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ON THE F STRUCTURES OF THE SPACE T (Lm(V n))

GOCHA TODUA

Abstract. There are constructed lifts of tensor fields aij , a
i
α, ai

j
, aiα, aij , a

i
α, ai

j
, aiα, aβj , aβα, aβ

j
, aβα,

aβj , aβα, aβ
j

, aβα. There are defined F structures on the space aβj and there is proved, that real-valued

F structures exist only for λ = −1.

Consider a tangent bundle T (Lm(V n)) with the local coordinates xi, yα, yi, zα where are the
coordinates of the basis T (Lm(V n)), and yi, zα are those of the layer Tz, z ∈ Lm(V n), in other
words, the vector fields X,

X = yi
∂

∂xi
+ zα

∂

∂yα
,

generate the bundle T (Lm(V n)) . It is now evident that the local coordinates (xi, yα, yi, zα) of the
point of the space T (Lm(V n)) are transformed as follows:

xi = xi(xk), yα = Aαβ(x)yβ , yi = xik(yk), zα = Aαβz
β +Aαβky

βyk.

A complete equipment of the space T (Lm(V n)) can be defined by means of the vectors Di, Dα,
Dk [1–4]:

Di =
∂

∂yi
−Qαi

∂

∂zα
, Dα =

∂

∂yα
− Eβα

∂

∂zβ
, Dk =

∂

∂xk
− Cαk

∂

∂zα
−Qαk

∂

∂yα
− Eik

∂

∂yi
.

Note that the tensor field T can be represented as

T = T ijdx
j ⊗ ∂

∂xi
+ T iαdx

α ⊗ ∂

∂xi
+ T ijdy

j ⊗ ∂

∂xi
+ T iαdz

α ⊗ ∂

∂xi

+Tαi dx
i ⊗ ∂

∂yα
+ Tαβ dy

β ⊗ ∂

∂yα
+ Tα

i
dyi ⊗ ∂

∂yα
+ Tα

β
dzβ ⊗ ∂

∂yα

+T ijdx
j ⊗ ∂

∂yi
+ T iαdy

α ⊗ ∂

∂yi
+ T ijdy

j ⊗ ∂

∂yi
+ T iαdz

α ⊗ ∂

∂yi

+Tαi dx
i ⊗ ∂

∂zα
+ Tαβ dy

β ⊗ ∂

∂zα
+ Tα

i
dyi ⊗ ∂

∂zα
+ Tα

β
dzβ ⊗ ∂

∂zα
.

The tensor T in the equipped basis can be decomposed as follows:

T = aijdx
j ⊗Di + aiαDy

α ⊗Di + ai
j
Dyj ⊗Di + aiαDz

α ⊗Di

+aαβDy
β ⊗Dα + aβj dx

j ⊗Dβ + aβ
j
Dyj ⊗Dβ + aβαDz

α ⊗Dβ

+aijdx
j ⊗Di + aiβDy

β ⊗Di + ai
j
Dyj ⊗Di + aiαDz

α ⊗Di

+aαi dx
i ⊗Dα + aαβDy

β ⊗Dα + aα
i
Dyi ⊗Dα + aα

β
Dzβ ⊗Dα,

where

Dyα = dyα + Cαk dx
k,

Dyi = dyi + Γijdx
j ,

Dzα = dzα + Lαkdx
k + Cαk dy

k +Gαβdy
β .
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From the above equalities, after removing the parentheses, we obtain

T = (aij + aipΓ
p
j + aiβΓβj + aiγL

γ
j )dxj ⊗ ∂

∂xi

+(aαj − aijΓαi − aipΓαi Γpj − a
i
γΓαi Γγj + aαβΓβj + aαpΓpj + aα

β
Lβj )dxj ⊗ ∂

∂yα

+(akj − aijΓki − aiβΓki Γβj − a
i
pΓ

k
i Γpj − a

i
γΓki L

γ
j + akαΓαj + akpΓpj + akαL

α
j )dxj ⊗ ∂

∂yk

+(aβj − a
i
jC

β
i − a

i
αC

β
i Γαj − aipC

β
i Γpj − a

i
γC

β
i L

γ
j − a

α
j G

β
α − aγαΓαj G

β
γ − a

γ
pG

β
γΓpj − a

γ
αG

β
γL

α
j − aijΓ

β
i

−aiαΓαj Γβi − a
i
pΓ

p
jΓ

β
i − a

i
αL

α
j Γβi + aβαΓαj + aβpΓpj + aβαL

α
j )dxj ⊗ ∂

∂zβ

+(aiβ + aiγG
γ
β)dyβ ⊗ ∂

∂xi
+ (aαβ − aiβΓαi − aiγΓαi G

γ
β

+aαγG
γ
β)dyβ ⊗ ∂

∂yα
+ (aiα − akαΓik − akγΓikG

γ
α + aiγG

γ
α)dyα ⊗ ∂

∂yi
+ (aβα − aiαC

β
i

−aγαGβγ − aiγC
β
i G

γ
α − aδγG

β
δG

γ
α − aiαΓβi − a

i
γG

γ
αΓβi + aβγG

γ
α)dyα ⊗ ∂

∂zβ
+ (aip + aiγΓγp)dyp ⊗ ∂

∂xi

+(aαp − aipΓαi − aiγΓαi Γγp + aα
β

Γβp )dyp ⊗ ∂

∂yα
+ (aip − akpΓik − akγΓikΓγp

+aiαΓαp )dyp ⊗ ∂

∂yi
+ (aαp − aipCαi − aiγCαi Γγp − a

β
pG

α
β − a

β
γG

α
βΓγp − aipΓαi + aαγΓγp

−aiγΓγpΓγi )dyp ⊗ ∂

∂zα
+ (aβα − a

i
αΓβi )dzα ⊗ ∂

∂yβ
+ (aiα − akαΓαk )dzα ⊗ ∂

∂yi

+aiαdz
α ⊗ ∂

∂xi
+ (aβα − a

i
αC

β
i − a

γ
αG

β
γ − aiαΓβi )dzα ⊗ ∂

∂zβ
.

Since the values aij , a
i
α, . . . , a

i
β
α are the tensors with respect to the group GL(n,R), GL(m,R),

GL(m,n,R) we find that the completely definite choice of sixteen tensors aij , a
i
α, ai

j
, aiα, aαi , aαβ , is as-

sociated to the completely definite tensor TAB with respect to the first differential group GL(2n, 2m,R)
of the space T (Lm(V n)) as follows:

T ij = aij + aiβΓβj + a
k
iΓkj + ai

β
Lβj , T iα = aiα, T iα = aiα + ai

β
Gβα, T i

j
= aiγΓγj ,

Tαj = aαj − aijΓαi − aiβΓαi Γβj − a
i
pΓ

α
i Γpj − a

i
γΓαi L

γ
j + aαβΓβj + aαpΓpj + aα

β
Lβj ,

Tαβ = aαβ − aiβΓαi − aiγΓαi G
γ
β + aαγG

γ
β , Tα

j
= aα

j
− ai

j
Γαi − aiγΓαi Γγj + aαγΓβj ,

T ij = aij − akjΓik − akβΓikΓβj − a
k
pΓikΓpj − a

k
γΓikL

γ
j + aiαΓαj + aipΓ

p
j + aiαL

α
j ,

Tα
β

= aα
β
− ai

β
Cαi − a

γ

β
Gαγ − aiβΓαi , T iα = aiα − akαΓik − akγΓikG

γ
α + aiγG

γ
α,

T i
j

= ai
j
− ak

j
Γik − akγΓikΓγj + aiαΓαj , T iα = aiα − akαΓik,

(1)

Tαj = aαj − aijCαi − aiβCαi Γβj − a
i
pC

α
i Γpj − a

i
γC

α
i L

γ
j − a

β
jG

α
β − a

γ
pG

α
γΓpj − a

γ
βΓβjG

α
γ − a

γ

β
GαγL

β
j

−aijΓαi − aiβΓβj Γαi − aipΓ
p
jΓ

α
i − aiβΓαi L

β
j + aαβΓβj + aαpΓpj + aα

β
Lβj ,

Tαβ = aαβ − aiβCαi − aiγCαi G
γ
β − a

γ
βG

α
γ − aδγGαδG

γ
β − a

i
βΓαi + aαγG

γ
β − a

i
γG

γ
βΓαi ,

Tα
j

= aα
j
− ai

j
Cαi − aiγCαi Γγj − a

β

j
Gαβ − a

β
γG

α
βΓγj − a

i
j
Γαi − aiγΓγjΓαi + aαγΓγj .

Definition 1. The GL(2n, 2m,R)-tensor field TAB defined by equalities (1) is called the Γ-lifting of
ordered sixteen GL(n,R), GL(m,R), GL(n,m,R)-tensor fields aij , . . . , a

α
β

defined on Lm(V n).
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Definition 2. The space T (Lm(V n)) on which is defined the tensor field satisfying conditions

TBAT
B
C T

C
D + λTAD = 0 (λ = ±1) (2)

is called the space with a F structure.

Equations (2) can be rewritten in the form

T ikT
k
p T

p
j + T ikT

k
p T

p
j + T ikT

k
αT

α
j + T ikT

k
αT

α
j + T i

k
T kp T

p
j + T i

k
T kαT

α
j + T i

k
T kαT

α
j

+T iαT
α
p T

p
j + T iαT

α
p T

p
j + T iαT

α
β T

β
j + T iαT

α
β
T βj + T iαT

α
p T

p
j + T iαT

α
p T

p
j + T iαT

α
β
T βj + T iαT

α
β
T βj + λT ij = 0,

T ki T
k
p T

p
j + T ikT

k
p T

p

j
+ T ikT

k
αT

α
j + T ikT

k
αT

α
j + T i

k
T kp T

p

j
+ T i

k
T kp T

p

j
+ T i

k
T kαT

α
j

+ T i
k
T kαT

α
j

+T iαT
α
p T

p

j
+ T iαT

α
p T

p

j
+ T iαT

α
β T

β

j
+ T iαT

α
β
T β
j

+ T iαT
α
p T

p

j
+ T iαT

α
p T

p

j
+ T iαT

α
β T

β
j + T iαT

α
β
T βj + λT i

j
= 0,

T ikT
k
p T

p
α + T ikT

k
p T

p
α + T ikT

k
β T

β
α + T ikT

k
β
T βα + T i

k
T kp T

p
α + T i

k
T kp T

p
α + T i

k
T kβ T

β
α + T i

k
T k
β
T βα

+T iβT
β
p T

p
α + T iβT

β
p T

p
α + T iγT

γ
β T

β
α + T iγT

γ

β
T βα + T i

β
T βp T

p
α + T i

β
T βp T

p
α + T iγT

γ
β T

β
α + T iγT

γ

β
T βα + λT iα = 0,

T ikT
k
p T

p
α + T ikT

k
p T

p
α + T ikT

k
β T

β
α + T ikT

k
β
T βα + T i

k
T kp T

p
α + T i

k
T kp T

p
α + T i

k
T kβ T

β
α + T i

k
T k
β
T βα

+T iβT
β
p T

p
α + T iβT

β
p T

p
α + T iγT

γ
β T

β
α + T iγT

γ

β
T βα + T i

β
T βp T

p
α + T i

β
T βp T

p
α + T iγT

γ
β T

β
α + T iγT

γ

β
T βα + λT iα = 0,

T ikT
k
p T

p
j + T ikT

k
p T

p
j + T ikT

k
αT

α
j + T ikT

k
αT

α
j + T i

k
T kp T

p
j + T i

k
T kp T

p
j + T i

k
T kαT

α
j + T i

k
T kαT

α
j

+T iαT
α
p T

p
j + T iαT

α
p T

p
j + T iαT

α
β T

β
j + T iαT

α
β
T βj + T iαT

α
p T

p
j + T iαT

α
p T

p
j + T iαT

α
β T

β
j + T iαT

α
β
T βj + λT ij = 0,

T ikT
k
p T

p

j
+ T ikT

k
p T

p

j
+ T ikT

k
αT

α
j

+ T ikT
k
αT

α
j

+ T i
k
T kp T

p

j
+ T i

k
T kp T

p

j
+ T i

k
T kαT

α
j

+ T i
k
T kαT

α
j

+T iαT
α
p T

p

j
+ T iαT

α
p T

p

j
+ T iαT

α
β T

β

j
+ T iαT

α
β
T β
j

+ T iαT
α
p T

p

j
+ T iαT

α
p T

p

j
+ T iαT

α
β T

β

j
+ T iαT

α
β
T
j
β + λT i

j
= 0,

T ikT
k
p T

p
α + T ikT

k
p T

p
α + T ikT

k
β T

β
α + T ikT

k
β
T βα + T i

k
T kp T

p
α + T i

k
T kp T

p
α + T i

k
T kβ T

β
α + T i

k
T k
β
T βα

+T iβT
β
p T

p
α + T iβT

β
p T

p
α + T iγT

γ
β T

β
α + T iγT

γ

β
T βα + T i

β
T βp T

p
α + T iγT

γ
β T

β
α + T iγT

γ

β
T βα + λT iα = 0,

T ikT
k
p T

p
α + T ikT

k
p T

p
α + T ikT

k
β T

β
α + T ikT

k
β
T βα + T i

k
T kp T

p
α + T i

k
T kp T

p
α + T i

k
T kβ T

β
α + T i

k
T k
β
T βα + T iβT

β
p T

p
α

+T iβT
β
p T

p
α + T iγT

γ
β T

β
α + T iγT

γ

β
T βα + T i

β
T βp T

p
α + T i

β
T βp T

p
α + T iγT

γ
β T

β
α + T iγT

γ

β
T βα + λT iα = 0,

Tαk T
k
p T

p
j + Tαk T

k
p T

p
j + Tαk T

k
β T

β
j + Tαk T

k
β
T βj + Tα

k
T kp T

p
j + Tα

k
T kp T

p
j + Tα

k
T kβ T

β
j + Tα

k
T k
β
T βj

(3)

+Tαβ T
β
p T

p
j + Tαβ T

β
p T

p
j + Tαγ T

γ
β T

β
j + Tαγ T

γ

β
T βj + Tαγ T

γ
p T

p
j + Tαγ T

γ
p T

p
j + Tαγ T

γ
β T

β
j + Tαγ T

γ

β
T βj + λTαj =0,

Tαk T
k
p T

p

j
+ Tαk T

k
p T

p

j
+ Tαk T

k
β T

β

j
+ Tαk T

k
β
T β
j

+ Tα
k
T kp T

p

j
+ Tα

k
T kp T

p

j
+ Tα

k
T kβ T

β

j
+ Tα

k
T k
β
T β
j

+Tαβ T
β
p T

p

j
+ Tαβ T

β
p T

p

j
+ Tαγ T

γ
β T

β

j
+ Tαγ T

γ

β
T β
j

+ Tαγ T
γ
p T

p

j
+ Tαγ T

γ
p T

p

j
+ Tαγ T

γ
β T

β

j
+ Tαγ T

γ

β
T β
j

+ λTα
j

=0,

Tαk T
k
p T

p
γ + Tαk T

k
p T

p
γ + Tαk T

k
β T

β
γ + Tαk T

k
β
T βγ + Tα

k
T kp T

p
γ + Tα

k
T kp T

p
γ + Tα

k
T kβ T

β
γ + Tα

k
T k
β
T βγ

+Tαβ T
β
p T

p
γ + Tαβ T

β
p T

p
γ + Tαδ T

δ
βT

β
γ + Tαδ T

δ
β
T βγ + Tα

δ
T δpT

p
γ + Tα

δ
T γp T

p
γ + Tα

δ
T δβT

β
γ + Tα

δ
T δ
β
T βγ + λTαγ =0,

Tαk T
k
p T

p
γ + Tαk T

k
p T

p
γ + Tαk T

k
β T

β
γ + Tαk T

k
β
T βγ + Tα

k
T kp T

p
γ + Tα

k
T kp T

p
γ + Tα

k
T kβ T

β
γ + Tα

k
T k
β
T βγ
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+Tαβ T
β
p T

p
γ + Tαβ T

β
p T

p
γ + Tαδ T

δ
βT

β
γ + Tαδ T

δ
β
T βγ + Tα

δ
T δpT

p
γ + Tα

δ
T γp T

p
γ + Tα

δ
T δβT

β
γ + Tα

δ
T δ
β
T βγ + λTαγ =0,

Tαk T
k
p T

p
j + Tαk T

k
p T

p
j + Tαk T

k
β T

β
j + Tαk T

k
β
T βj + Tα

k
T kp T

p
j + Tα

k
T kp T

p
j + Tα

k
T kβ T

β
j + Tα

k
T k
β
T βj

+Tαβ T
β
p T

p
j + Tαβ T

β
p T

p
j + Tαγ T

γ
β T

β
j + Tαγ T

γ

β
T βj + Tαγ T

γ
p T

p
j + Tαγ T

γ
p T

p
j + Tαγ T

γ
β T

β
j + Tαγ T

γ

β
T βj + λTαj =0,

Tαk T
k
p T

p

j
+ Tαk T

k
p T

p

j
+ Tαk T

k
β T

β

j
+ Tαk T

k
β
T β
j

+ Tα
k
T kp T

p

j
+ Tα

k
T kp T

p

j
+ Tα

k
T kβ T

β

j
+ Tα

k
T k
β
T β
j

+Tαβ T
β
p T

p

j
+ Tαβ T

β
p T

p

j
+ Tαγ T

γ
β T

β

j
+ Tαγ T

γ

β
T β
j

+ Tαγ T
γ
p T

p

j
+ Tαγ T

γ
p T

p

j
+ Tαγ T

γ
β T

β

j
+ Tαγ T

γ

β
T β
j

+ λTα
j

=0,

Tαk T
k
p T

p
β + Tαk T

k
p T

p
β + Tαk T

k
γ T

γ
β + Tαk T

k
γ T

γ
β + Tα

k
T kp T

p
β + Tα

k
T kp T

p
β + Tα

k
T kγ T

γ
β + Tα

k
T kγ T

γ
β

+Tαγ T
γ
p T

p
β + Tαγ T

γ
p T

p
β + Tαγ T

γ
δ T

δ
β + Tαγ T

γ

δ
T δβ + Tαγ T

γ
p T

p
β + Tαγ T

γ
p T

p
β + Tαγ T

γ
δ T

δ
β + Tαγ T

γ

δ
T δβ + λTαβ=0,

Tαk T
k
p T

p

β
+ Tαk T

k
p T

p

β
+ Tαk T

k
γ T

γ

β
+ Tαk T

k
γ T

γ

β
+ Tα

k
T kp T

p

β
+ Tα

k
T kp T

p

β
+ Tα

k
T kγ T

γ

β
+ Tα

k
T kγ T

γ

β

+Tαγ T
γ
p T

p

β
+ Tαγ T

γ
p T

p

β
+ Tαγ T

γ
δ T

δ
β

+ Tαγ T
γ

δ
T δ
β

+ Tαγ T
γ
p T

p

β
+ Tαγ T

γ
p T

p

β
+ Tαγ T

γ
δ T

δ
β

+ Tαγ T
γ

δ
T δ
β

+ λTα
β

= 0.

Consider the case in which

aiα = ai
j

= aiα = aαi = aα
β

= aij = aiα = aαi = aαβ = aα
i

= 0,

aij = aδij , aαβ = cδαβ , ai
j

= bδij , aα
β

= aδαβ .

In this case, the tensors aij , a
α
β can be associated with the tensor TAB as follows:

T ij = aδij , T iα = 0, T i
j

= 0, Tαi = (c− a)Γαi , Tαβ = cδαβ , Tα
i

= 0, Tα
β

= 0,

T ij = (b− a)Γij , T iα = 0, T i
j

= 0, Tαβ = (d− c)Γαk ,

Tαk = −aCαk − cΓ
γ
kΓαγ − bΓikΓαi + dLαk , Tα

β
= dδαβ .

Equalities (3) imply that

(b− a)(a2 + ab+ b2 + λ) = 0, a(a2 + λ) = 0,

(c− a)(a2 + ac+ c2 + λ) = 0, c(c2 + λ) = 0,

(d− c)(c2 + cd+ d2 + λ) = 0, d(d2 + λ) = 0,

(d− b)(b2 + bd+ d2 + λ) = 0, b(b2 + λ) = 0,

(a2 + ad+ d2 + λ)(−aCαi − cΓλi Γαβ − bΓki Γαk + dLαi )

+(a+ b+ d)(b− a)(d− b)ΓαkΓki + (a+ c+ d)(d− c)(c− a)ΓαγΓγi .

It follows that

a2 + λ = 0, c2 + λ = 0 d2 + λ = 0, b2 + λ = 0.

Similar results are obtained for other cases. Thus, we have proved the following theorem:

Theorem. In the tangent T (Lm(V n)) space a real-valued F structures exist only for λ = −1.
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