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ON THE INTEGRAL SQUARE DEVIATION BETWEEN TWO KERNEL TYPE

ESTIMATORS OF THE BERNOULLI REGRESSION FUNCTIONS FOR THE

GROUP DATA

PETRE BABILUA

Abstract. In the paper, the limit distribution of an integral square deviation between two kernel

type of Nadaraya–Watson estimators of the Bernoulli regression function for the group data is

established.

1. Introduction

Let random variables Y (i), i = 1, 2 take two values: 1 and 0 with probabilities pi (“success”) and
1 − pi (“failure”). Assume that the probability of “success” pi is the function of an independent
variable x ∈ [0, 1], i.e., pi = pi(x) = P{Y (i) = 1 | x} [1, 2, 6]. Let xj , j = 1, . . . , n, be the points of
division of the interval [0, 1]:

xj =
2j − 1

2n
, j = 1, . . . , n.

Let, further, Y
(k)
ij , j = 1, . . . ,m

(k)
i , i = 1, . . . , n, k = 1, 2, be mutually independent Bernoulli random

variables with P{Y (k)
ij = 1 | xi} = pk(xi), P{Y (k)

ij = 0 | xi} = 1−pk(xi), j = 1, . . . ,m
(k)
i , i = 1, . . . , n,

k = 1, 2.

Based on the group samplings Y
(k)
ij , j = 1, . . . ,m

(k)
i , i = 1, . . . , n, k = 1, 2, let us introduce the

Nadaraya–Watson type estimates for the p1(x) and p2(x) Bernoulli regression functions:

p̂kn(x) = pkn(x) · p−1
n (x),

pkn(x) =
1

nbn

n∑
i=1

K
(x− xi

bn

)
Y

(k)

i , Y
(k)

i =
1

m
(k)
i

mi∑
j=1

Y
(k)
ij ,

pn(x) =
1

nbn

n∑
i=1

K
(x− xi

bn

)
, k = 1, 2,

where K(x) is some distribution density that satisfies the requirements formulated below, bn → 0 is
a sequence of positive integers, and p̂kn(x) is a kernel estimate of the regression function (see [4, 7]).

2. Assumptions and Notation

Assume that the kernel K(x) ≥ 0 is chosen such that it is a function with finite variation and
satisfies the conditions: K(x) = K(−x), K(x) = 0 for |x| ≥ τ > 0,

∫
K(x) dx = 1. We denote the

class of such functions by H(τ).
For comparison of estimates p̂1n(x) and p̂2n(x) we introduce the statistics

Un =
1

2
nbn

∫
Ωn

[
p̃1n(x)− p̃2n(x)

]2
dx,

p̃in(x) = pin(x)−E pin(x), i = 1, 2
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and the following notation:

Qij = ψn(xi, xj), ψn(u, v) =

∫
Ωn

K
(x− u

bn

)
K
(x− v

bn

)
dx,

B2
n(p1, p2) = (nbn)−2

n∑
k=2

[p1(xk)(1− p1(xk))

m
(1)
k

+
p2(xk)(1− p2(xk))

m
(2)
k

]
×
k−1∑
i=1

[p1(xi)(1− p1(xi))

m
(1)
i

+
p2(xi)(1− p2(xi))

m
(2)
i

]
Q2
ik,

η
(n)
ij =

εiεjQij
nbnBn(p1, p2)

, εi = ε1i − ε2i, εki = Y
(k)

i − pk(xi), i = 1, . . . , n, k = 1, 2,

ξ
(n)
k =

k−1∑
i=1

η
(n)
ik , k = 2, . . . , n, ξ

(n)
1 = 0, ξ

(n)
k = 0, k > n,

F (n)
k = σ(ε1, . . . , εk),

where F (n)
k is a σ-algebra generated by random variables ε1, . . . , εk, F (n)

0 = (∅,Ω) (in the sequel, for

the sake of simplicity, we will write ξk, ηij and Fk instead of ξ
(n)
k , η

(n)
ij and F (n)

k ).

3. Auxiliary Results

Lemma 1. A stochastic sequence (ξk,Fk)k≥1 is a martingale difference.

Lemma 2 ( [5]). Let K(x) ∈ H(τ) and p(x), 0 ≤ x ≤ 1, be a function of bounded variation. If
nbn →∞, then

1

nbn

n∑
i=1

Kν1
(x− xi

bn

)
Kν2

(y − xi
bn

)
pν3(xi) =

1

bn

1∫
0

Kν1
(x− u

bn

)
Kν2

(y − u
bn

)
pν3(u) du+O

( 1

nbn

)
,

uniformly with respect to x, y ∈ [0, 1], where νi ∈ N ∪ {0}, i = 1, 2, 3.

Lemma 3. Let K(x) ∈ H(τ) and pk(x) ∈ C1[0, 1], k = 1, 2. If nb2n →∞, then

b−1
n N2

nB
2
n(p1, p2) ≥ b−1

n σ2
n(p1, p2) −→ σ2(p1, p2) as n→∞,

where

σ2
n(p1, p2) = (nbn)−2

n∑
k=2

d(xk)

k−1∑
i=1

d(xi)Q
2
ik, d(xi) =

2∑
r=1

pr(xi)(1− pr(xi)), i = 1, . . . , n,

σ2(p1, p2) =
1

2

1∫
0

d2(x) dx

∫
|t|≤2τ

K2
0 (t) dt,

d(x) =

2∑
r=1

pr(x)(1− pr(x)),

Nn = max(N (1)
n , N (2)

n ), N (k)
n = max

1≤i≤n
m

(k)
i , k = 1, 2, K0 = K ∗K.

In particular, if m
(1)
i = m

(2)
i = Nn, i = 1, . . . , n, then

lim
n→∞

N2
nB

2
n(p1, p2)

bn
= σ2(p1, p2)

and also, if p1(x) = p2(x) = p0(x), then

lim
n→∞

N2
0B

2
n(p1, p2)

bn
= σ2(p0) = 2

∫
p2

0(x)(1− p0(x))2 dx

∫
|x|≤2τ

K2
0 (x) dx.
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Proof. Clearly,

N2
nb
−1
n B2

n(p1, p2) ≥ b−1
n σ2

n(p1, p2)

and

σ2
n(p1, p2) = A(1)

n (p1, p2) +A(2)
n (p1, p2),

where

A(1)
n (p1, p2) =

1

2
(nbn)−2

n∑
i,k=1

d(xi)d(xk)Q2
ik,

A(2)
n (p1, p2) = −1

2
(nbn)−2

n∑
i=1

d2(xi)Q
2
ii.

It is easy to verify that

b−1
n |A(2)

n (p1, p2)| = 1

2
n−2b−3

n

n∑
i=1

d2(xi)

( ∫
Ωn

K2
(x− xi

bn

)
dx

)2

≤ c1
1

nbn
. (1)

Further, using the definition of Qki, we obtain

A(1)
n (p1, p2) =

1

2
(nbn)−2

∫
Ωn

∫
Ωn

( n∑
i=1

d(xi)K
(x− xi

bn

)
K
(y − xi

bn

))2

dx dy.

Since p(x) ∈ C1[0, 1] and [x−1
bn

, xbn ] ⊃ [−τ, τ ] for all x ∈ Ωn(τ) and by Lemma 2, it is easy to verify
that

b−1
n A(1)

n (p1, p2) =
1

2

∫
Ωn(τ)

d2(x) dx

x
bn
−τ∫

x−1
bn

+τ

K2
0

(x− y
bn

)
dx dy +O(bn) +O

( 1

nb2n

)
.

Therefore

b−1
n A(1)

n (p1, p2) −→ 1

2

1∫
0

d2(x) dx

∫
|x|≤2τ

K2
0 (x) dx. (2)

From the last, in particular, for p1(x) = p2(x) = p0(x), it follows that

b−1
n A(1)

n (p0, p0) −→ 1

2

1∫
0

p2
0(x)(1− p0(x)) dx

∫
|x|≤2τ

K2
0 (x) dx. (3)

From (1), (2) and (3) follows the assertion. �

4. Asymptotic Normality of Statistic Un

The following assertion holds true.

Theorem. Let K(x) ∈ H(τ) and p(x) ∈ C1[0, 1]. If
N4

n

nb2n
→ ∞ and N4

nbn → 0 as n → ∞, then for

the hypothesis H0 : p1(x) = p2(x),

Un −EUn
Bn

d−→ N(0, 1), Bn = Bn(p1, p2),

where
d−→ denotes convergence in distribution, and N(0, 1) is a random variable having a standard

normal distribution Φ(x).

Proof. We have
Un −EUn

Bn
= H(1)

n +H(2)
n ,
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where

H(1)
n =

n∑
k=1

ξk, H(2)
n =

n∑
i=1

(ε2
i −E ε2

i )Qii

nbnBn
.

Let us show that H
(2)
n converges to zero in probability. Indeed,

VarH(2)
n ≤ 1

(nbnBn)2

n∑
i=1

(E ε4
1i + E ε4

2i)Q
2
ii

Since Qij ≤ c1bn and E ε4
i ≤ c2(m

(1)
i )−2 + c3(m

(2)
i )−2, by Lemma 3, we have

VarH(2)
n ≤ c4

N2
n

nb2n
−→ 0.

Therefore H
(2)
n

P−→ 0 (here and below the letter P over the arrow denotes convergence in probability).

Now let us show that H
(1)
n

d−→ N(0, 1). To this end, we need to verify the validity of Corollaries 2
and 6 of Theorem 2 in [3]. We have to show the fulfilment of the conditions contained in these
corollaries and guaranteeing the asymptotic normality of the square integrable martingale difference,

which, according to Lemma 1, is our sequence {ξk,Fk}k≥1. It is easy to see that
n∑
k=1

E ξ2
k = 1.

Asymptotic normality H
(1)
n takes place if for n→∞,

n∑
k=1

E
[
ξ2
kI
(
|ξk| ≥ ε

)
| Fk−1

]
P−→ 0 (4)

and
n∑
k=1

ξ2
k

P−→ 1. (5)

In [3], it is proved that if (5) and the condition sup
1≤k≤n

|ξk|
P−→ 0 are fulfilled, then condition (4) is

fulfilled, too.
Since for ε > 0,

P
{

sup
1≤k≤n

|ξk| ≥ ε
}
≤ ε−4

n∑
k=1

E ξ4
k,

according to relation (7) given below, to prove

H(1)
n

d−→ N(0, 1).

It remains only to verify (5). For this, it suffices to ascertain that

E
( n∑
k=1

ξ2
k − 1

)2

−→ 0 as n→∞,

i.e., that since
n∑
k=1

E ξ2
k = 1,

E
( n∑
k=1

ξ2
k

)2

=

n∑
k=1

E ξ4
k + 2

∑
1≤k1<k2≤n

E ξ2
k1ξ

2
k2 −→ 1. (6)

Let us prove (6). Taking the definitions of ξk and ηk into account, we write

n∑
k=1

E ξ4
k = I(1)

n + I(2)
n ,
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where

I(1)
n =

1

(nbn)4σ4
n

n∑
k=2

E ε4
k

k−1∑
j=1

E ε4
jQ

4
jk,

I(2)
n =

3

(nbn)4B4
n

n∑
k=2

∑
i 6=j

E ε2
jE ε

2
iQ

2
jkQ

2
ik.

Since

Qij ≤ c6bn, E ε4
j ≤ c5, E ε2

j ≤ c6, |E ε3
j | ≤ c7,

and

b−1
n σ2

n(p1, p2) −→ σ2(p1, p2),

we have

I(1)
n = O

( N4
n

(nbn)2

)
, I(2)

n = O
(N4

n

nb2n

)
.

Therefore
n∑
k=1

E ξ4
k

P−→ 0 as n→∞. (7)

Further, from the definition of ξi, it follows that

ξ2
k1ξ

2
k2 = B

(1)
k1k2

+B
(2)
k1k2

+B
(3)
k1k2

+B
(4)
k1k2

,

where

B
(1)
k1k2

= σ2(k1)σ2(k2), B
(2)
k1k2

= σ2(k1)σ1(k2),

B
(3)
k1k2

= σ1(k1)σ2(k2), B
(4)
k1k2

= σ1(k1)σ1(k2),

σ1(k) =
∑

i6=j 6=j≤k−1

ηikηjk, σ2(k) =

k−1∑
i=1

η2
ik.

Consequently,

2
∑

1≤k1<k2≤n

E ξ2
k1ξ

2
k2 =

4∑
i=1

A(i)
n ,

where

A(i)
n = 2

∑
1≤k1<k2≤n

EB
(i)
k1k2

, i = 1, 2, 3, 4.

Let us consider A
(3)
n . Using the definition of ηij , it can be easily shown that

EB
(3)
k1k2

= 0,

and therefore

A(3)
n = 0. (8)

Let us estimate A
(2)
n . We have∣∣EB(2)

k1k2

∣∣ =
1

(nbnBn)4

∣∣∣ k1−1∑
i=1

E ε3
iE ε

3
k1E ε

2
k2Q

2
ik1Qik2Qk1k2

∣∣∣.
Since E |ε3

i | ≤ c7 and Qij ≤ c6bn, we obtain∣∣EB(2)
k1k2

∣∣ ≤ c8 k1 − 1

(nBn)4
.

Further, because ∑
1≤k1<k2≤n

(k1 − 1) = O(n3) and b−1
n σ2

n −→ σ2(p) > 0,
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we have

|A(2)
n | ≤ c9

n3

n4B4
n

= c9
N4
n

nb2n(b−1
n N2

nB
2
n)2

= O
(N4

n

nb2n

)
. (9)

Now, we will establish that A
(1)
n → 1 as n→∞. It is obvious that

A(1)
n = 2

∑
1≤k1<k2≤n

EB
(1)
k1k2

= S(1)
n + S(2)

n ,

where

S(1)
n = 2

∑
1≤k1<k2≤n

( k1−1∑
i=1

E η2
ik1

)( k2−1∑
j=1

E η2
jk2

)
,

S(2)
n = 2

( ∑
k1<k2

EB
(1)
k1k2
−
∑
k1<k2

( k1−1∑
i=1

E η2
ik1

)( k2−1∑
j=1

E η2
jk2

))
.

From the definition of σ2
n it follows that

S(1)
n = 1−

n∑
k=2

( k−1∑
i=1

E η2
ik

)2

,

moreover,
n∑
k=2

( k−1∑
i=1

E η2
ik

)2

≤ c10
b4nn

3

(nbn)4B4
n

= O
( 1

nb2n

)
.

Thus

S(1)
n = 1 +O

(N2
n

nb2n

)
. (10)

We will further show that S
(2)
n → 0. It is easy to see that

S(2)
n = 2

∑
k1<k2

[ k1−1∑
i=1

cov(η2
ik1 , η

2
ik2) +

k1−1∑
i=1

cov(η2
ik1 , η

2
k1k2)

]
.

Therefore

cov(η2
ik1 , η

2
ik2) = O

( 1

n4B4
n

)
.

Next, since ∑
1≤k1<k2≤n

(k1 − 1) = O(n3),

we have

S(2)
n = O

( 1

nB4
n

)
= O

(N4
n

nb2n

)
. (11)

Thus by (10) and (11),

A(1)
n = 1 +O

(N4
n

nb2n

)
. (12)

Finally, we will prove that A
(4)
n → 0 as n→∞. Using the definition of ηij and the relations Qij ≥ 0

and E ε2
i ≤ c11, we have

EB
(4)
k1k2

= 4
∑

1≤t<s≤k1−1

E ηsk1ηtk1ηsk2ηtk2 ≤
c8

n4b4nB
4
n

∑
1≤t<s≤k1−1

Qsk1Qtk1Qsk2Qtk2 .

Therefore
A(4)
n ≤

c9
n2b4nB

4
n

∑
k1<k2

Ak1k2 ,

where

Ak1k2 =
1

n2

∑
1≤t<s≤k1−1

Qsk1Qtk1Qsk2Qtk2 .
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But ∑
k1<k2

Ak1k2 ≤
n∑

k1,k2=1

( 1

n

n∑
t=1

Qtk1Qtk2

)2

.

Thus

A(4)
n ≤ c10

1

n2b4nB
4
n

×
n∑

k1,k2=1

( ∫
Ωn(τ)

∫
Ωn(τ)

K
(x− xk1

bn

)
K
(y − xk2

bn

)
· 1

n

n∑
i=1

K
(x− xi

bn

)
K
(y − xi

bn

)
dx dy

)2

. (13)

Next, applying Lemma 2, from (13), we conclude that

A(4)
n ≤

c12

n2b4nB
4
n

×
n∑

k1,k2=1

{
1

n

1∫
0

∫
Ωn(τ)

∫
Ωn(τ)

K
(x− xk1

bn

)
·K
(y − xk2

bn

)
·K
(x− u

bn

)
·K
(y − u

bn

)
du dx dy

}2

+O
(N4

n

nb2n

)
. (14)

Further, applying again Lemma 2 in (14), it can be shown that

A(4)
n ≤

c12

b4nB
4
n

1∫
0

1∫
0

1∫
0

1∫
0

ψn(u1, v2)ψn(u1, v1)ψn(u2, v1)ψn(u2, v2) du1 du2 dv1 dv2 +O
(N4

n

nb2n

)
, (15)

where

ψn(x, y) =

∫
Ωn

K
( t− x

bn

)
K
( t− y
bn

)
dt.

Let us now estimate the integral contained in (15). Since[x− 1

bn
,
x

bn

]
⊇ [−τ, τ ] for all x ∈ Ωn(τ),

we have

1∫
0

ψn(u1, v2)ψn(u1, v1) du1 = bn

∫
Ωn(τ)

K
( t− v2

bn

)
K
(z − v1

bn

)
K2

(z − t
bn

)
dt dz ≤ c13b

3
n,

K2 = K ∗K, Ωn(τ) = Ωn(τ)× Ωn(τ).

Therefore

A(4)
n ≤ c14

1

bnB4
n

1∫
0

1∫
0

1∫
0

ψn(u2, v1)ψn(u2, v2) du2 dv1 dv2 +O
(N4

n

nb2n

)
. (16)

Applying the same operations to (16), we finally obtain

A(4)
n ≤ c15

b4n
bnB4

n

+O
(N4

n

nb2n

)
= O

( b3nN
4
n

b2n(
N2

nB
2
n

bn
)2

)
+O

(N4
n

nb2n

)
= O(bnN

4
n) +O

(N4
n

nb2n

)
. (17)

After combining relations (8), (9), (12) and (17), we establish that

2
∑

1≤k1<k2≤n

E ξ2
k1ξ

2
k2 −→ 1.
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From this and (7), it follows that

E
( n∑
k=1

ξ2
k − 1

)2

−→ 0 as n→∞.

Thus
Un −EUn

Bn

d−→ N(0, 1).

The theorem is proved. �

Corollary. Let K(x) ∈ H(τ), pk(x) ∈ C1[0, 1], k = 1, 2. Further, let, m
(1)
i = m

(2)
i = Nn, i = 1, . . . , n.

If
N4

n

nb2n
→ 0 and N4

nbn → 0, then

b
− 1

2
n

NnUn −EUn
σ(p1, p2)

d−→ N(0, 1).
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