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WEIGHTED INTEGRAL INEQUALITIES OF EULER-GRUSS TYPE WITH
APPLICATIONS

MIHAELA RIBICIC PENAVA

Abstract. The main objective of this paper is to present some new bounds for the general weighted
n-point integral formulae. This will be done by using some Griiss type inequalities and certain Euler
type identities. As special cases, we obtain some error estimates for the Chebyshev—Gauss quadrature
rules.

1. INTRODUCTION

The integral inequality which establishes a connection between the integral of the product of two
functions and the product of the integrals is known in the literature as the Griiss inequality (see [9,

p. 296]). That is,
it fowvn (5L foon) (5L [row)

< B-a) G-,

where ¢, : [a,b] — R are two bounded integrable functions, «, 8, and ¢ are real numbers such that
a<¢t)<pandy<Y(t) <4, foralltea,b.
Matié et al. [8] proved the following variant of the Griiss inequality:

Lemma 1. Let ¢, : [a,b] — R be two integrable functions on [a,b] such that ¢ -1 is also integrable,
a, B are real numbers and

a <o) <B, Ve ol
Then

c@u i< 258w,

C(o,9) = —/rb dt<b_ /d) dt)(b_la/b@b(t)dt)

The functional C (¢, ) is well known as the Chebyshev functional (see [9]).

During the last two decades many researchers have focused their attention on the above inequality
and functional (see [3-8,10,12], and the references cited therein).

In paper [11], the authors have obtained two weighted n-point integral formulae by using certain
Euler type identities.

Here, as in the rest of the paper, probability density function p : [a,b] — [0,00) is an integrable

where

function satisfying f p(t)dt = 1.
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Theorem 1. Let f : [a,b] — R be such that Fm=1 s 4 continuous function of bounded variation

on [a,b] for some m > 1 and let p : [a,b] — [0,00) be some probability density function. Then the
following formulae:

b

[ =3 asw + 3 L
k=1 i=1

9 jp(ﬂgi(;—f;)dt_gm(

xbk_aa)> x

and

b m—1 i—1
/p<t> ZAkf re+ 3 U0

x [f“ D)~ ()]
b b
% [ (oo (=) - (=)
() () e w2

hold, where Z Ap =1, Bi(t), k >0, t € R are Bernoulli polynomials, By, = By(0), k > 0 Bernoulli

numbers and Bk( ), k>0 are periodic functions of period 1 such that Bj(t) = Bg(t), for 0 <t < 1.

If we put m = s + v, formulae (1.1) and (1.2) are exact for all polynomials of degree < s — 1.

Some other recently obtained bounds for integral formulae of Euler type can be found in monographs
[2] and [5].

In this paper, we derive some new estimations of the reminder in weighted integral formulae (1.1)
and (1.2) by using Lemma 1 for mappings whose m-derivatives are bounded. This approach generalizes
the results developed in papers [3] and [10]. At the end, as applications we obtain error estimates for
the Gauss—Chebyshev formulae of the first and second kind.

2. MAIN RESULTS

Using integrations by parts and properties of Bernoulli polynomials and periodic function B},, the
following equalities follow (see [1, p. 804] and [12]).

Lemma 2. Form >1 and &, 7 € [a,b], we have

/B* _t =0
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and

/B* (=e)m (=)= o 5B (=7

Proof. Since B,
we deduce

m?

b I3 b
/B;(%)dt:/Bm(%)dt—s—/Bm(%—i-l)dt.
a a 3

Now, from the properties of Bernoulli polynomials, by elementary calculation, we get

b

/B:‘n(f:z)dtzo.

a

To prove the second equality, we use integrations by parts. So, we obtain
[ e (€
-1 n—t
B (7= ) B (1= )t
/ Mm\b—a/ ™\b—ua
a
b

s e

a

Repeating this procedure m — 1 times, we derive

/ B =) B (=)

b

:<—1>m-1<m+sz;ﬁ;i?::'ém_D[ B (=) B (=)t

a

b
[5G0 B (=)= 5 B (5=0)

which completes the proof.

Finally, we get

403

m > 1 are periodic functions of period 1 such that B}, (t) = By, (t), for 0 <t < 1,

O

Now, we give our main result in the form of a new Griiss type inequality for the weighted integral

formulae of Euler type.

Theorem 2. Let f : [a,b] — R be such that Fm=1) s an absolutely continuous function for some

m > 1 and oy, < fO(t) < B for all t € [a,b] and for some real constants o, and Bp,.
p: [a,b] = [0,00) be some probability density function. Then we have the following inequality:

Let



404 M. R. PENAVA

where

b

Lo (p, f) = Q(Tln!){bia/b {/p(U)B,’f,L(Z__;)durdt

T [BzmkiAi - 2§Ak /b (0B (A=)
Ce e

2 3w (5]

where
n b
0t = S8 (F7) - [ o8 (F=2)aw
k=1 a
and
Rm(f,p)
m b b b
- % {b_la / O, (£) £ (£)dt — ﬁ / O, (1)dt / FOm (4)dt

Further, if we apply Lemma 1 to ¢ — (™ and 1 — ®,,,, we obtain

(b - a)m, Bm — Oy

2

X [b_la/bﬁn(t)dt— (b_1a)2 (/b @m(t)dt) }1/2.

a

Now, from the first part of Lemma 2 there follows

a/bcbm(t)dtz ;Aka/ij”@k__at)dt_a/b(a/bp(u)B;’(Z—_ctx)du>dt:0'
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Similarly, using the second part of Lemma 2, we derive
b n b
@2 (t)dt = AQ/(*( ))dt
J #ma=3 a0 Ll

a k=1 a

_QZAk/ (/B* - ;(”;"'__at)dt)du
B> AkAl/B* By (1 )

k=11=1,I#k
b b . )
+/ {/p(u)Bm(b a)du] dt
- (71)”%17(}’_“)( Bszn:Ai QZAk/ W) By (5= ) du
(2m)! — "\b—a
n n b b 2
* Tk — X *
+3° 3 ang,( — >}+/U (u) B, (b )du] dt.
k=11=1,I£k oL
Finally, using identity (2.2) and inequality (2.3), we obtain our main result, inequality (2.1). O

Remark 1. Applying the same method as in the previous proof, from identity (1.2) we get inequality
(2.1), too.

Remark 2. For a uniform weight function, p(t) = 1/(b—a), t € [a,b], n =2, A, =1/2, 21 = a, x5 =
b and m =1, we obtain an inequality related to the following trapezoid formula:

b
5 [ 0 S @+ 0] < Tz 0= ) - ).

This inequality was first published in [8].

Remark 3. Setting p(t) =1/(b—a), t € [a,b], n =3, 1 =a, x2 = (a+b)/2, x3 =0, and m =1,2,3
n (2.1), we derive the estimates for the error in Simpson’s rule

‘ _a/f dt—f )+4f<“;b)+f(b)“

S - a’) (ﬁ - Oém) )
where 1 ) 1
=—, Tog=—— T3=—_
T2 P o430 0 96vI0S
Form =4

/bf(wdté[ (a) + 4f(a+b)+f(b)}+(f(g)(b)—f(?))(a))(b—a)?’

‘b—a

2880
1 /11 .

< /== ).

<560V 1a 0@ (Ba—aa)

These inequalities were established in [10].

Remark 4. For a uniform weight function and for n = 1,2, 3 inequality (2.1) reduces to Euler-Griiss
inequalities pointed out in paper [3].
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3. APPLICATIONS FOR THE CHEBYSHEV—GAUSS FORMULAE

In this section, we apply the previous results to obtain some error estimates for Chebyshev—Gauss
formulae of the first and the second kind of Euler type.

As a special case of formula (1.1), we have the following Chebyshev—-Gauss formula of the first kind
of Euler type (see [11]):

n s+v— !
[ A= s+ oSG + s [ amart e, @)

V1—1t2 (et (s +v)!
—1 = -1
where
© 2J+S ! / t+1
OCG1(f.n) = / ( )dt
s+v (f ) = ( + W
21
T xk + 1 .
_Z B (s4i— 1) (s+i—=1)(_
Ty B ) f — s ()]
k=1
and

1
@CGI

9+1; a E Be—i—v

This formula is exact for all polynomials of degree < s — 1.
Now, applying our main result, we get new estimations of the reminder in formula (3.1).

)= [ (o

Theorem 3. Let f:[—1,1] = R be such that Feto=1) s an absolutely continuous function for some
s+v>1and agyy < f(s+v)(t) < Bsio for allt € [=1,1] and for some real constants sty and Bsiy.
Then

\/F MR

1 1
e [[] b ()]

n

H(=1)5Hm 12((s +)1)? [ 2 m)du

2s+o) | n 1/1\/7 2<5+”>( 2

2 1/2
+%BQ(S+’U 2 Z Z B* 2(s+v) (xk xl):| } . (32)

k=11=1,l#£k

and
O

Proof. This is a special case of Theorem 2 for [a,b] = [-1,1], m = s+ v, p(t) =
A=

m/1—t2

S|=

Remark 5. Takingn =1, 21 =0, s =1 and v = 0 in inequality (3.2), we obtain

[ I —
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Remark 6. Forn =2, z; = —g, To = g, s1 <4 and v =0, we get the following inequalities:

a3

< K2CG1 (5170) ! (ﬂsl - a81)7

where K§G (1,0) = 1/ T™2=4 ~ 0.470576, K$ (2,0) ~ 0.0798678 and K§'¢! (3,0) ~ 0.0222603.

Remark 7. Finally, forn = 3, z; = —@, o =0, z3 = @, s1 < 6 and v = 0, we deduce the
following inequalities:

‘/./ch(_t)ﬂdt_ g[f<_ \é?;) +f(0) +f(\é§)H
—1
S Kgchl (51,0) . (651 70‘81)3

where K{G1 (1,0) ~ 0.307238, K1 (2,0) ~ 0.0344436, K§C!(3,0) ~ 0.00549894, K{C' (4,0) ~
0.00103907 and K§'E (5,0) ~ 0.000246304.

Further, as a special case of formula (1.1) for [a,b] = [-1,1], m = s+ v, p(t) = Li_tz and
Ay = %_H sin? n% , we have the following Chebyshev-Gauss formula of the second kind of Euler
type (see [11]):

1 " "
g2 __T 2 (T cG2
—1 -
1
n 2sFv-l /CDCG2(t n)df(s-i-v—l)(t) (3 3)
(s +v)! stv A ’ '
1
where
. 2its-l / 1
5= t
OCG2(f,n) = % /\/1 —tQBHS( + )dt
= (s+7)! 2
= 1
7 n o/ km $k+1> { (s5—=1) (1 _ p(s+i—1)(_ }
n+1kZ:18m (n—|—1)BJ+S< 2 f W=1 =1
and

1
n k —t -1
IR o I R e
-1

s+v
n—l—lkz1 +1

This formula is exact for all polynomials of degree < s — 1.
Finally, as a special case of Theorem 2, we obtain new estimations of the reminder in formula (3.3).

Theorem 4. Let f : [—1,1] = R be such that f+°=1 is an absolutely continuous function for some
s+v>1and agqy < f(5+”)(t) < Bsaw for allt € [—1,1] and for some real constants sy, and Beiy.

Then

1
T o km
’/\/l—th(t)dt— mmsuﬂ (n+1)f(a:k) —QCC2(f,n)
—1 -
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1
2s+v (ﬂs—&-v - as—&-v) 2 % u—1 >
< / /\/l—u Bm( )du dt
S5
2(s o)) [ 2m N km oy [
_ +v)! T T U — Tk
1 s+v—1 S _ 2 / 1 — u2B* d
e R [ 2 () [ VI B (5
= 1
2 n
s .4 kT
+(n+1)232(5+v);sm (n 1)
2 n n 1/2
™ .o km .o I . Tk — Xy
+7ZZ sin <7) sin ()BQ(S—H))():|} . (3.4)
(n+1) =T n+1 n+1 2
Proof. This is a special case of Theorem 2 for [a,b] = [-1,1], m = s+ v, p(t) = 27@:’52 and
A = 52y sin? (7). 0

Remark 8. Forn=1,21 =0, s=1 and v =0, we derive the following inequality:
1
VISR a5 )| < KER 0.0 (- ).
1

where K£% (1,0) ~ 0.409931.

Remark 9. Furthermore, forn =2, ©; = —%, To = %, s1 < 4 and v =0, we consider the following
inequalities:

Ve l(-3) - 1)

< KQCG2 (51’0) : (ﬂ81 - a51) )
where K§G? (1,0) ~ 0.227524, K$G% (2,0) ~ 0.0342287 and K$? (3,0) ~ 0.0077412.

Remark 10. Finally, for n = 3, x1 = —g,.’liz =0 and z3 = 72, s1 < 6 and v = 0, we get the
following inequalities:
1
2 2
‘/\/1t2f(t)dt7r[f(f) +2f(0)+f(\2[)]‘

8 2
-1

< KBCG2 (8170) : (le _a81)v

where K{92 (1,0) ~ 0.169113, K92 (2,0) ~ 0.0174633, K§'%2(3,0) ~ 0.00238238, K{%?%(4,0) ~
0.000382337 and K$? (5,0) ~ 0.0000773027.
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