [H_%(Sg)]g, then the following jump

relations hold:

{TM(D,,n,7)

1

§I4+'%/5§11))(g) on Si,
1
F 5l + A7) () on 51,

{T(Q)(GI,V T)

= (7
=
{T®) (0, v,7) (:F 119—1—«75/;22)(}1) on Ss,

2
where
AN (9)(z) = / TW(9,,n(2), )T (z — y)g(y)d,S, =z € Sy,
S1
AL D) = [ TOO. IO - 90,5, 2 S,
S1
AL W@ = [T (), IO - h)d, S, 2 € 5o
Sa
and

A (9)(2) = (V@)Y = (Vi (9)2)) . ze s,
AL () = V2 (H()y = {Vé? (N)}, z€8,
AL 0)(z) = (VW) = {VE2W)(=)), 2 €S

Here we collect some theorems describing the mapping properties of potentials and corresponding
boundary (pseudodifferential) operators. The proof of these theorems can be found in references [5],
[17], [9].

Theorem 5.2. Let s € R. Then the single layer potentials can be extended to the continuous operators

v s [Ee (s — [ R 0]
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VS(2) . [HS(SI)]9 N [HS+%(91)]9,
Ve [H(82)] — [H T3 (922)]".
Theorem 5.3. Let s € R. Then the pseudodifferential operators of order —1
AV (8] — [EE(s))]
25D+ [He(S)] — [ )]
o)+ [ (S2)] — [HHS)]
are invertible.
Theorem 5.4. Let s € R. Then the singular integral operators
AL 1S — [H ()]
HD < [ (S0)] — [ ()
) [H(82)]" — [H°(52)]

are continuous.

6. EXISTENCE OF SOLUTIONS TO THE DIRICHLET BOUNDARY-TRANSMISSION PROBLEM (7'D), OF

PSEUDO-OSCILLATIONS

We look for a solution of the boundary-transmission problem (7'D), in the form of the single layer

potentials

U = v (D) 1™ i,

1
U@ = V&P g VO (AT i 0y,

1

where the unknown densities g™, ¢ and A belong to the following Sobolev spaces:
1 1 1 2 2 1
gV = (", T e (S, 9P = (gt g6 T € [HE(S)),
h® =P, AT e [H7(Sy)]°.

Taking into account the boundary and boundary-transmission conditions of the contact problem
(T'D),, for the vector-functions g(*, ¢(® and h(®») we obtain the following system of equations:

9§2) +rs [Vs(j)(«%ps(f) 1h(2)} Q(2 on Si, j=25, (6.1)
¢”—<”— (VA @) = on S, j=T4,  (62)
W (s Dy=14(1) _! @) (-1,
(- 21 L+ K ) () }+[( Sho+ A3 ) () g j
+rs, [TOVE () ), = 1P on Sy, j=T,4,  (63)
r, Ve (A g + b = p@ on S, (6.4)

where 7, (j = 1,2) is the restriction operator on the surface S; (j = 1,2).

Let us change positions of equations (6.1) and (6.2) of system (6.1)-(6.4) and multiply equation
(6.1) by —1, i.e., rewrite system (6.1)—(6.4) in the form of the following equivalent system of equations:

gj(l) o 93(2) [VS2 (%0(2)) 1h(2)] f(l) on Sl» ] =14,
— g — s, V() 0P = QP on 8, j=5,9,

[(~ n+r) (9] +[( - Sho+ 4D ) (D) 9]

J

+7rs, [T 2)VSQ)(L%ﬂ(z)) h®1; = fj(z) on Sy, j=T1,4,

2)) 1g(2)] h2 :p(Q) on Ss.

1

rs, [V (A4

(6.5)
(6.6)
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The operator corresponding to system (6.5)—(6.8) has the following matrix form:

Igx4 —Iy —Ts, [Vs(j)(ffs(f))flbw
N o= | M 175 a0 1, [TOVED (AD) i :
[Oloxa s, [Vsz)(%”@)) oxo I

2222
where

1 _ 1 -
A o= (= gl DY D o= (= e+ D) )

1

11

are the Poincaré—Steklov type operators. These operators are strongly elliptic pseudodifferential op-

erators of order 1, and

10000000 0]
I 01 000UO0UO0TO00O0
4710 0010 000 0 0
000100000
The operator
N X Y
is bounded, where
2= [H?(S1)]¥ x [H?(S,)]°,

The following theorem holds.

Theorem 6.1. The operator
N X =Y

18 invertible.

Proof. First, we show that the operator A4 : 2" — # is Fredholm with index zero. Indeed, obviously,

the operators
rs [V (AD) Moxo : [HE(S2)]° — [HE(S)P,
rs [TOVE (AD) axo - [HE(S2) — [HH(S1)],
rsa [V () Mowo « [HE (S))° — [H? (o))

are compact, since S; N Sy =
Now, let us consider the operator

Igwyq —I [0]9><9
M= | A [ P)ixe [Olaxo :
[0]9><4 [O]9><9 Iy 2222

where the operator
N =M T =X

is compact.
Write corresponding system of the operator .41 as follows:
~(1)  ~(2 1
g ; ) ( ) f( )

on Sla .]: 1743

fgg.):ﬁj on Sy, j=5,09,
(VGO + (PGP = on 51, =14,
12 :§(2) on Ss.

System (6.9)—(6.12) is equivalent to the following system:
ggl) ~(2) =f! ()

on Sy, j=1,4,
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~§¥ =F on Sy, j=5,09, (6.14)
(8 + NG = on 8y, (6.15)
n® =53 on Ss. (6.16)

where
72 . _ () _ 77
%Sl L [% }4><4’ paq*1747

S1,pq

and ¥ = (¢1,...,04)",

b= P+ PP Fs BT, =T (6.17)
The operator corresponding to system (6.13)—(6.16), has the following form
I9><47 —Iy  [0]oxo
=/V2 = 5273(11) + quEng) [0]4><9 [0]4><9
[0]osa Oloxo 19 ] o909
Obviously, the operator
Ne X =X
is bounded.
Consider the composition
N3 1= N202,
where
[Olaxe  In [Olaxo
2:=1 I [0]oxa [0]oxo

[Oloxo  [OJoxa I |5, 00
Obviously, the operator

2.4 -2
is invertible.
The operator .43 has the form
—1Iy Toxa [0]oxo
N = |[Olaxe F& + TG [0laxo
[0loxo [0]9xa Iy |50 00
To show that the operator
N X =Y
is Fredholm with zero index, it suffices to show that the operator
N X — X

is Fredholm with zero index.
Indeed, since the operator .45 is triangular diagonal, it suffices to show that the following Lemma
holds.

Lemma 6.2. The operator
AP+ T HE(S) - [HE(S))
is Frredholm with zero indez.

Proof. Using Green’s formula and Korn’s inequality (see [10]), for an arbitrary vector-function U() €
[H1(€Q1)]* which is a solution of the homogeneous differential equation in Q4

AV (0, UM =0 in Q,

we get
Re({TMWUMI (UMY )5, > er |[UD | g0 — c2lUD 1L, 00y (6.18)
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Here and below, the constants ¢; > 0. Substituting U(") = Vs(ll)(%ll))*lg(l) in (6.18) and applying
the trace theorem, we obtain

1 1 1)\ — 1 1)\ —
Re(ed g, g, > e |[VED (D) gD 0 — c2llVED (D) g o0

1))12 (1) (Dy=1_(1))12
> cs)lg™) ||[H2(S o —c2llVs, (K, ) 9" a0y (6.19)

Now, using the boundedness of the single layer potential

(1 1)
Ve ) gD oy < alld® -y g, 0

from (6.19), we obtain the coercivity of the operator M(l):

(1) ”2

Vo) € [H2(S))]*. 6.20
b 79 [Hz(S1)] (6.20)

Re(/SPg®, gMyg, > e3) gD — sy

[H 3 (50))*

Similarly, we can obtain the coercivity of the operator ds(l).

Indeed, using Green’s formula and Korn’s inequality, for an arbitrary vector-function U®) €
[H'(£22)]°, which is a solution of the homogeneous equation

AP (9, U =0 in Q
and {UP}+ =0 on Sy, we get
Re({THUP T (U} ), > CG||U(2)”[2H1(£22)]9 - C7||U(2)||[2L2(Q2)]9' (6.21)
Substituting U® = Vi (#42)71g® in (6.21), we obtain
Re(ers) 9% 9P)s, > collVs, (A57) 9P o — erllVS) (A7) 9P oy (6:22)
Using the boundedness of the single layer potential
Vs (D) 9PN < esllg®)|

[H™2(5))°
and the trace theorem, from (6.22), we get
2,2 .2 (2))2 _ (2) 2 c gz
Re(a/Dg®, g5, > eollg®I2, = enlg® 2y L P eSO (623)

Now, substitute ¢ = (¢(1,0,0,0,0,0)" in (6.23), where ¢! = (g (1),921)7g§1)7g£1))—'—, then (6.23)
can be rewritten as follows:

7D 1) (D) > (1)2 _ (1))12
Re(e/5/9™, 9" )5y 2 callg™ Iy 0 — Ca0llg™ 15 -y g o (6.24)
Adding inequalities (6.20) and (6.24), we get
Re((# V) + 7P oWy > o102 — crallg™ Vg € [H2(Sy)]*,
e((A '+ 9,9 )s, > cullg H[Hé(sl)] cizllg ||[H7§(S S [H2(S1)]

i.e., the operator

A+ TG [HES)) = [HE(S)!
is coercive, and therefore it is Fredholm with zero index (see [13,16]). Thus we obtain the validity of
Lemma 6.2. O

It follows from Lemma 6.2 that the operator
N X X
is Fredholm with zero index. Then the operators
Noy M X =X
are also Fredholm with zero index, and hence the operator
N X >

is Fredholm with zero index.
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Now we show that the operator

N >
is invertible.

It can be easily shown that the invertibility of the operator .4  follows from the uniqueness of
solutions of the boundary-transmission problem (7'D),. Indeed, let (9™, g, h®)T be a solution of
the homogeneous equation

A (g, g, nHT =0,
We construct the following potentials:
U — Vs(l)(jfs(l))*lg(lx (6.25)
U@ = v (D)1 + vE (D). (6.26)
Since (g1, g, h®)T is a solution of the homogeneous system (6.5)(6.8), it is clear that (U™, U(2))
will be a solution of the homogeneous boundary-transmission problem (7D),. Then from the unique-
ness theorem of problem (7'D),, it follows that

UMD =0 in O,
UP =0 in Q.
Since the single layer potentials are continuous in space R3, we have
UMy ={u™M}~ on S
and
(U = {UP}~ on S, U8,
hence
(UM}~ =0 on Sy,
{UPY= =0 on S US,.
Therefore we find that the vector functions U™ and U(®) satisfy the following Dirichlet problems:
{A(l)(ax,r)U(l) =0 in R3\ 0y,
{UM}~ =0 in Sy,

and

{UP}~ =0 in S;US,.
From the uniqueness of the solutions of the Dirichlet problem it follows that these problems have only
trivial solution, i.e.,

{A(Z)(agp,r)U(?) =0 in R3\ 0y,

UM =0 in Rg\QT,
UP =0 in R*\Qy,
thus
UY =0 in R37
U =0 in R>.
Now, applying the jump formulas of the potentials (6.25) and (6.26), we get
(TOUOY- —(TOyOY = M =0 on S,
{T(Q)U(Q)}— _ {T(Z)U(Q)}‘i‘ — 9(2) =0 on Si,
{T(2)U(2)}f _ {T(Q)U(2)}+ =1® =0 on So.

Therefore we obtain
Ker .4 = {0},
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and since the index of the operator .4 equals zero, we have

Ker 4" = {0}.
This implies that .4 is surjection. Thus we find that the operator
N X =Y
is invertible, and Theorem 6.1 is proved. g

The invertibility of the operator .4 implies the unique solvability of systems (6.1)—(6.4), (6.5)—(6.8)
and hence we obtain the unique solvability of the Dirichlet boundary-transmission problem (7'D)..

Theorem 6.3. LetS1,S: € C°, 7 = o+iw, 0 > 09 >0, w € R, and fj(l) € H%(Sl), fJ@) € H’%(Sl),
j = 1,4, Q;z) € Hz(Sy), j = 5,9, p@ € [H2(S2)]°. Then the Dirichlet boundary-transmission
problem (T'D), has a unique solution

(UW,U®) e [H Q)" x [H'(22))°,
which is represented as follows:
UL — Vs(ll)(jfs(ll))—lg(l) in Qi (6.27)
U = V@) P + V) TR in (6.28)
where gV, ¢ b2 are solutions of the uniquely solvable system (6.1)—(6.4).
The following regularity theorem holds.
Theorem 6.4. Let 51,5, € C™* 0<f<a<l, m>2 meN, and
57 € CHR(S), £P e (S, =T,
Q¥ ec*(sy), =59, p@e[C"($))°, k=T,m— 1
Then the Dirichlet boundary-transmission problem (T D), has a unique solution
UM, U®) e [C*F (@) x [CHF()]°,
which is represented as single layer potentials (6.27), (6.28), where
g e [CRPs)]Y, ¢® e [CMP (1)), AP e [CFF(8y))?

are solutions of the uniquely solvable system (6.1)—(6.4) .
Proof. Since the operators

A + TG [HE (S = [HH (S,

A T [CRP (S = [CF LA ()]
are first order strongly elliptic and have a common regularizer, we have (see [1, §10])

dim Ker(&fs(ll) + gg)) = dim CoKer(VQ{S(f) + gg))

This means that the operator

o) + G [CHS) > [ s
is Fredholm with zero index. Therefore the operator

N [CPP(S)]P x [CFF(82)]° — [CHF(51)] x [CFHE ()] x [CF7(81)]°

will also be Fredholm with zero index. The invertibility of the operator .4 and the unique solvability
of systems (6.1)-(6.4) in the space [C*#(S1)]'® x [C*58(S5)] can be shown similarly to the case of
Sobolev spaces.

Now, if we use the boundedness of single layer potentials, invertibility and Fredholm properties
of the corresponding boundary operators (see Theorem 6.5 and Theorem 6.6 below), then from the
representation formulas of solutions (6.27) and (6.28), we obtain the regularity of solutions of the
boundary-transmission problem (7'D), in the class [C*#(Qq)]* x [CF#(Q2)]°. O
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In the proof of Theorem 6.4 we have used the following theorems (see [5], [15], [1]).

Theorem 6.5. Let 51,5, € C™, 0 < B<a<1l, k=1,m—1,m>2 m¢cN. Then the single
layer potentials
V) [CHP(S0) = [P @)l
Vel [CH (Sl = (O (@),
V(2) [Ck 3<52)]9_> [Ck-l-l,ﬁ(@)]g
are bounded.

Theorem 6.6. Let 51,5 c O™, 0<f<a<l,k=1m—1, m>2, m<cN. Then the boundary
integral operators

ALY (OS] = (RS
AT L [CHP (S = [CFFHA (S,
AL [P (S)]” = [CFE(Sy))

are invertible, while the operators

1
—gla+ AL (OS] = (O (s,

1
—5 o+ AGY  [CMS)) = [CH (S,

3Ty D (OS] [ (5
are Fredholm with zero indez.
It follows from Theorem 6.6 that the operators
g [CHAS)] — [OF A (s,
gD (RS — (O A (s,
o5 [CHH(S2)) = [C* (S

are Fredholm operators with zero index.
The following corollary holds.

Corollary 6.7. Let S1,S2 € C* and f;l) € C>(9), f;z) € C®(9), j = 1,4, Q(Q) € C*>(9),
j =5,9, p? € [C™(S2)]°. Then the um'que solution (UM, UP) of the Dirichlet problem (TD),

belongs to the class [C™(Q1)]* x [C°°(22)]°, i.
M, u®) e [OOO( D]t x [C> ()],

7. EXISTENCE OF SOLUTIONS TO THE NEUMANN BOUNDARY-TRANSMISSION PROBLEM (T'N), OF
PSEUDO-OSCILLATIONS

We seek for a solution of the Neumann boundary-transmission problem (T'N), in the form of the
following single layer potentials:

U(l) V(l)(%( ))719(1) in 917
U = VP D) g + VD (D) TP i

where the unknown densities ¢(*), ¢ and h® belong to the Sobolev spaces, g(!) = (gﬁl)7 ... ,gfll))

[HE (S, 9@ = (917, g5")T € [HH (1)), D = (... h)T € [HH(S2))°.
Taking into account the boundary and boundary—transmlssion conditions of problem (T'N),, we
obtain the following system of equations with respect to the vector functions ¢*), ¢ and h(?:

9 15, [V (D) 0P = QP on S; j=5,9, (7.1)
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;" g§2> silVay () = 1Y on Si, j=T4, (72)
[(— ot AL ) (A ]+ (= 570 + A2 () g )

+ 75, [TOVE (AL~ 1h2>] = [ on 8, j=14, (7.3)
rs, [T® Vs, (S 2)) 1@+ ( Jf/(z))(%ps(f))_lh(z) =q® on So, (7.4)

where 75, (j = 1,2) is the restriction operator on the surface S; (j = 1,2).

Let us change positions of equations (7.1) and (7.2) of system (7.1)—(7.4) and multiply equation
(7.1) by —1, i.e., we rewrite system (7.1)—(7.4) in the form of the following equivalent system of
equations:

" = 9P =, V)R = £ on S, j=T4, (7.5
—g](» Vs, [V () P = QP on S, =59, (7.6
{( — %.74 + %/(1))(%(1)) )L + [( — 71—9 + '%/5(12)>(‘%ﬂél2))_19(2) i
+rs, [TOVE ()R] = 7 on Sy, j=T1,4, (7.7)
P, TOVs, (A2) )+ (= 3l + 2 ) AR =@ on 5, (78)
The operator corresponding to system (7.5)—(7.8), has the following matrix form:
Igxy —1I —Ts, [Vs(?(%:))*lbw
M = | ) (75 Jaxs rs [TV () o |
[Oloxa s, [TV, (#57)oxo 7% o

where
1 _ 1 -
i) = (= Sl D) T D = (= 5o+ HD) )T
9 1 2 2)y—
,52%5(2) = (—5 9-|-=/"5/5(2))('%ﬂs(2)) !

are the Poincaré—Steklov type operators.
The operator .# is bounded in the spaces

M X = 7
where
2= [HE ()] x [H2(S2)]",
% = [H2(S)) x [H2(S1)]* x [H77(S,))°.
The following theorem holds.

Theorem 7.1. The operator
M X =T

is invertible.
Proof. First, we show that the operator
VAR
is Fredholm with index zero. Indeed, obviously, the operators
r,[Vay () Mowo : [HE(S2)]° — [H*(51)]",
rs IOV () awo : [HH(S)] — [H
rs, TOVE (AT Mowo - [HA(S)] — [H ™

SIS
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are compact, because of S; NSy = @.
Now, let us consider the operator

Tgys —Iy [0]oxo
My = | A 1Pk [0)axo
[Oloxa  [0]oxo 527:9(22)

2222
where the operator
M- X = F
is compact.
Write the corresponding system of the operator .#; as follows:
~(1) _~©2 _ 7

9; —9;"=1; on Sy, j=
—ﬁ;z) :ﬁj on S, j=
[%5(11)?](1)]], + [g,:g(f)g(m]j _ fg?) on Sy, j=T1,4,
g8 =g@ on .
System (7.9)—(7.12) is equivalent to the following system:
G0 -gP=F on si=T
¥ =F on Sy, j=5,09,
(D4 TFOG 0 on s,
g0 =@ on S,

where

—(2) —
A=A Jaa, poa=T14,

and ¥ is defined by (6.17).

The operator corresponding to system (7.13)—(7.16) has the following form:

Toxa —Iy  [0]oxo
My = «!Zfsgll) + %5921) [0laxo  [0]axo
2
[0loxa [0loxo 4275(2) 9% 29
Obviously, the operator
%2 A
is bounded.
Consider the composition
./%3 = %2 o 97
where the operator
2: X -
is invertible (see Section 6).
The operator .#5 has the form
*19 19><47 [0}9><9
M3 = |[0]axg 3/5511) +«!Zf§;21) [0]axo
2
Ooxo — [Oloxa g |,y 0
To show that the operator
M I > F
is Fredholm with zero index, it suffices to show that the operator
%3 X -

is Fredholm with zero index.
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Indeed, since the operator .#3 is triangular diagonal, it suffices to show that the operators standing
on the diagonal are Fredholm with zero index.
As we know, the operator (see Lemma 6.2)

i)+ ) [HE(S)) = [H (5]
is Fredholm with zero index.
It is also known that the operator
A [H3 (S — [H#(52))°
is Fredholm with zero index (see [5]). Therefore we obtain that the operator
My X — &
is Fredholm with zero index. Then the operators
Mo, M X — Z
will also be Fredholm with zero index, from which we derive that the operator
M X > F

is Fredholm with zero index.

It can be easily shown that the invertibility of the operator .# follows from the uniqueness of
solutions of the boundary-transmission problem (T'N),. Indeed, let (g*), ¢, h(*)T be a solution of
the homogeneous equation

///(9(1)79(2)’ h(Q))T =0. (7.17)
We construct the following potentials:
U — Vs(ll)(jfs(ll))flg(lx (7.18)
2 2)\— 2 2)\—
U® = V& (2 g 1 v (D) . (7.19)

Since (M, g, AT is a solution of the homogeneous system (7.5)—(7.8), it is clear that (U™, U(?))
will be a solution of the homogeneous boundary-transmission problem (T'N),. Then from the unique-
ness theorem of problem (T'N). it follows that

UM =0 in Q, (7.20)
UP=0 in Q. (7.21)
Since the single layer potentials are continuous in space R3, we have
(U = (UM}~ on S,
(U = {UP}~ on S5 US,,
whence it follows that
(UMY~ =0 on S,
{UP}= =0 in S1US,.
Therefore we obtain that the vector functions U and U®?) satisfy the following Dirichlet problems:
(AD(0,, UM =0 in R*\ Oy,
{{U(l)}_ =0 on S,
and
D0, VU =0  in R3\Qy,
{{U@)} =0 on Sy US,.
From the uniqueness of solutions of the Dirichlet problem it follows that these Dirichlet problems
have only trivial solution, i.e.,

UM =0 in R*\Q,



20 O. CHKADUA AND A. TOLORAIA

UP =0 in R®\ Q.
Then from (7.20) and (7.21), we get
UM =0 in R3,
UP =0 in R
Now, applying the jump formulas of potentials (7.18) and (7.19), we obtain
{T(l)U(l)}f — {T(I)U(l)}+ =g =0 on S,
{T(Q)U(Q)}— _ {T(Q)U(Q)}-i- =¢® =0 on S,
{(TPUP}- —(TAUOH =@ =0 on S,.

Therefore we derive
Ker . # = {0},

and since the index of the operator .# equals zero, we have
Ker.z* = {0}.

From this it follows that .# is a surjection. Thus we obtain that the operator
M X = Z

is invertible, and Theorem 7.1 is proved. g

The invertibility of the operator .# implies the unique solvability of systems (7.1)-(7.4), (7.5)—
(7.8) and hence we obtain the unique solvability of the Neumann type boundary-transmission problem
(TN),.

Thus we obtain the existence and uniqueness theorem of the Neumann type boundary-transmission
problem (T'N),.

Theorem 7.2. Let 51,5, € C®°, 1 =0 +iw, 0 >09 >0, w €R, and
f)eH NS, fPeHH(S), j=T74,
QP e mi(s1), j=59, ¢ e[HH(S)"
Then the Neumann boundary-transmission problem (T'N), has a unique solution
(UW,U®) e [H' Q)] x [H(22)]°,

which is represented as follows:

UW = vl (D)1 in Q, (7.22)

U = v () 1D v (D) TP i (7.23)
where gV, g2 K2 are the unique solutions of system (7.1)~(7.4).

The following regularity theorem is proved in the same way as in the case of the Dirichlet boundary-
transmission problem (7'D)..

Theorem 7.3. Let 51,5, € C™Y, 0<B<a<l,k=1m—-1, m>2 meN, and
feckB(sy), fPecktAsy), j=1

QP e Ct(8y), j=59, ¢ el[CF (), k=T,m—1.

Then problem (T'N), has a unique solution
UM, U®) e [CM @) x [CM Q)
which is represented as single layer potentials (7.22), (7.23), where
el St ¢® e[CH (s, P e [0 (5]

are solutions of the uniquely solvable system (7.1)—(7.4).
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Corollary 7.4. Let the following conditions:
Si,$€C, fVec (), fi¥ec™(s), j=T4
QY €C=(S1), j=59, ¢ clC™(S)P,
be fulfilled, then the unique solution to problem (T'N), is infinitly differentiable, i.e.
UM, UP) e [C>@m))* x [C=(Q))°.
8. EXISTENCE OF SOLUTION TO THE MIXED BOUNDARY-TRANSMISSION PROBLEM (T'M), OF
PSEUDO-OSCILLATIONS

We are looking for a solution to the mixed boundary-transmission problem (7'M ), in the form of
the following single layer potentials:

U — V(l)(%f))—l (1) in Q,
U@ — V(2)(%( )) 1,2 4 v, 2)(%(2 )L i Q,
where the unknown densities g(*), ¢® and h(® belong to the following Sobolev spaces:
gV =@ e [HES 9P = ()T e [HE(S)P,
h® = (hP, . ST € [HE(S9)]°.
Taking into account the boundary and boundary-transmission conditions of the mixed problem (T'M ),
we obtain the following system of equations with respect to the vector functions g™, ¢ and h(®:
9 s, V(AP 0P = QP on S j=59, (81)
g = g —rs, [V ()T = Y on 81, j=T14, (82

(= S 2o 1) o (= b ) oy 1)

J

+ 15, [TV (A2 0@ = 1P on S, j=T1,4, (83)
2 2)\ — D D

roo Vel (D) 9P 4 r o h®) = i) on 57, (8.4)
2 2)\ _ 1 2 2)\ _ N N

ran [TOVE ) 9@ 1o (= 510+ HD ) () 0@ = gf on 5. (8.5)

Equation (8.4) can be rewritten as follows:
re, Ve, () 1g@ + 1@ =0 + 1l on S, (8.6)
where @éz) € [H2(S,)]? is a fixed extension of the Dirichlet condition, the vector function péD) €
[H= (SSD))]g over the entire surface Sz, and
e [HA (S, supph? ¢ SV
Let us determine h®) from equations (8.6) in the following way:
B2 — (1,62) + hff) —rs, [Vs(f)((%ps(f))qg(z)]

and insert it into equations (8.1), (8.2), (8.3), and (8.5) of system (8.1)—(8.5). At the same time, we

change the places of equations (8.1) and (8.2), and multiply equation (8.1) by —1. In this case, we get

the following equivalent system of equations with respect to the vector functions ¢, ¢(® and h((f):

o) =g 4 VE D) s, Vi) D) )
— s, [V () R = T on S j=T4, (87
—952’ s [V G s VD D) )
rs, [V (AD) 0 = QP on S, j=59, (8.8)
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(- St )t o (- S 2oy

— s, [TOVE (A s, V(AL gD));

J

+ 75, [TOVE (A0 f(” on 8, j=T4,

") [T(2)VS(12) (%f))—lg(2)] — g [( _ 519 + L%/S(f))(%ps(f))— (rs V;Q)(y‘f(f))_lg@))

1 _
ST+ D) (D) D = ) on 54V,

+rSéN)(_ 3

where
PO =1 s VP ) ), =T
Q5 = -Q +rs Ve ) 1Y), =59,
157 =17 = rs WOV D) )y, =T,

1
Y = a0 (= 51+ D) (AD) 0.

The operator corresponding to system (8.7)—(8.10), has the form

Ty —Iy + % [Vs( )(%(2))_1]%9
P = ﬂfs(ll) [42{5(12)]4><9+(5 7"51[ Z)Vf)(%f))flhxf) )
[Olo4 7 rSéN)’Q{Sg) 22x22
where
1
o) 1= (= Sh+ A ) AD)
1
oA = (= Sl + A ) (A,
1
Q= (= 5l + A ) D),
B:=rg

WV AP s, V(AP oo,
€ = —rg [TOVE (D) s, VED (AP o,
7 = g TPV (A Moxo = rgm |78 (rsu VY 06 )
The operator

P2 — M
is bounded, where
H?(81)]% x [H=(S5)P,
W= [H?(S)]? x [H73(S))* = [H3(S)]°.
The following theorem holds.

Theorem 8.1. The operator

P -
is tnvertible.
Proof. First, we show that the operator

P2

is Fredholm with zero index.

(8.9)

(8.10)
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Indeed, obviously, the operators

Py Vi) (A6 Moo [H2 (S5 = [H2(50)),
rsy TPV D) o+ [HE (S — [H3(S)],
B [H(S)]" — [H(5)]",
€ HE(S)] = [H 3 (S)",
7 [HA(S)) = [H2(55")]°
are compact, since S1 NSy =
Now, we consider the operator
Igxa —Iy [0loxo
Py = @75(11) [15275(12)]“9 [0laxo |,
[0Joxa  [0loxo Tsémﬂég)
where the operator
P - 2=
is compact. If we show that the operator
P21 =N
is Fredholm with zero index, then the operator
P2 =M
will be Fredholm with zero index.
Write the system corresponding to the operator &, as follows:
g -5 = on $1, j=T1,14,
—g;):ﬁj on Sy, 7=5,9,
[Msgll)ﬁ(l)]j + [%(2 (2)] f(2) on Sy, j=1,4,
ngmds(?ﬁo = (}(QN) on SéN).
System (8.11)—(8.14) is equivalent to the following system:
5;1) ~(2) f(l) on S;, j=T1,4,
~-§¥ =F on Si, j=5,09,

(,Qis(ll ,Q/g))ﬁ(l) =¥ on 9,
oo VT =3V on 5
where

g = [%s(f)ﬂ]w Gi=TA, W= (b, v s, 00)T
;= P +Zﬂ§fﬂfﬂ +Z,;a75(12ﬂ~“ =14,

The operator corresponding to system (8.15)7(8.18), has the form

.[9><47 _IQ [0]9><9
Py = ﬁfs(ll) JrJZnggl) [0}4><9 [O]4><9 )
(2
[0]9><4 [0}9><9 Tsél\”déb 99522

Evidently, the operator
Py X1 =

23
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is bounded.
Consider the composition
Py .= Py0 2,
where the operator
2: 27—
is invertible (see Section 6).
The operator &5 has the form
—1Iy Tgxa [0]oxo
Py = |[0]axo «275(11) +E(321) [0]ax9
[0]ox9 [0J9x4 Tsém«@féj) vovon
To show that the operator
P =
is Fredholm with zero index, it suffices to show that the operator
Py : X1 — N

is Fredholm with zero index.
Since the operator &3 is triangular diagonal, it suffices to show that the operators standing on the
diagonal are Fredholm with zero index.
As we know, from Lemma 6.2 it follows that the operator
A+ G H ()] — [H 3 (s)]*
is Fredholm with zero index, while the Poincaré-Steklov type operator
roon sy [H2 (S8 — [H-3 (55
is invertible (see [5, Theorem 7.7]). Hence the operator
P X1 — M
is Fredholm with zero index. Then the operators
P, Py X1 — Y
will also be Fredholm with zero index. Therefore the operator
P2 — M

is Fredholm with zero index.
Now we show that the operator
K AR
is invertible.
The invertibility of the operator &2 is derived from the uniqueness of the solution of the boundary-
transmission problem (T'M).
Indeed, let (g(M), g, h((f)) € 21 be a solution of the homogeneous equation

Z(g™M, g 1) = 0. (8.19)

We construct the following potentials:
U — Véf)(%}))—lg(l)7 (8.20)
U =V AD) 9P + VI D). (8.21)

Since (g(l),g(Q),hgm)—r is a solution of the homogeneous equation (8.19), i.e., of the homogeneous
system (8.7)-(8.10), it is clear that (UM, U?) will be a solution of the homogeneous boundary-
transmission problem (T'M),. Then from the uniqueness theorem of problem (T'M), there follows
that

UM =0 in Q, (8.22)
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U? =0 in Q.
Since the single layer potentials are continuous in space R3, we have
(U =M}~ =0 on Sy,
{U(Q)}+ = {U(Q)}_ =0 on S1USs.
Hence the vector functions UM and U®) satisfy the following Dirichlet problems:
AV 9, ) UM =0 in R3\ Q,
{UM}- =0 on Si,

and

AP (9, 1V UPD =0 in R\ Qy,
{U(Q)}_ =0 on S;US,.

25

(8.23)

From the uniqueness of solutions of the Dirichlet problem it follows that these problems have only

trivial solution, i.e.,
UM =0 in R*\Q,
U® =0 in R\ Q.
Hence from (8.22) and (8.23), we get
UY =0 in R5
U® =0 in R%
Then applying the jump formulas of potentials (8.20) and (8.21), we get
{TOTOYy= 7O+ = ¢M =0 on S,
{T(Q)U(Q)}— _ {T(Q)U(Q)}-i- =¢? =0 on S,
(TOUYy —(TAUPYH =pP =0 on S,.

Therefore we obtain

Ker & = {0}
and, since ind & = 0, we have

Ker 7% = {0}.
Thus the operator

P2 — M

is invertible, and Theorem 8.1 is proved.

O

The invertibility of the operator &2 implies the unique solvability of systems (8.7)—(8.10) and
(8.1)—(8.5). Consequently, we obtain the unique solvability of the mixed type boundary-transmission

problem (TM)..

Thus we obtain the existence and uniqueness theorem of the mixed type boundary-transmission

problem (T'M),.
Theorem 8.2. Let 51,52 € C®°, 1 =0+ iw, 0 >0 >0, w €R, and
[V eH (S, [P eHH(Sy), j=T1,
Q) e HY(S1), i=59, p” e S, oV e (HHSVP.
Then the mized boundary-transmission problem (TM), has a unique solution
UM, U?) e [H' Q)" x [H' ()],
which is presented in the following form:

v = Vs(ll)(jfs(ll))flg(l) mn Qq,
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U = V@) g + VAT T in 0,

where gV, ¢ K3 are the unique solutions of system (8.1)—(8.5).

Let us introduce the notation

_ ot 42+ f?

d = 27(2) )
where
1 1
c:= §(bg)2)b11 + >\§2)b21 + VEQ)b:n), D= §(b82)bl2 + >\§2)b22 + V§2)b32)>
1
q:= §(b((32)bl3 + >\§2)b23 + VSQ)b33)7

-1

a(()2) _)\éQ) V§2)

[bjklaxs == )\52) x@ 1/§2)
V£2) —V§2) @

The following regularity theorem holds.

Theorem 8.3. Suppose S1,S2 € C* and

fec=(sy), f
QW ec=(s), j=59, p ec=SP)P, o e =i,

Then

1) Ifd < 0, then the unique solution (U(l),U(z)) to the mized boundary-transmission problem
(TM), belongs to [C(21)]* x [C"(Q2)]°, i.e.

UM, U e [0 0)]* x [C™ (D)),
where v1 = % — %arctg 2v/—d, v1 depends on the material constants, does not depend on

the geometry of the exceptional line ¢, = 3S§D) = 8S§N) and may take any values from the
interval (0, %).
2) Ifd > 0, then the unique solution to the corresponding boundary-transmission problem (T M)

(U, U@ e [C=(@)]* x [CF (Q)).

Proof of this theorem follows from the work [5] (see Section 9), where the asymptotic properties

and the smoothness of solutions of mixed problem are studied near the change of boundary conditions,
i.e., near the line £,, (cf. [2,3]). Note that the smoothness of the vector function U?) is finite in a
neighborhood of ¢,,, but taking into account the data conditions of the Theorem 8.3, outside this
neighborhood it is infinitely differentiable, i.e., belongs to the class C°.
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