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ON POISSON TYPE INTEGRALS IN THE POLYBALL

ROMI F. SHAMOYAN

Abstract. We consider some natural extensions of Poisson integral in the unit ball to polyballs

and extend some known classical results to the case of product domains (polyballs). In particular,
we extend some known results in the unit ball on Poisson integrals related to BMO to the product

domain case.

1. Introduction

Let Bn = |z| < 1 be the unit ball in Cn, Sn = ∂B be the unit sphere in Cn.

Let d(z, w) = |1 − 〈z, w〉| 12 , z, w ∈ B̄n, be the restriction of d on Sn; it is a non-isotropic metric
(see [4, 6]).

Let also Q(ξ, r) =
{
η ∈ Sn : |1− 〈ξ, η〉| 12 < r

}
, r > 0, ξ ∈ Sn. We call Q a d-ball putting r

sometimes as a subscript for the extension to the ball, Sn = {|z| = 1} .
We denote various constants appearing in this paper by C,C1, C2, c. As usual, we define both a

Poisson kernel P (z, w), z, w ∈ B̄n, P (z, w) = (1−|z|2)n
|1−〈z,w〉|2n , and a Poisson integral of a positive Borel

measure µ P (µ) in a standard way (see, e.g., [6]). For some new and classical results on these objects
we refer the reader to [4, 6] and [2, 5]. By dσ we denote the Lebesgue measure on Sn. For the d
function we refer to [4, 6] (see also below).

In this note we discuss some problems in an open new research area of Poisson type integrals in
product domains in Cn. Some new objects in this note will be defined and some interesting new
problems will be posed and solved. We provide first known results in a unit ball (see [6]).

It has been shown in [4, 6] that for an f function of a certain class (these estimates were used in
the study of analytic BMO)∫

Sn

|f(η)− f(a)|2P (a, η)dσ(η) ≥
(

c̃

σ(Q)

∫
Q

|f − f(a)|2dσ
)
, (1)

we can see that for all 3
4 < |a| < 1,∫

Sn

|f(ξ)− f(a)|2P (a, ξ)dσ(ξ) ≤ c(sup)
( 1

σ(Q)

)∫
Q

|f − fQ|2dσ <∞ (2)

(see [4, 6]). Next, it has been shown (see [4, 6]) that(
sup
z∈Bn

) ∫
Bn

P (z, w)dµ(w) ≥
(
µ(Qr(ξ))

4nr2n

)
, (3)

for a positive Borel measure µ in B.

And if c =
(

sup
ξ,r

)
µ(Qr(ξ))
r2n , then we have

(
sup
|z|> 3

4

) ∫
Bn

(P (z, w))dµ(w) ≤ (c16n)

∞∑
k≥0

( 1

2nk

)
, (4)

(see [4, 6]) for a positive µ Borel measure.
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The question is how to extend these and other similar results for a positive µ Borel measure to
more general situation if, for example, we consider more general Poisson type kernels of the type

P̃ (~z, ξ) =
n∏
(1−|z|2)βj

n∏
j=1
|1−zjξ|αj

, where

m∑
i=1

βj = n,

m∑
i=1

αj = 2n,

with zj ∈ B, j = 1, . . . , n, ξ ∈ S (we assume sometimes |zj | = |z|) and to a group of positive Borel
(µj) measures, where j = 1, . . . , n.

In this paper, we have found some ways on how to extend (2)–(4) to this more general situation.
These results may have various applications in the function theory. Complete proofs will be provided
in a separate note. We simply modify already known proofs provided in one domain.

Indeed, a natural idea consists in finding some ways to modify old and known proofs to the product
domain case. However, there exist some technical difficulties.

Following the proof for the case m = 1 (see [4, 6]), for a positive Borel µ measure we find

sup
zj∈Bn

( ∫
Bn

· · ·
( ∫
Bn

[ m∏
j=1

(1− |zj |)αj
]p1

dµ(w1)

m∏
j=1

|1− 〈zj , wj〉 |βjp1

) p2
p1

· · ·µ(wm)

) 1
pm

≥ c (µ(Qr(ξ)))

m∑
i=1

1
pi

r2n
, (Ã)

where Qr(ξ) = {z ∈ Bn : d(z, ξ) < r}, ξ ∈ Sn; r > 0,
m∑
j=1

αj = n,
m∑
j=1

βj = 2n, βj > 0; αj > 0,

j = 1, . . . ,m, 0 < pi <∞, i = 1, . . . ,m.
Next, we have the following known estimate (see [6])(

sup
|z|> 3

4

) ∫
Bn

P (z, w)dµ(w) ≤ 16nc

( ∞∑
k=0

1

2nk

)
, where ( ˜̃A)

P (z, w) =
(1− |z|2)n

|1− 〈z, w〉|2n
, c =

(
sup
ξ,r

)(µ(Qr(ξ))

r2n

)
, n ∈ N, z, w ∈ Bn.

The natural question to give an extension of this ( ˜̃A) estimate to

M̃ =

(
sup
|zj |> 3

4

)( ∫
Bn

· · ·
∫
Bn

(P̃ (~z, ~w))dµ1(w1) . . . dµm(wm)

) 1
pm

,

where

P̃ (~z, ~w) =

m∏
j=1

(1− |zj |)αj

m∏
j=1

(1− 〈zj , wj〉)βj
,

and
m∑
j=1

αj = n,

m∑
j=1

βj = 2n, 0 < pj <∞, zj , wj ∈ Bn, j = 1, . . . ,m,

following carefully one functional known proof (see [4, 6]).
Note that here µj are positive Borel measures on B, i = 1, . . . ,m.
We have found the following generalization:

(
sup
|zj |>τ
|zj |=R

) ∫
Bn

m∏
j=1

(1− |zj |)αjdµ(w)

m∏
j=1

|(1− zjw)βj |
≤ (16n)C

( ∞∑
k=0

1

2nk

)
≤ Cn · C; (B)
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where
m∑
j=1

βj = 2n,
m∑
j=1

αj = n, for some positive constant Cn.

We mention another known estimate and provide below some similar type extensions to the poly-
balls.

Note (see [4, 6]) that for Q = Q( a

|a|,
√

1−|a|2
), a ∈ B, a 6= 0,

Ia =

∫
Sn

|f(ξ)− f(a)|2 (1− |a|2)n

|1− ξa|2n
dσ(ξ) ≥ 1

4n(1− |a|2)n

and
∫
Q

|f−f(a)|2dσ ≥ const
σ(Q1)

∫
Q1

|f−f(a)|2dσ, where Q = Q
(
a
|a| ,
√

1− |a|2
)

as runs over Bn/0, whereas

the above Q1 runs over all d balls of radius less than 1 (see [4, 6]). We provide some generalizations
of such estimates.

Let now f ∈ Lp1(Sn × · · · × Sn),

I~a =

(∫
Sn

· · ·
(∫
Sn

|f(ξ1, . . . , ξn)− f(a1, . . . , am)|p1 ×

m∏
i=1

(1− |ai|2)αi

m∏
i=1

|1− ξiai|βi
dσ(ξ1)

) p2
p1

· · · dσ(ξm)

) 1
pm

,

0 < pi <∞, i = 1, . . . ,m,

m∑
i=1

αi = n,

m∑
i=1

βj = 2n, αj , βj > 0, j = 1, . . . ,m.

Then

I~a≥
4−

n
p1

m∏
i=1

(1− |ai|2)
(2βi−αi)

p1

(∫
Q

· · ·
(∫
Q

|f(ξ1, . . . , ξn)− f(a1, . . . , am)|p1dσ(ξ1)

)
· · · dσ(ξm)

) 1
pm

(C)

Q = Q
( a
|a|
,
√

1− |a|2
)
, a ∈ Bn, a 6= 0, 2βi − αi > 0, i = 1, . . . ,m.

And for same parameters, let

Ĩ~a =

(∫
Sn

· · ·
(∫
Sn

m∏
i=1

|fi(ξi)− fi(ai)|p1 ×

m∏
i=1

(1− |ai|)αi

m∏
i=1

|1− ξiai|βi
dσ(ξ1)

) p2
p1

· · · dσ(ξm)

) 1
pm

.

Then we also have

Ĩ~a ≥
4−

n
p1

m∏
i=1

(1− |ai|2)
(2βi−αi)

p1

m∏
i=1

(∫
Q

|fi(ξi)− fi(ai)|pi
) 1
pi

, (C̃)

where fi ∈ Lp1(B), i = 1, . . . ,m; the proof is based on the estimate

(|1− (a, ξ)|) = 1−
( a
|a|
, ξ
)

+ (1− |a|)
( a
|a|
, ξ
)

and, hence, |1−aξ| ≤ 2(1−|a|2) (see [4,6]), where ξ ∈ Q and is similar to one domain proof (see [4,6]).
The above estimates may have various applications. In this note we omit the details of proofs of

the last estimates refereing to [4, 6] for complete elegant proofs of simpler “one domain” cases.
We have also the following known estimate (see [4, 6]):∫

Sn

|f(ξ)− f(a)|P (1− |a|2)

|1− aξ|2n
dσ ≤ c Ct,p∗ , (A)
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r0 < |a| < 1, for some constant C, where

Ct,p∗ = (sup)
( 1

σ(Q)t

)∫
Q

|f − fQ|P dσ <∞, f ∈ HP (B), (fQ) =
1

σ(Q)

(∫
Q

fdσ

)
.

We refer to [4, 6] for t = 1, p = 2 case of (A).
We wish to extend (A) again using an extension of classical Poisson kernel P (z, ξ) and carefully

studying the classical known proof in [1, 2]. We have found the following result, the main result of
this note. Here we formulate this result.

Theorem 1. Let f ∈ LP (S), p ≥ 1. Then we have

(1)

(
sup

z0<|aj |<1
j=1,...,m

)∫
Sn

|f(ξ)− f(Q0)|
P ×

m∏
j=1

(1− |aj |)αj
|1− ξaj |βj

dσ(ξ) ≤ C̃C1,p
∗ ,

for some positive constant C, where αj, βj > 0, j= 1, . . . ,m, Q0 =Q
(
a1
|ã| ,
√

1− |ã|
)
, a1 ∈B |ã|>r0,

m∑
j=1

βj =
m∑
j=1

αj + n.

Also,

(2)
(

sup
j

)∫
Sn

|f(ξ)− f(aj)|P · P̃ (~a, ξ)dσ(ξ) ≤ Cσ
(
C1,p
∗
)
,

for all |aj | ∈ [r0, 1), |aj | = |ã|, aj = ã|ϕj, P̃ (~a, ξ) = P̃ =

(
m∏
j=1

(1−|aj |)αj
|1−ξaj |βj

)
, where

m∑
j≥1

βj =

m∑
j≥1

αj + n, f ∈ HP , 1 ≤ p <∞, j = 1, . . . ,m.

Putting fSQ = 1
σ(Q)S

( ∫
Q

fdσ
)

, S > 0, we can similarly provide another version of our theorem with

other restrictions on αj , βj , j = 1, . . . , m̄, extending classical results.
It will be interesting to consider another object

fSQ =
1

σ(Q̃)S

(∫
Q̃

fdσ

)
, Q̃ = Q×Q, S > 0,

on the product domains and to prove similar to our theorem result for those domains, as well.
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