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A paper devoted to the 75th birthday of Estate Khmaladze

Abstract. The model of heteroscedastic extremes initially introduced by Einmahl et al. (JRSSB,
2016) describes the evolution of a nonstationary sequence whose extremes evolve over time. We
revisit this model and adapt it into a general extreme quantile regression framework. We provide
estimates for the extreme value index and the integrated skedasis function and prove their joint
asymptotic normality. Our results are quite similar to those developed for heteroscedastic extremes,
but with a different proof approach emphasizing coupling arguments. We also propose a pointwise
estimator of the skedasis function and a Weissman estimator of conditional extreme quantiles and
prove the asymptotic normality of both estimators.

1. INTRODUCTION AND MAIN RESULTS

1.1. Framework. One of the main goals of the extreme value theory is to propose estimators of
extreme quantiles: given an i.i.d. sample Y7,...,Y,, with distribution F', one wants to estimate the
quantile of order 1 — a,, defined as ¢(a,) := F* (1 — o), with o, — 0 as n — oo and

FT(u):=inf{z e R: F(z) > u}, u e (0,1)

denotes the quantile function. The extreme regime corresponds to the case for a,, < 1/n in which case
extrapolation beyond the sample maximum is needed. Considering an application in hydrology, these
mathematical problems correspond to the following situation: given a record over n = 50 years of the
level of a river, can we estimate the 100-year return level ? The answer to this question is provided by
the univariate extreme value theory and we refer to the monographs by Coles [6], Beirlant et al. [2]
or de Haan and Ferreira [8] for a general background.

In many situations, auxiliary information is available and represented by a covariate X taking
values in R? and, given z € R?, one wants to estimate q(c,|z), the conditional (1 — a,)-quantile of
Y with respect to some given values of the covariate X = x. This is an extreme quantile regression
problem. Recent advances in extreme quantile regression include the works by Chernozhukov [5], El
Methni et al. [13] or Daouia et al. [7].

In this paper we develop the proportional tail framework for extreme quantile regression. It is
an adaptation of the heteroscedastic extremes developed by Einmahl et al. [12], where the authors
propose a model for the extremes of independent, but nonstationary observations whose distribution
evolves over time, a model which can be viewed as a regression framework with time as covariate
and deterministic design with uniformly distributed observation times 1/n,2/n,...,1. In our setting,
the covariate X takes values in R? and is random with arbitrary distribution. The main assumption,
directly adapted from Einmmahl et al. [12], is the so-called proportional tail assumption formulated in
Equation and stating that the conditional tail function of Y for the given X = x is asymptotically
proportional to the unconditional tail. The proportionality factor is given by the so-called skedasis
function o(x) that accounts for the dependency of the extremes of Y with respect to the covariate
X. Furthermore, as it is standard in the extreme value theory, the unconditional distribution of Y is
assumed to be regularly varying. Together with the proportional tail assumption, this implies that
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all the conditional distributions are regularly varying with the same extreme value index. Hence the
proportional tail framework appears suitable for modeling covariate dependent extremes, where the
extreme value index is constant, but the scale parameter depends on the covariate X in a nonpara-
metric way related to the skedasis function o(xz). Note that this framework is also considered by
Gardes [14] for the purpose of estimation of the extreme value index.

Our main results are presented in the following subsections. Section [I.2] considers the estimation
of the extreme value index and integrated skedasis function in the proportional tail model, and our
results of asymptotic normality are similar to those in Einmahl et al. [9], but with a different proof
emphasizing coupling arguments. Section [1.3| considers both the pointwise estimation of the skedasis
function and the conditional extreme quantile estimation with Weissman estimators and states their
asymptotic normality. Section [2] develops some coupling arguments used in the proofs of the main
theorems, proofs gathered in Section [3] Finally, an appendix states a technical lemma and its proof.

1.2. The proportional tail model. Let (X,Y) be a generic random couple taking values in R? x R.
Define the conditional cumulative distribution function of Y given X = x by

F.(y):=P(Y <y|lX =2), yeR, xR
The main assumption of the proportional tail model is

1-F,
i 2 (Y)

y—ool — FO(y) =o(z) uniformly in z € RY, "

where F is some baseline distribution function and o is the so-called skedasis function following the
terminology introduced in [12]. By integration, the unconditional distribution F' of Y satisfies

. 1-F(y)
Jim T = / o (2)Px (dz).

Rd

We can hence suppose without loss of generality that F = F° and that [odPx =1.
We also make the assumption that F' is of 1/~-regular variation,

1-F(y) =y Y y), yeR,

with £, slowly varying at infinity. Together with the proportional tail condition with F = FO, this
implies that F, is also of 1/y-regular variation for each x € R?. This is a strong consequence of the
model assumptions. In this model, the extremes are driven by two parameters: the common extreme
value index v > 0 and the skedasis function o(-). Following [12], we consider the usual ratio estimator
(see, e.g., [16} p. 198]) for v and propose a nonparametric estimator of the integrated (or cumulative)
skedasis function

C(z) = / o(u)Px(du), z€R%
{u<a}

where u < x stands for the componentwise comparison of vectors. Note that - putting aside the case,
where X is discrete - the function C' is easier to estimate than o, in the same way that a cumulative
distribution function is easier to estimate than a density function. Estimation of C' is useful to derive
tests, while estimation of o will be considered later on for the purpose of extreme quantile estimation.

Let (X;,Y:)1<i<n beii.d. copies of (X,Y). The estimators are built with observations (X,,Y;) for
which Y; exceeds a high threshold y,,. Note that in this article, (y,,)neny may be deterministic or data
driven. For the purpose of asymptotics, y,, depends on the sample size n > 1 in a way such that

y, — oo and N, — oo in probability,

with N, == >0 Ly, >y, }» the (possibly random) number of exceedances. The extreme value index
v > 0 is estimated by the ratio estimator

X R Y;
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The integrated skedasis function C' can be estimated by the following empirical pseudo distribution
function

~ 1 &
Cr () == N Z]l{Y»yn, X<z}, L€ R¢.
" i=1

When Y is continuous and y,, := Y,,—, . is the (k, + 1)-th highest order statistic, then N,, = k and
A, coincides with the usual Hill estimator.
Our first result addresses the joint asymptotic normality of 4,, and C,,, namely,

vn <Cn€'> ¢ <'>) 2y, 2)
Tn — 7

where W is a Gaussian Borel probability measure on L>(R4) x R, and v,, — oo is a deterministic

rate. To prove the asymptotic normality, the threshold y, must scale suitably with respect to the

rates of convergence in the proportional tail and domain of attraction conditions. More precisely, we
assume the existence of a positive function A converging to zero and such that as y — oo,

-0 ()
= 1| =0 (4 () @
with F(y) :=1— F(y) and F,(y) := 1 — F,(y). Our main result can then be stated as follows. When

reading the present article, the reader probably notices that the domain {z > 1/2} in can be
replaced by any domain {z > ¢} for some ¢ €]0, 1].

sup
z€ERY

and

Theorem 1.1. Assume that assumptions 7 and hold and y,/y, — 1 in probability for some
deterministic sequence y,, such that p, := F(y,) satisfies

pn—0, np,—oo and /np, °A (1/pn) — 0 for some € > 0.
Then the asymptotic normality holds with

VUp = /Npn and wZ (ﬁ),

with B a C-Brownian bridge on R? and N a centered Gaussian random variable with variance v and
independent of B.

Under the C-Brownian bridge we here mean a centered Gaussian process on R? with the covariance
function

cov(B(z), B(x')) = / 1 ey 1) oo 0dC — C(2)C(a).
Rd

Remark. Theorem|I.T|extends Theorem 2.1 of Einmhal et al. [12] in two directions: first, it states that
their estimators and theoretical results have natural counterparts in the framework of proportional
tails. We also could go past their univariate dependency i/n — o(i/n) to a multivariate dependency
x — o(z), x € R%. Second, it shows that general data-driven thresholds can be used. Those extensions
come at the price of a slightly more stringent condition upon the bias control. Indeed, their condition
VknA(n/ky,) — 0 corresponds to our condition \/WHEA(l/pn) — 0 with € = 0. We believe that

this loss is small in regard to the gain on the practical side: the threshold y,, in (¥, C},) may be data-
driven. Take, for example, y,, := Y;,_k  .n, which is equivalent in probability to y, := F*< (1 — k,/n)
is k, — o0o. As a consequence, Theorem holds for this choice of y,, if

ko — 00, M0, and VA, A (:) =0
n n
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An example where and @ hold: The reader might wonder if a model imposing and
is not too restrictive for modeling. First, note that condition has been well studied as the
second order condition holding uniformly over intervals (see, e.g., [8, p. 383, Section B.3], [1}/11]).
A generic example of the regression model, where (3)) and hold, is given as follows: take a c.d.f
H fulfilling the second order heavy tail condition on any domain {z > c}. Then assume that the
laws of Y | X = z obey a location scale model in the sense that

y — )
F(y) = H (L2
=5 ("5")
for some functions u(-) and A(-) that are uniformly bounded on R?. Then, since 1 — A(z)u(z)/y — 1
uniformly in z as y — oo, condition (4 entails

Fa.(y)

cers | A2) /7 H(y)

z€ERC

- 1’ = O(A(1L/H(y)), as y— oo.

Integrating in z gives H(y) = 0F(y) as y — oo for some 6 > 0, which yields with the choice of
o(-) == 0A().

1.3. Extreme quantile regression. In this subsection, we restrict ourselves to the case where y,, is
deterministic i.e. y,, = y, according to the notations of Theorem [I.1]] We now address the estimation
of extreme conditional quantiles in the proportional tail model, namely

q(an|r) == F;(l — ),

for some x € R that will be fixed once for all in this section, and for a sequence a,, = O(1/n). To
that aim, we shall borrow the heuristics behind the Weissman estimator [19], for which we here write
a short reminder. It is known that F' € D(G,) is equivalent to

Ul(tz)
5o U(1)

=27, foreach z>0,

with U(t) = F*(1 — 1/t),

t Recall that p, = F(y,). Since U is of y-regular variation, the
unconditional quantile g(«,) :

1.
F< (1 — a,) is approximated by

leading to the Weissman-type quantile estimator

q(om) = yn <ﬁ")% :

>

q(an) = U(1/pn)

Qp

where p,, := % Dy 1¢v,>y,y is the empirical counterpart of p,.
Now going back to quantile regression in the proportional tail model, it is readily verified that
assumption (I]) implies

q(an|x)~q< a”) as n — oo.

o(x)

This immediately leads to the plug-in estimator

where 6,,(x) denotes a consistent estimator of o(x).

In the following, we propose a kernel estimator of o(x) and prove its asymptotic normality be-
fore deriving the asymptotic normality of the extreme conditional quantile estimator §(c,|z). The
proportional tail assumption implies
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We propose the simplest kernel estimator with bandwidth h,, > 0,

Z?:l ﬂ{\azin\<hn}11{Yi>yn}
Zi:l ]l{lx—Xi|<hn}

as an estimator of F',(y,), while the denominator is estimated by p,. Combining the two estimators
yields
n
s i Le-Xij<hn) Lvisya)
on(T) = nesm 1 1 .
2ic1 Ljo—Xil<hn} 2oim1 iy}
Our next result states the asymptotic normality of 6,,(x). The more general case of a random
threshold is left for future works.

Theorem 1.2. Take the notations of Theorem and let h, — 0 be deterministic and positive.

Assume that
monh;iI — 00, /np,hdA(1/p,) — 0.

Assume that the law of X is continuous on a neighborhood of x. Also assume that o is continuous
and positive on a neighborhood of x € R%, and that some version f of the density of X also shares
those properties. Then, under assumption , we have

. o(x)
hd( - ) LN (0,22
The asymptotic normality of the extreme quantile estimate §(c, | ) is deduced from the asymptotic
normality of 4,, and 6, (z) stated respectively in Theorems [1.1] and This is stated in our next

theorem, which has to be seen as the counterpart of |8, p.138, Theorem 4.3.8] for conditional extreme
quantiles. See also |16}, p. 170, Theorem 9.8] for a similar result when log(p,/a,) — d € R.

Theorem 1.3. Under assumptions of Theorems and if /helog(pn/am) — 0o, we have
npp i(om|z)\ 2 2
log ( ) = N (0,77).
log(pn/a) q(an|2) ( )

The condition +/h log(p, /) requires the bandwidth to be of larger order than 1/log(p, /o), so
the error in the estimation of o(x) is negligible. As a consequence of Theorem the consistency

g(anlz)

q(an|z)
That condition seems to state a limit for the extrapolation: «,, cannot be too small or one might lose
consistency.

2. A COUPLING APPROACH

We will first prove Theorem when y,, is deterministic (i.e., y, = y,). In this case, N, is
binomial (n, p,). Moreover, N,,/np,, — 1 in probability, since np,, — oco.
A simple calculus shows that for each A Borel and ¢ > 1, entails

P <Y >t, X e A‘Y > y) —)//yfl/wa(x)dyPX(dm), asy — oo, (5)
y
t A

defining a “limit model” for (X,Y/y), the law

Q = o(z)Px ® Pareto(1/7)
with independent marginals. Fix n > 1. Using the heuristic of , we shall build an explicit coupling
between (X,Y/y,) and the limit model Q. Define the conditional tail quantile function as U, (t) :=
F (1 —1/t) and recall that the total variation distance between two Borel probability measures on
R? is defined as

|[PL — Py|| := sup |Pi(B)— P2(B)].
B Borel
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This distance is closely related to the notion of optimal coupling detailed in [15]. The following
fundamental result is due to Dobrushin [10].

Lemma 2.1 (Dobrushin, 1970). For two probability measures Py and P, defined on the same mea-
surable space, there ezist two random variables (V1, V) on a probability set (2, A,P) such that

Vi~v P, Vo~ Pyoand ||P— Pof| =P(V1 # Va).
This lemma will be a crucial tool of our coupling construction, which is described as follows.

Coupling construction: Fix n > 1. Let (E;,)1<i<n be i.i.d. Bernoulli random variables with

P(E;, =1) = F(yn) and (Z;)1<i<n i.i.d. with distribution Pareto(1) and independent of (E; ,)1<i<n-
For each 1 < i < n, construct (Xi,n,ffi,n,X;"n, Yl*n) as follows.
» If E;,, =1, then
> Take Xln ~ Px|ysy,; X, ~ o(z)Px(dr) on the same probability space, satisfy-
ing P(X;, # X)) = [IPxjysy, — o(x)Px(dr)||. Their existence is guaranteed by
Lemma
> Set Yi,n = UXi,n
» If Ei,n = O, then
> Randomly generate (XM, ffm) ~Pxyv)v<y,-
> Randomly generate (X/,,Y",/yn) ~ o(2)Px(dz) ® Pareto(1/y).

in

Zi x L vy
(W)v Yi,n = ynZy

The following proposition states the properties of our coupling construction, which will play an essen-
tial role in our proof of Theorem [T.1]

Proposition 2.2. For each n > 1, the coupling (Xi,m?i,n,XZmY{fn)lgign has the following proper-
ties:
(1) (Xi,n,ffi,n)lggn has the same low as (X;,Y;)1<i<n-

1
(3) (X[, Y )i<i<n and (E; )1<i<n are independent. Moreover, (Y",)1<i<n are i.i.d. and inde-

i,n?

pendent of ()N(i,n,X?k ).

i\n

(4) There exists M > 0 such that

max | =" — 1| < MA(1/p,) (6)
1<i<n, | Y
Ei,n:l ’
and
P (K # XiulBin = 1) < MA(1/p0), (7)

where A is given by assumptions and .
Proof. To prove Point 1, it is sufficient to see that
L(X10, Y1) Bin = 1) = (X, Y)Y > ).
Since U, (z/(1 — Fy(yn))) <y if and only if 1 — (1 — F,(yn))/z < F.(y), then for y > y,, we have

dz
L, (z/1-Fewa)<v} 2
1

dz
= | Lo-a-r/<roy 2
1

1
dt
— Li<r. vy 1— Fo(yn)
(Y
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Fo(y)
di _ Fu(y) — Fu(yn)

1= Fr(yn) B 1 — Fy(yn) ’

Fy(yn)

with the second equality given by the change of variable ¢ = 1 — (1 — F,(y»))/2. We can deduce from
this computation that for a Borel set B and y > y,,

- Z
(e 208, () 21w =)
1,n n

T dz
Z//H{Umu/(lﬂ(yn)))sm dPx |y >y, ()

22
xeB 1
Fx(y) - Fx(yn)
= — = dP
/ 1— Fo(yn) XY >yn (z)

rEB
= / P(Y <ylY >yp, X = a:)dPX|y>yn (z)

rEB
=P(X € B,Y <ylY >y,). O

This proves Point 1. Points 2 and 3 are immediate.
Point 4 will be proved with the two following lemmas.

Lemma 2.3. Under conditions and , we have

i) o) -

Proof. According to assumptions (3) and (4)), there exists a constant M such that

sup sup
2>1/2 z€ERP

Fx(y) — 1' <MA (1) , uniformly in 2 € R?, and
o(x)F(y) F(y)
F(zy) 1 . .
TG 1' <MA (F(y)) , uniformly in z > 1/2. (8)
From the definition of U,, we have
Uolsly) = Fi(1-20)

inf {w e R: Fy(w) > 1- =0}

z

= inf{weR:z?Z((Z)) < 1}.

Hence for any w~ < w™, one has

Fx(w"‘) Fx(w_)
) R :’Ui(

w,wt].
) ®)
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Now write e(y) := M A(1/F(y)) and choose w* := 27y (1 £ 4v¢(y)), so one can write
(W) __o@Fw )1 - ey))

TR oF@ )
> B P = )
2o O P - () (71— ) by
2(1116651;))2 (1—dye(y)) "

A similar computation gives

Fy(w?) _ (1+e(y)?
Fy(y) 1—e(y)
As a consequence, the condition before “=" in @D holds if

o= s {1- (SS0E)' (S207) ).

But a Taylor expansion of the right hand side shows that it is 3y 4+ o(1) as y — oo. This concludes
the proof of Lemma O

(1+4ye(y) /7.

Applying Lemma 2.3 with z := Z; and y := y,,, we have

*

,n
max |=—— —1
©:Ein=1Y;

,n
Now, by the construction of (X ,,, X{,), when Ey, =1, we see that is a consequence of the
following

Lemma 2.4. Under conditions and , we have
1Piay — o@Px(@)l| =0 (4 (55) ) asw =0,

Proof. For B € R?, we have

=0 (A(1/pn))-

fB Fm(?J)PX(dm)
= = — | o(2)Px(dx)
F(y) B/
Fo(y) o(x N
<B/‘F(y) (@) Px(d)

1
=0 <A ( )), by . O
F(y)
This proves (7)) and hence concludes the proof of Proposition

3. PROOFS

3.1. Proof of Theorem Change of notation: Since for each n, the law of (Xi,naf/:i,n)i:L...,n
is P?}fly, we shall confound them with (X;,Y;);=1,.. , to unburden notations.
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3.1.1. Proof when y, = y, is deterministic. Fix 0 < € < % and 0 < 8 < ¢/(2v). We consider the
empirical process defined for every € R and y > 1/2 as

Gn(%y) = \/@(Fn(xvy) - ]F(xay))’
with
1

Fu(@,) = 5~ Zﬂ{x <o} Lgvi >y Bins

and
F(.’E,y) = C(m)v’y(y) = Q (] - OO7l']><]y, +OOD ’
where V,,(y) := y~1/7 for y > 1 and V,,(y) := 1, otherwise.
Note that neither F, nor any realisation of F,, is a cumulative distribution function in the strict sense,

since they are decreasing in y. Their roles should, however, be seen as the same as for c.d.f. Now
denote by L>#(R? x [1/2, oc[) the (closed) subspace of L>(R? x [1/2,00[) of all f satisfying

[floos =" sup  [y°f(z,y)| < oo,
z€RA y>1/2
f(o0,y) = lim f(z,y) exists for each y > 1,

min{zy,...,xq}—00

{y— f(oo,y)} is Cadlag (see e.g., [4], p. 121).

Simple arguments show that G,, takes values in L>#(R? x [1/2, o0]).
First note that C,, — C and 4,, — ~v are images of G,, by the following map .

@ : LP(R? x [1/2,00]) = L®(R?) x R

= (o 1) /Ooylf(oo,y)dy)

and remark that ¢ is continuous, since § > 0. By the continuous mapping theorem, we hence see that
Theorem [T.1] will be a consequence of

Gn 2 W in Lo®A(R? x [1/2, 00]), (10)
where W is the centered Gaussian process with a covariance function
COV(W(Ihyl)aW(zz,w)) =C(z1 A 502)‘/7(&/1) A V"/(y2> - C(Il)c(xQ)v"/(yl)V’Y(yQ)a

and where x1 A 25 is understood componentwise.

The proof is divided into two steps. In step 1, we prove for the counterpart of G,,, that is,
we build on the @ sample (X, Y/, )1<i<n- Our proof relies on a standard argument from empirical
processes. In step 2, we use the coupling properties of Proposition to deduce for the original
sample (X;,Y:)1<i<n.

Step 1: Define

Faley) =5, Z]l{X*<w}]l{Y:n/yn>y}Ei,n zeR?, y>1/2.

The following proposition is a Donsker theorem in weighted topology for G, := \/np, (F; — F).
Proposition 3.1. If and (4) hold, then

G AW, in L®A(R? x [1/4, o))

Proof. Write §,(A) =1if x € A and 0, otherwise.
Since (X* Y;':kn)lgign is independent of (E; ,,)1<i<n, Lemmaentails the following equality in laws

L
3 S}

7.71.’ Yn 171’ Yn




22 B. BOBBIA, C. DOMBRY AND D. VARRON

where v(n) ~ B(n,py) is independent of (X n’YL*n)lfiSn‘
Since (X/,,,Y,/yn) ~ @ and since v(n) 5 o, v(n)/npn 5 1 and v(n) independent of

(X3,

S Yt )1<i<n, we see that G, £ W will be a consequence of

1 k
*/%(kzﬂ{ws,m.} —F(~7~)) rhsoe W in LF (RY x [1/4, 00]),

where the (U;,V;) are i.i.d. with distribution @. Now consider the following class of functions on
4 % [1/4,00[:
Fg = {foy: (u,v)— yB]l( oo,2] (W) L}y oo (v), 2 € R% y > 1/4}.
Using the isometry
LP(R? x [1/4,00[) — L*(Fp)
gAY foy, = g(z,y)},
it is enough to prove that the abstract empirical process indexed by Fpz converges weakly to the Q-
Brownian bridge indexed by Fsz. In other words, we need to verify that Fg is ()-Donsker. This
property can be deduced from two remarks:
(1) Fjsis a VC-subgraph class of functions (see, e.g., Van der Vaart and Wellner [18], p.141). To
see this, note that
Fz C{ a5z (u,0) = 21 ooz (w) 1y 0of(v), z € RY, s € [1/4,00[,2 € R}
which is a VC-subgraph class: the subgraph of each of its members is a hypercube of R%*2.
(2) Fs has a square integrable envelope F. This is proved by noting that for fixed (u,v) €
4% [1/4,00].
FQ(UJ ’U) = sup yQﬂ]l[O,z] (u)]l]yoo[(v) = U25
z€eR4, y>1/4
as a consequence F? is Q-integrable, since 8 < (27)~L.
This concludes the proof of Proposition O

Step 2: We show here that the two empirical processes G,, and G}, must have the same weak limit
by proving the next proposition.

Proposition 3.2. Under Assumptions (3) and (4 . we have

sup yﬁ\/npanZ(% y) — Fu(z,y)| = op(1).
2€RL, y>1/2

Proof. Adding and subtracting
1 n
Fh(2,y) == 57 > o<y Lve, /w0y Bin
=1

in |F,,(z,y) — F:(z,y)|, the triangle inequality entails, almost surely,
Fn (2, y) = Fo (2, 9)]
:|Fn(x7 y) - ]F’)Ii’L(x7 y) + ]F’)Ii’L(x7 y) - ]F:L(x7 y)'

n

; > Mixicay = Tixe, <m}|]l{y* >y}Ei,n

=1 Yn

1 n
B

<—Z]I{X7£X }]l{ n>} Ei.+ Z\]l 7>y}_ﬂ{ﬁ>y}|Ei»n'

ni yn s
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Let us first focus on the first term. Notice that

8 n
v’ /P
sup N Z]l{x,;;exi*m}]l ve, 2\ Ein
z€ERL, y>1/2 i=1 oY

B /- n
= sup ? N:pn Z]I{Xﬁ’fxfn}]l{ Yin >y}Ei7"
i=1 ' “yn

y> 1/2 Yn
B n
< sup S| max Leve \Ein | Y lix,2xr 3B
y>1/2 " i=1,...,n {ﬁ>y} i=1
Now notice that
sup max y°1 v E;, =  max sup yﬁ]l[LyﬂL/yn](y)Ei’n
y21/2 1=1,..., n { yn > } 1=1,..., n y21/2 ’

*

« N\ B
= max (Yl’") E; .
n

Yn

=1,...,

By the independence between E; , and Y, /Yns Lemma in the Appendix gives

(Y;n)ﬁ z <Y:n>ﬁ
max | —— | E;,= max

i=1,...,n Un i=1,...,v(n) Yn

*

"»/Yn in the right-hand side have a Pareto(1/+) distribution, whence

where Y

max ( Z’n) Ei,= OIP(V(n)BV) = OJP’((npn)m)-

i=1,...,n Yn,

Moreover, writing A,, := A(1/p,), one has

i=1
which entails
1 n
Tix.2xs +Eip, = Op(1).
— ; (x#X;, 1, =(1)
As a consequence,
* B n
N (Ym) (
max |—— | E;, Tix,2x yEin
N, i=1,..,n \_ yYp ; (XA X}

* B n
_ " YN g (1 |
=N, X ( o ) Ez,n<npnAn ;ﬂ{xﬁéxzn}ﬂ,n)\/npnz‘ln
= Op(1)Op((npy)?")Op(1)\/npn An, by and
= op(1), by the assumption of Theorem [T} and since Sy < g

Let us now focus on the convergence

Ein 5 0.

1 n
sup yﬂ vV 1Pn N Z
mi=1

z€RY, y>1/2

Mo T

We deduce from Proposition that, almost surely, writing €, := M A,:

Yi Yin Yi
(]- - 6n)iE‘i,n S ’ Ei,n S (]- + en)iEi,na
yTl n n
which entails, almost surely, for all y > 1:

Yn

Ei,nll{ v, 2(1+en)y} < El”]l{%ZU = Ei’n]l{%z(l—%)y}’

23

(11)
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implying
{;%>y} {YqL n } in S {3;1,;:1>(176n)y} {%>(1+6n)y} in
This entails
1 n
B
sup Y /mpp——> |Lyvi vy —1yvs Ein
z€ERY, y>1/2 Nn; {yn >y} {%>y}
< sup P\ /ap, [Fr (00, (1= en)y) — F(oo, (14 en)y)|-
z€R, y>1/2
Consequently, we have, adding and subtracting expectations:
1 n
B
su Py ~—— 1. —1 v E;n
zERY, 521/2?] P Nn; {;7>y} {):j’w">y}' ’
< s |G- ey) ~ Ga((1+ ealy) (13)
z€ERY, y>1/2
+ /Py, sup Y (Vo (1 = en)y) = Vo (1 + €n)y)), (14)
y>
where we write G* (y) := G* (c0, y).
We first prove that converges to 0. For y > 1, we can bound
Y (Vo (1= en)y) = Vo (1 + €n)y))
<y 11— ((1+ e)y) I g1—e,y<1
+y (1= e)y) ™7 = (1 + e)y) ™ L gcyyz1)- (15)

In the first term of the right-hand side, since (1 —€,)y < 1, we can write
Y11= (L4 An)y) Y e yy<n)
<P YT — (14 A0) T ey
<P = )TV = (14 A) TV <t
< 4y~ te,, since B —1/y < 0.

The second term of is bounded by similar arguments, from where we have

mpn sup YR IVo((1—en)y) = Vo (1 + €n)y)]
z€RY, y>1/2

<8y M /np, A,

which converges in probability to 0 by assumptions of Theorem (1.1
We now prove that converges to zero in probability. By Proposition the continuous mapping
theorem together with the Portmanteau theorem entail

Ve > 0,Vp > 0, lim ]P’< sup  yPIGE((1—68)y) — GE((1+0)y)| > 5)
y>1/2,6<p

sp( sup P IW((1— 8)y) — W((1+8)y)| > )

y>1/2,6<p
where W (y) := W (o0, ) is the centered Gaussian process with the covariance function
cov(W(y1), W (y2)) == V5 (y1) A Vy(y2) = Vo (1) Va(y2), (y1,92) € [1/4, 00[%,

With Proposition [3.1] together with the continuous mapping theorem, we see that the proof of Propo-
sition [3.2 will be concluded if we establish the following lemma.
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Lemma 3.3. We have

sup Y [W((1 —6)y) — W((L+8)y)| — 0.
y>1/2,6<p p=0

Proof. Let By be the standard Brownian bridge with By identically zero on [1,00[). W has the same
law as {y — Bo(y~ ")} (see [17], p. 99), from where

sup P IW((1=08)y) — W((1+d)y)|

y>1/2,6<p
z _ _
= y” [Bo(((1—8)y)~/7) = Bo(((1 +8)y)~"/")]
y>1/2,6<p
< sup  y =PV |Bo((1—6)"7y) — Bo((1+6)"7y)|, almost surely.
0<y<2,6<p

Since 8y < 1/2, the process By is a.s-By-Holder continuous on [0, 400[. Consequently, for an a.s finite
random variable H one has with probability one:

sup  y P [Bo((1—8)"/7y) — Bo((1+4)""/7y)l

0<y<2,0<p
< sup y (1= p)Y = (L p) Py H
0<y<2
= 20 —p)" 7 =201+ p)" P H
— (L)PH, 0

The preceding lemma concludes the proof of Proposition which, combined with Proposition (3.1)),
proves . This concludes the proof of Theorem when y,, = yn. d

3.1.2. Proof of Theoremﬂ;fl in the general case. We now drop the assumption y,, = y, and relax it to
‘Z—" £ 1 to achieve the proof of Theorem in its full generality. We use the results of §3.1.1] Define

v 1 n
Fn(xay) = nizn{ngz}]l{yt/yn>y}
;ﬂ{myn} i=1

and

\ \%

Gn(2,y) == /npn (Fn(x,y) - F(mx)) -
Now write u,, := ¥=. From f., we know that

n

< e

<Gn,un) £ (W, 1) in Dx]0, +00], where D := L>#(R% x [1/2, o0).

Moreover, as pointed out in Lemma [3:3] W almost surely belongs to

_ !
Dy ={ ¢ e LA (R x [1/2, (), sup (. 9) jpéx,y ) <00y,
z€RL Y,y >1/2 |y -y | v

Consider the followings maps (gn)nen and g from D to L4 (R4 x [1, oc])

F(,u.)+ ﬁg@(.,u.)
F(oo,u) + \/%go(oo,u) B )> 7

and
g: (p,u) = ut/7 (<p(., u.) — (oo, u)F(., ))

v
Notice that G,, = ¢gn(Gp,uy,) and g(W,1) = W. The achievement of the proof of Theorem [1.1 hence
boils down to making use of the extended continuous mapping theorem (see, e.g., Theorem 1.11.1, p.
67 in [18]) which is applicable to the sequence (g,,G,) provided that we establish the following
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Lemma 3.4. For any sequence ¢, of elements of D that converges to some ¢ € Dy, and for any
sequence u, — 1 one has gn(on,un) — g(p,1) in LB (R? x [1,00[). Here, the convergence in
L>=PA(RY x [1,00]) is understood as with respect to || - ||, the restriction of || - ||so,s to RY x [1,00].

Proof. For fixed (z,y) € R? x [1/2,00[ and n > 1, with the writing t,, := (np,) /2, we have

|gn (s un) (2,9) — g(p, 1) (2, y)]

1 F(2, uny) + tnon (2, uny)
tn, \ F(00, ) + tnon(co, uy)

= (o)) = (ol — plo0. DF@ )|

Now, elementary algebra using F(z, yu, )/F(co, u,) = F(z,y) shows that

F(OO, Un) + thOn(OO, ’U,n)

- ]F(x7y)

$n (m’“ny)
L+t 5 i)

1+t #n(00,Un)

" F(oo,un)

F(z, y) <(1 + tn%(”’“"y)) (1= twtt! " n (00, un) (1 + €0) ) (1 + () - 1)

:F(.’E,y) -1

F(z, uny)
T, U
= Fe9) (1 (F) g (0) ) + i)
with €, — 0 a sequence of real numbers, not depending on = and y, and with
Ra(2,9) = a7 (00, un)en + (a7 (00, ) E 0 (1 4,
F(z,y)
This implies that
Hgn((ﬂ'm un) - 9(907 1)” < Bl,n + B2,n + BS,n + B4,n7
where the four terms By ,,...,Bs, are detailed below and will be proved to converge to zero as
n — oo.
First term

By i=luy on (. tn) — o)l
<[l @n (s un-) = @nlsun) + llon (s uns) = @)
=luy/" = U on (s un )l + lon (s un-) = @)
<[y = Ullen (s un )l + 0n (s un.) = (s un)|
+ e un) = ()l
<[/ = Ullen (s un)|| + 1Pl on (@, y) — (2, )00,
+ Hy|u, — ul?7,
where H, = sup{|y — v'| #|o(z,y) — p(z,y')|,z € R, y,y' > 1/2} is finite since ¢ € Dy. The first
two terms converge to 0, since u,, — 1 and ¢, — ¢ in D. The third term converges to zero, since H,,

is finite.
Second term

Ba =||(u}/ Y pn(00,un) — (00, 1))F||
< (\u}l/vgon(oo,un) — ©n (00, Up )| + [n (00, up) — (00, 1)|)||F||

But ||F|| is finite since Sy < ¢ < 1/2, from where Bs,, — 0 by similar arguments as those used for
By .
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Third term
Bs.n ::||u711/7§0n(007un)6nm| < |U}L/799n(ooaun)| X |en] x [IFF]|.
Since ||F|| is finite, since |u}/7<pn(oo, un)| is a converging sequence, and since |e,| — 0, we deduce that

Bgm — 0.
Fourth term

Byn ::(1 + |6n|) H(tnu}/v)%on(oo,un)(pn(., un)”

<1+ leal) | (tnel/ 20 (00, )| X o)l

Since ¢, — ¢ in L=#(R? x [1/2,00]), the same arguments as for Bs, entail the convergence to zero
of B4,n- O

3.2. Proof of Theorem Let z € R?, which will be kept fixed in all this section. To prove the
asymptotic normality of &, (x), we first establish the asymptotic normality of the numerator and the
denominator separately. Note that we don’t need to study their joint asymptotic normality, because
only the numerator will rule the asymptotic normality of &,,(z), as its rate of convergence is the
slowest.

Proposition 3.5. Assume that (p,)n>1 and (hp)n>1 both converge to 0 and satisfy np,hd — 0. We
have

Lgx,—zi<hn,yisyny —PUXi — 2] <hpn,Yi > yn) 2
\/np:hss Z T SN, 1)
1 —z|< Xz -z S hn
nhd Z {1X:—a|<hn} f((x) | ) 2 A0.1), an
and
1 n
S (Uyisyay — pa) B N(0,1). (18)

n
Pn i

Proof. Note that (18] is the central limit theorem for binomial(n,p,) sequences with p, — 0 and
np, — 00, while is the well known pointwise asymptotic normality of the Parzen-Rosenblatt
density estimator. The proof of is a straghtforward use of the Lindeberg-Levy Theorem (see,
e.g [3], Theorem 27.2 p. 359). First, we define

7 YiXi—aizh, visy,) —POX — 2] < e, Yi>y,)
’ Vnpahi/o(x) f(z)

and remark that E (Z; ,,) = 0. Moreover, we can write

E (L{x,—s|<hn,vi>y,}) = / P(Y; > yu|X; = 2)Px(dz)

B(z,h)

~ / o(2)pn Px(dz) (a)
B(z,h)

~o(z) f(z)pahl, (b)

where (a) is a consequence of the uniformity in assumption (3, while equivalence (b) holds by our

assumptions upon the regularity of both f and ¢ in Theorem We conclude that sup{|nVar (Z; ;) —

1], i=1,...,n} — 0. Note that we can invoke the Lindeberg-Levy Theorem if for all £ > 0, we have
n

Z / Z?,Px(dz) =0

Z=1{Z-;,n >e}
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This convergence holds since the set {Z; ,, > €} can be rewritten as
{100xstnyioy,y = PUXs = o] < ha Y > ¥,)| 2 ev/a(@) [ @)y npaht },
which is empty when n is large enough, since np,he — co. This proves (16).

Now, writing

o) = n o izt Lo X<y Liyioya)
Dic Livisyay 2 Lje—xi1<hn}
we have
P(|X —z|<h,,Y>y, )0 (z)
. a LZhg >¥u) 4 ffw)n (d)ZZi,n
6n xTr) = X )
(@) 1+ L 3z B(X —z|<hy) | [T() iZ
/NPn = M hd nhd . =
where
7 Luxi—aizhy —POXi — 2] < h)
. V f(@)y/nhg 7
and
g Livisy,) —Pn
n npy,
Now, we write
P(|X —z| < h,,Y >y,
o (@) o FUX < ¥,

Since f is continuous and bounded away from zero on a neighbourhood of x, we have

o, (@) F(2) (1 + 1) + /L5 zzz n
O'n({,E) = n ’

1+ ﬁ;zﬁn J(o)(1+ 5n,2) + 7f1(hmg i;Zivn

with |e,.1| V |en2] = 0. Now a Taylor expansion of the denominator gives

1
on(z) = n (Uhn () + d ZZz n>
S, ]
n i:l 9

1 D 1
" (1 =\ 2B o ( nhﬁif(w))) |

By similar arguments, remarking that (nhd)=! = o((npnhi)_l), by and , we have

1 /
on(2) = ————— | on, () + Zin+o
. 1+ L7 ( 1) ”p”hd Z P(\/”Pnhd))

VMPn Z:l LN
i=

Moreover, with one more Taylor expansion of the denominator, by (18), we have

A 1
an(x)Uhn(x)+\/mTfZZ1n+OP<\/W>

b (6(x) — on, (2)) = %;Z +op(1)

which entails
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n
The asymptotic normality of > Z; ,, gives
i=1

\/npnhd(6n(z) — op, (7)) AN (O, ;Eg) )

The proof is achieved by noticing that assumption entails

P(X — 2| < hn,Y >,

allon, (@) = o) = yfupong | PSSt ) o)
B P(Y >y,|X € B(z,hy))

= \/np,hd P(Y >y.) —o(z)

~0 (\/inhggAa/pnO 0.

3.3. Proof of Theorem For the sake of clarity, we first express conditions and in terms
of the tail quantile function U: we have, uniformly in z,

’Ur(l/%) _Ujam)
U(o(z)/an) 2U (27 /)

where A,, := A(1/p,). Start the proof by splitting the quantity of interest into four parts,
~ PN Yn
log <q(an|:r)> —log Yn (pnan(x)>
q(a|z) qlom|z) \ an
. Sn g N A
o (5" 2
Q(O‘n‘x) Qp DPn

=log (q Yn ) + An log (p”> + An log(Gn(x)) + An log (?)

- 1‘ = O(A,) and

1‘ = O(A,),

78 n

—tox (o (§)>  Go 1o (2

T 4 o6 () + 3 log (fj) .

n

Moreover, we can see that
¥ ¥
Yn Pn U(1/pn) (Pn
1 = =1 [l St VAN (s
o8 (q(anm) (an> ) o8 <Uw(1/an) Qn

\/NPn j n .
P IOg (q(a |x)> = Ql,n + QQ,TL + Q3,n + Q4,n7 Wlth

Further, we write

log(pn /o) q(om|z)
% gt (g () )

Q2,n = =v/1Pn (Y0 — ),
Qun : ViPn (ﬁn> .

= An log
log(pn/an) "

n
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First, condition entails
Ql N V1Pn (U(l/pn) <p’ﬂ>’y _ 1)
. log(pn/an) \U(1/an) \ an
N /NPn (U((Oln/pn)wy/an) (pn)’y_l>
log(pn/an) U(l/an) Qn
—_V"n_504,).
log(pn/awn)
Since a, = o(py), we see that log(p,/a;,)~! — 0 together with \/np, A, — 0 entails that Q1 ,, — 0.

Second, we know by Theorem that Q2 ., =t N(0,~?).
Now @3, is studied remarking that

(UG (U@ o ( UQfe) N
o8 (e ) = o5 (i) o8 (Gt ~ oo
Together with (3) and (), one has

log ((%) = O(4y) — ylog(o(x)).

Consequently,
\/ Pn \ Pn N A
Q3 n=7—"F—"7—0(A) + —— (Jnlog(on(z)) — vlog(o(x)) ).
50 = Toaty o O + oo (A lo8(0u (@) — 7 log(o (2)))
Hence, the asymptotic behavior of Qs is ruled by that of 4, log(6,,(z)) — v log(c(x)), which we split
into
(9 — ) 10g(0m (7)) + v1og(Gn(z)) — vlog(a(x)).
Now, Theorem [I.1] entails

log(6n(z)) . P
Toa(pn o) V1Pn(n — ) = 0.

Moreover, Theorem [I.2] together with the delta-method show that
vV Pn A
j (v10g(0n (@) = 7log(o()))

IOg(pn/an
\/npphd
/i log(pn/ o)

Finally, using the notation introduced in the proof of Theorem [1.2] we have

VP 2 VP IR
np log (p) :L) log (1 + W Z an>

log(pn/an) = \pn/  log(pn/an P

(v1og(6,(x)) — v log(o(x))) = 0.

n

1
'L n + o
IOg pn/an Z; : (10g(pn/an)>

LN 0,
. P . . P
which proves that Q4 , — 0, since 4,, = .

4. APPENDIX

Lemma 4.1. For fized n > 1, let (Y;)1<i<n be a sequence of i.i.d. random variables taking values in
(X,X). Let E = (E)1<i<n be an n-uple of independent Bernoulli random wvariables independent of

Y;. Write
k
i=1
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Then we have
v(n)

S ovEZY by, (19)
i=1 i=1

where the equality in law is understood as on the sigma algebra spanned by all Borel positive functions
on (X,X). Moreover, if the (Y;) are almost surely positive, then

Inax Y;E; Z  max Y;. (20)

n i=1,...,v(n)

Proof. Note that is exactly Khinchin’s equality (see [16, p. 307, (14.6)]). We shall now prove
(20). e € {0,1}", and let g be a real measurable and positive function. Since the variables (Y;)1<i<n
are i.i.d. and independent of E, for any given permutation o of [1,n],

(Yo’(l)a cee aYU(n))|E’:e

1N

wehave(Yy, ..., Yn) Z (V1,..., V) p—e
by exchangeability. Now, define o by

Zej ifei:1
o(k):=<{"=" | 1<i<n.
n—> (1—ej)ife;=0
j=1

n
Write s(e) := > s(e;) for the total number of ones in (eq, ..., ey,). By construction, the indices 4 for
i=1
which e; = 1 are mapped injectively to the set of first indices [1, s(e)], while those for which e; = 0
are injectively mapped into [s(e) + 1,n]. Since e has fixed and nonrandom coordinates, we have

<
(Ylela R Ynen)|E:e = (Yo(l)ela ceey Ya(n)en)|E:e-

Hence
max Yie; |[g= = max Ye;
i=1,...,n i=1,...,n
4
= max Y,(;)\€u(i
i=1,...,n (i)Fa(2)
<z
= max Y, (a)
i=1,...,s(e)
<
= max Y (b)

i=1,...,s(e)

= max Y; ‘E:e
i=1,...,s(e)

ION

m.

. ax Y; |E:83
i=1,...,s(E)

where (a) holds because e,(;) = 0 for i > s(e) by construction and the Y; are a.s. positive, while (b)
is obtained by noticing that F.(Y;1),...,Ysmn)) Z F.(Y1,...,Y,) with
F‘e:(ylau'uyn)'_> max Y.

i=1,...,s(e)

Unconditioning upon E gives . d
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