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ON THE ABSOLUTE MATRIX SUMMABILITY FACTORS OF FOURIER
SERIES

SEBNEM YILDIZ

Abstract. In this paper, a general theorem on the local property of the }N,pn; 6|k summability of
factored Fourier series, which generalizes some known results has been extended to absolute matrix
summability factors of Fourier series.

1. INTRODUCTION

Let > a, be a given infinite series with partial sums (s,). Let (p,) be a sequence of positive
numbers such that

n
Pn:va%oo as n—oo, (P_;=p_;=0, i>1).
v=0
The sequence-to-sequence transformation

1 n
tn=— >
n P,n ’U:OpUS’U

defines the sequence (t,,) of the Riesz means or, simply, the (N, p,,) mean of the sequence (s,,) generated
by the sequence of coefficients (p,) (see [4]).
The series Y a,, is said to be ’N,pn; 6‘1@ summable, where k > 1 and 6 > 0, if (see [2])

[eS) Ok+k—1
P,
> (”) |ty — tn_1 |F< oc.

ne1 \Pn

In the special case, p, = 1 for all n (resp., 6 = 0), the ‘]\_/',pn;é‘k summability is the same as the
|C, 1;0|, (resp., |]\7,pn’k) summability (see [1]).

A sequence ()\,) is said to be convex if A2), > 0 for every positive integer n, where
A2)\, = AN, — ANp1 and AN, = Ay — Ay (see [9]).

Let A = (ayy) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then
A defines the sequence-to-sequence transformation, mapping the sequence s = (s,,) to As = (A,(s)),
where

An(s) = Zamsv n=0,1,....
v=0
The series ) a, is said to be |A, p,; 0|, summable, where & > 1 and § > 0, if (see [5])

o Skt+k—1
Z (Pn) |An(s) — An71(8)|k < 00.

o1 \Pn
If we take ap, = }p;L, then the |A, p,; 4|, summability is the same as the ’]\_f,pn; 6|k summability. If
we take ay, = }%Z and § = 0, then the |A,p,; 4|, summability reduces to the |N ,pn’ ,, summability.

Also, if we take § = 0, then the |A, p,; |, summability reduces to the |4, p,|, summability (see [6]).
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Given a normal matrix A = (ay,,), we associate two lower semimatrices A = (a@,,) and A = (Gn.)
as follows:

&nv:Zam, n,v=0,1,... (1)

1=v

and
dOO = C_LOO = Qa00, dnv = Qpy — C_Ln—l,va n = 17 2a e e (2)

It should be noted that A and A are the well-known matrices of series-to-sequence and series-to-series
transformations, respectively. So, we get

n n
An(s) = § ApySy = § AnyQy
v=0 v=0

and

AA,(s) = i QoG-
v=0

2. THE KNOWN RESULTS

Let f be a periodic function with period 2, integrable (L) over (—m, 7). We may assume that the
constant term of the Fourier series of f is zero, that is,

[ s =o.
f(t) ~ i(an cosnt + by, sinnt) = i Cn(t).
n=1 n=1

In [3], Bor proved the following result dealing with the |]\7 P 0 | ,, summability factors of Fourier series.
Theorem 2.1 ([3]). Let k> 1 and 0 < 6 < 1/k. If (\,) is a convex sequence such that > pnA, 1S

convergent and

P F
<U> P,AN, =0(1) as m — oo,
Do

ok
P,
<> Py =0(1) as m — oo,

n=v+1 Pn Pnfl Py Pv ’

then the }N,pn; 5|k summability of the series Y Cy(t)\n Py at a point can be ensured by a local prop-
erty.

In [7], Sulaiman has obtained a result from which a special case improved the result of [3] in the
following form.
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Theorem 2.2 ([7]). Let k > 1 and 0 < 6 < 1/k. Let (¢n) be a complex sequence. If (|An]) is
non-increasing such that Y p,|\n| is convergent and

m P ok P

2 (pv) P%f')‘””%‘k =0(1) as m— o0, (3)
v=1 v v

Z (pv) [AX|[ou] = O(1) as m — oo, (4)
v=1 v

m P'u ok 1

Z () ——PoillApy [ =0(1) as m— oo, (5)
v=1 Pv v+1

i (Pn>5k_1 1 _O (R;)ékl
n=v+1 Pn Pnfl Po Pv ’

then the ‘Z\_f,pn; 5’19 summability of the series Y Cy(t)\n Py at a point can be ensured by a local prop-
erty.

3. MAIN RESULT

The aim of this paper is to generalize Sulaiman’s result in [7] for the |A, p,,; §|r summability method.

Theorem 3.1. Let (p,) be a complex sequence. Let k > 1 and 0 < § < 1/k. Suppose that A = (any)
is a positive normal matrix such that

=1, n=0,1,..., (6)
Un—1v = Ay, forn>v+1, (7)

_ofP
ann—()(Pn).

If (JAn]) is non-increasing such that Y p, |\, | is convergent and satisfy conditions (3)—(5) of Theorem
2.2 and the conditions

3 (fj)ék |A,U<anv>|=0<(i’)5kg> o X

n=v+1
m+1 Sk Sk
P, . P,
E () |Gnpt1] = O () as m — oo 9)
neor1 \Pn Py

are satisfied, then the |A, p,; 0| summability of the series

Z Ch (t)AnSDnv

n=1

at any point is a local property of f.
Lemma 3.1 ([8]). From conditions (1), (2) and (6), (7), we have

n—1
Z |A'u(&nv)| S Apn,
v=1

|&n,v+1 ‘ S Ann-

Lemma 3.2 ([7]). If (|\n]) is non-increasing such that > pn|An| < 00, then Py A, = O(1), as
n— 00.

Lemma 3.3. Let (¢,) be a complex sequence. If (sy,,) is bounded, and all the conditions of Theorem 3.1
are satisfied, then the series

i anAnPn
n=1
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is |A, pn; 0|k summable, where k > 1 and 0 <6 < 1/k, and (J\,]) is the same as in Theorem 3.1.

Proof. Let (I,

n) denotes the A-transform of the series Z G AnPn, then

n=1

Aln = i dnvav)\USOw
v=1

Applying Abel’s transformation to this sum, we have

AT,

(]

—

AW (dnv)\v<)0v) ZU: ar + GnpAnPn zn: Gy
r=1 v=1

Z A, (dnv)\UQDv)sv + ann)\nwnsn

n—1 n—1
A(dnv)Av@vsv + Z AAU@vdn,v+15v + Z A()OU)\’U-',-l&n,UJrlSU + ann)\nQOnSn
v=1 v=1

1+ In,2 + In,3 + In,4-

To complete the proof of Lemma 3.3, it suffices to show that

o P Sk+k—1
N e A O
= \Pn

First, applying Holder’s inequality, we have

o\ SkHh—1 mAl o p o\ Sktk—l on-l
p) | T vzz() {ZA )| | ||sov||sv|}

o \Pn

m—+1

P SkHh—1n-] b1
() S A 30 1A [Flul* % {Z 1A ()| }
=2 Dn v=1 v=1
m+1 P Sk+k—1 n—1
ow>. ( ) af;;l{ T |Av<am>||xv|kw}
= v=1

Pn

m m+1 ok
0> ulflelt 3 (P) 1A ()]

v=1 n=v+1 Dn

) B2 g

- - Po
Z( ) R e
v=1 v

) pu

m — 00,

e
Il
—

by virtue of the hypotheses of Lemma 3.3 and by using condition (3) of Theorem 2.2, condition (8) of
Theorem 3.1 and also taking into account Lemma 3.1 and Lemma 3.2. Now, using Holder’s inequality,

we have

(.

o \Pn

Pn

Sktk—1 mAl o\ Sktk—1 cn-l k
YD Y €3 IR D SR
n=2 v=1
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P Sk+k—1n—1 D Sk—6 — k—1
) Z(P) |an,v+1|mv|msv|’“x{2( )|an,v+1||m@||%|}

v=1 v=1

m—+1 P Sk+k—1 n—1 » 0k—46 n—1 k—1

=0<1>Z(p") (P> |an,v+1||mv||%|><{z( ) |AAU||%|}
v=1 _

n—1 Sk—46

( 3 (’;) |an,v+1||mv||%|}

v=1

oq,,g

m P m—+1 P Sk
—o>- (5) andied Y (5) fanel
v=1 v n=v+1 Pn
m D Sk—46 P Sk
oY (B) (3) 1anlied
v=1 v v
m Pu )
— o) () ISV

by virtue of the hypotheses of Lemma 3.3 and by taking condition (4) of Theorem 2.2 and also
condition (9) of Theorem 3.1. Further, we have

m—+1 P Sk+k—1 m—+1 Sk+k—1 n—1 k
3 () sl 3 (p ) {Z|an,v+1|Asov||Av+1||sv}
TL:2 n

Pn =1
m+1 J2 Sk+k—1n—1 | 1| n—1 k—1
n v+ A~

= O<1) Z () Z |A§D'U| |an v+1| { Z |an,v+1|>\v+1pv+1}

n=2 Dn v+1 v=1

m+1 P Sk+k—1 | 1‘ n—1 k—1

n v+

= O<1) Z () Z |A<pv |an v+1‘ { Z |)\'u+1|pv+1}

n=2 Dn v+1 v=1

m+1 Sk n—1

Pn |/\v+1|

—0 Y (2] X180 i

n=2 Dn v=1 p’UJrl

A, m+1 P, ok
Z 2 2l Y (22) i
v+1 n=v+1 Pn
m ok
P, )\v

=0 () Ay \’f' +1|

v=1 Dy pv+1

=0(1) m— oo,
by virtue of the hypotheses of Lemma 3.3 and using condition (5) of Theorem 2.2, condition (9) of

Theorem 3.1 and also taking Lemma 3.1 and Lemma 3.2. Finally, by virtue of the hypotheses of
Lemma 3.3 and using condition (3) of Theorem 2.2 and taking Lemma 3.2, we have

m P Ok+k—1 m P Ok+k—1 . m P Ok+k—1
S (E)T it = (B) et = () et
n=1 n

n=1 n n=1 Dn
P —1
=0<1>Z<) Aal¥lipnl®
el Pn
P,

m
n:l

( n> 2 Al F (Pa A ) F
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m Pn ok D
=0(1) Z (p) ﬁ|)\n||4pn|k =0(1) as m — oo,
n=1 n n

which completes the proof of Lemma 3.3. O

Proof of Theorem 8.1. Since the convergence of Fourier series at a point is a local property of its
generating function f, our theorem follows immediately from Lemma 3.3.

4. CONCLUSIONS

If we take a,, = %> in Theorem 3.1, then we have a result of Theorem 2.2. Also, if we take 6 = 0
in Theorem 3.1, we have a new result dealing with the |A, p,|, summability of Fourier series.
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