Transactions of A. Razmadze
Mathematical Institute
Vol. 175 (2021), issue 3, 327-330

AN APPLICATION OF A WIDER CLASS OF INCREASING SEQUENCES

HUSEYIN BOR!* AND RAM NARAYAN MOHAPATRA?2

Abstract. In this paper, we have proved a general theorem dealing with the ¢ —|C, a|, summability
factors of infinite series by using a wider class of power increasing sequences. Some new results are
also obtained and some previous results are recovered.

1. INTRODUCTION

A positive sequence (X,,) is said to be almost increasing sequence if there exists a positive increasing
sequence (¢, ) and two positive constants M and N such that Me¢, < X,, < N¢, (see [2]). A positive
sequence X = (X,,) is said to be a quasi-f-power increasing sequence, if there exists a constant
K = K(X, f) > 1 such that K f,X,, > fnX,, holds for n > m > 1, where f = (f,) = [n?(logn)?,
v >0,0< 0 < 1] (see [22]). If we take y=0, then we obtain a quasi-o-power increasing sequence
(see [20]). Let () be a sequence of complex numbers and let > a,, be a given infinite series with
partial sums (s, ). We denote by t& the nth Cesaro mean of order a (oo > —1) of the sequence (nay,),
that is (see [17]),

1 - a—1
t = /T%;Anfvvav, (1)
where
Ar = (PP s 1 A9 =1and A%, =0 for n > 0.
n MNa+1)
The series ) a, is said to be summable ¢ — |C, a|,, k > 1, if (see [1])
(o)
1
Z % |%0ntg|k < oo.
n=1 n

In the special case, when ¢, = n'~%* (resp., @, = n®*1=1/%) the ¢ — |C, al,, summability is the
same as |C, a|, (see [18]) (resp., |C, a; 0], (see [19])) summability.
2. KNOWN RESULT

Recently, some new theorems dealing with the absolute Cesaro summability factors of infinite series
have been proved(see [3-15]). Among them, in [12], the following theorem has been proved.

Theorem A. Let 0 < a < 1. Let (X,,) be an almost increasing sequence and let there be sequences
(Br) and (\,) such that

| AN, |< By, (2)

Bn—0 as n— oo, (3)

D n|ABy | Xy < o0, (4)
n=1

| An | Xn=0(1) as n — oo. (5)
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If there exists an € > 0 such that the sequence (n~* |, |*) is non-increasing and if the sequence
(w?) defined by (see [21])
o =1
= {| 2] (a=1)

maxij<y<n |t10;| (O <a< 1)

satisfies the condition
m

(| on | wy
Z TnEX, T 1 :O(Xm) as M = o0, (6)
then the series ) a, Ay, is ¢ — | C, a |, summable, where £ > 1 and (1+ ok +€—k) > 1.

3. MAIN RESULT

The aim of this paper is to generalize Theorem A to a wider class of increasing sequences by using
a quasi-f-power increasing sequence instead of an almost increasing sequence. Now, we prove the
following more general theorem.

Theorem. Let 0 < a <1 and let (X,,) be a quasi-f-power increasing sequence. If the sequences (5y)
and (\,) satisfy conditions (2), (3), (4), (5) of Theorem A and if there exists an € > 0 such that the
sequence (n° |, |*) is non-increasing and condition (6) holds, then the series 3" apA, is o—| C,a |
summable, where k > 1 and (1+ak+e—k) > 1.

4. LEMMAS

We need the following lemmas for the proof of our theorem.

Lemma 1 ([16]). If0 < a <1 and 1 <v < n, then

v

IR

p=1

< max
1<m<wv

Lemma 2 ([4]). Under the conditions on (X,), (Bn), and (\,) as expressed in the statement of the
theorem, we have the following

> BuXy < o0,
n=1
nXpfn = O0(1).

5. PROOF OF THE THEOREM

Let (T2) be the nth (C, ) mean, with 0 < a < 1, of the sequence (na,A,). Then by (1), we have

n

1
—ag O Lvay Ny

nU:

First, applying Abel’s transformation and then using Lemma 1, we have

Ty =1a ZA)\ ZA% pPap + ZA Lva,,

n op=1 nv 1
e A a—
T8 1< z\mvuz oy |+ 5 At
v=1
1 n—1

S Do AW AN [+ | An | wf = Ty + T2,

n =1
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To complete the proof of the theorem by using Minkowski’s inequality for £ > 1, it suffices to show
that

oo

1
Z7|<PnT§r |*< oo, for r=1,2.
n ,

n=1

For k > 1, applying Holder’s inequality with indices k and k', where % + % =1, we get

m+1 1 m+1 — k—1
S Ty s 3ot W{ZA )
n=2 v=1
m+1 1 n—1 k—1
< Aa —k N k Aoz k pk - 1
5 2z tien 2 st {13
m—+1 n—1 m—+1 n—1
|on|® ok (LR gk |on|® ak(, avk gk
Z nltok (wv> ﬂ'u = 0(1) Z nlt+ok v (wv) Bv
v=1 n=2 v=1
mtl ek E
k k—1 n |(pn|
ZUO‘ Bvﬁ Z n1+ak+efk
n=v-+1
m k|, 1k
ak/, a\k v |90U‘ dx
1)2” (wy) ﬁvvk—1X5_1/$1+ak+e_k
v=1 v
o m—1
va G’ o0)'S apsy 3 Wled)
Xy v=1 r=1 Xy
m P Vo m—
0mi, 3> DL 00) 5 12 ix. + 0wmx
m—1 m— -
=0(1) Y v[AB,|X, +0(1 Z DmBn X
v=1 v=1

=0(1) as m — oo,

by the hypotheses of the theorem and Lemma 2. Again, by using (5), we have

m

k— 1 w?) (I n | wi)*
Z k‘@n n2|—znk|@n| [Anl | An] Z|/\n| ka 1

n=1 n=1
|301,|w |<Pn|w7
ZA‘)\|Z }chl |)‘m|z kall

m—1

1Y AN X+ O(1) [Am| Xom
n=1
m—1

1> BuXp +O0(1) [An| X = O0(1) as m — oo,

by the hypotheses of the theorem and Lemma 2. This completes the proof of the theorem.

6. CONCLUSIONS

If we take € = 1 and ¢, = n'~/k (resp., € = 1 and ¢, = n‘“‘l_l/k), then we obtain two new
results dealing with the | C,a |, (resp., | C, ;06 |,) summability factors. Also, if we take (X,,) as a
positive non-decreasing sequence, then we obtain a theorem of Bor (see [3]) under weaker conditions.
Furthermore, if we take (X,,) as an almost increasing sequence, then we obtain Theorem A. Finally,
if we take v = 0, we obtain a new result dealing with an application of quasi-o-power increasing
sequences.
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