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BOUNDEDNESS OF HIGHER ORDER COMMUTATORS OF G-FRACTIONAL
INTEGRAL AND G-FRACTIONAL MAXIMAL OPERATORS WITH G - BMO
FUNCTIONS

ELMAN J. IBRAHIMOV™, GULQAYIT A. DADASHOVA!, AND SAADAT AR. JAFAROVA?

Abstract. In this paper we introduce the Gegenbauer BMO (G — BMO) space and study its
basic properties, analogous to the classical case. The John-Nirenberg type theorem is proved for
f € BMOg(R4). Moreover, the notions of a higher order commutator of Gegenbauer fractional
(G-fractional) integral Jg’a’k and Gegenbauer fractional (G-fractional) maximal operator Mg’a’k
with G — BMO function are studied. When commutator b is a (G — BMO) function, the necessary
and sufficient conditions for (Ly; Lq) boundedness of commutators J’C’;’D"k and Mg’a’k are obtained.

INTRODUCTION

The boundedness of the fractional maximal operator, fractional integral and its commutators plays
an important role in harmonic analysis and their applications. In recent decades, many authors have
proved the boundedness of the commutators with BM O functions of fractional maximal operator and
fractional integral operator on some function spaces (see, e.g., [1-4,6-8,13,19]).

The fractional integral operator I, and fractional maximal operator M, are defined as follows:

Iaf(z)/lx_ffj)n_a, n>1 0<a<n,
R7l

1
Mof@) =sw o [ Il

|w—y|<r
Let b € Lioc(R™), then the commutator is generated by the function b(z) and I, is defined as the form
b(x) — by
017 (@) = b)) — Ta0)@) = [ 2= pay,

|z —y[n—e
R’n

In [2] and [19], the following theorem is proved by a somewhat different method.

1 1
Theorem A. Let0<a<n, 1 <p< D oand = — = =2 Then [b, 1] is bounded from LP(R™) to
a

p q n
LY(R™) if and only if b € BMO(R").

Define the commutator [b, M,] of the fractional maximal operator M, as

M) =5 [ b)) W)y,

r>0

|z—y|<r

In [19], it is proved that under the conditions of Theorem A [b, M,] is bounded from L?(R™) to L%(R™)
if and only if b € BMO(R"™).

In the present paper, we prove theorems on the boundedness of commutators both of the G-
fractional integral and of the G-fractional maximal operator on G— BM O space. The results obtained
here are analogous to the corresponding theorem obtained for the [b, I,] and [b, M,] in [2] and [19].

The paper is organized as follows.
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In Section 1, we present some definitions, notations and auxiliary results. In Section 2, the G—-BMO
space is introduced and its properties are proved. In Sections 3 and 4 we prove the (L x; Lg»)
boundedness of the commutator of G-fractional integrals and the (L, x; L, x) boundedness of the
commutator of G-fractional maximal operator on G — BM O space, respectively.

1. DEFINITIONS, NOTATIONS AND AUXILIARY RESULTS

Our investigation is based on the Gegenbauer differential operator G (see [5])

d 1 d 1
Gr=G= (2% — 1)%4%(352 - 1)>‘+§%,x € (1,00), A € (0, 3)-
The shift operator Aéhy generated by G is given in the form (see [10,11])
NN

Aéhyf(chx) = )) /f(chxchy — shashy cos ¢)(sin SO)ZA_ldgo
0

T(M(5

and it possesses all properties of the generalized shift operator given in the monograph due to
B.M.Levitan [16,17].
Let H = H(0,r) = (0,7). For any measurable set E, uE = |E|\ = [sh**ydy. For 1 < p < oo, let
E

L,(Ry,G) =L, z(Ry), Ry = (0,00) be the space of measurable functions on R4 with the finite norm
1

1z, = ( / |f<chy>|psh”ydy)P, | <p<oo
Ry
|fllson = [flloe = ess sup |f(cha)], p=oo.
xER+

For f € Llloi (R4), the G-fractional maximal operator Mg and the G-fractional integral J& are defined
in [14] as follows:

MEg f(chz) = sup —

j/Aﬁhy\f(cthsh”‘ydy.
r>0 |H|>\ 2A+1

H

,
Here |H(0,7)|x = [ sh®*ydy is the measure that is absolutely continuous with respect to the Lebesgue
0

measure of the interval H
oo

Ag\h f(chz)
ngf(chl') /(Slflyy)2>\-‘1-1—()zSh2>\ dy
0

The next result has been obtained in [14] and gives us the (L x, L, ») boundedness of Mg and J&
(see also [13,15]).

1 220 +1
Theorem B. Suppose that 0 < A < 5,0 <a<22+1,and1 <p< + .
@

(a) Ifl<p< %, then the condition %—% = 5xq7 U necessary and sufficient for the boundedness
of M& and J& from L, x(Ry) to Ly a(R4).

(b) If p = 1, then the condition 1 — % = oyt s necessary and sufficient for the boundedness of M¢
and J& from L1 x(Ry) to WLy A(Ry).

We denote by WL, »(Ry) the spaces of all locally integrable functions f(chz), € Ry, with the
finite norm
1
1 fllw Ly a®y) = S‘ilgﬂ{x € Ry ¢ [f(chz)| >r}}, 1<p<q.
T

Throughout the paper A < B mean that A < CB with some positive constant C', which may depend
on some parameters. If A < B and B < A, we write A = B and say that A and B are equivalent.
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Let H(z,r) = (x —r,x +r)N[0,00), r € (0,00), x € [0,00). Thus,

Hiz,r) = (0,2 4+ r), 0<z<mr,
o M@= +r), >

We will need the following lemmas.

Lemma 1.1 ([14]). For any u > 0, the following relation is true:

pt1
(shm+r) . O<az+r<2

[H (,7)]

R

2p
(shz+r> , 2<z+r<oo.

For x =0 and p = 2\, we have
¥
[H(©O,1)x~ (sh3)

IAN+1, if 0<r<2,

where y = 7(r) = {4/\ if 2<r<oo

Lemma 1.2 ([11]). If f € Ly A(Ry) , then for any y € [0,00), the inequality

[Aehy fllr, » < fllz, 1 <p< o0 (1.1)
holds.

2. THE GEGENBAUER BM O-SPACE

The space of functions of bounded mean oscillation, or BMO¢, naturally arises as the class of
functions whose deviation from their means over intervals is bounded. The L., functions have this
property, but there exist unbounded functions with a bounded mean oscillation. Such functions are
slowly growing, and they typically have at most logarithmic blow up. The space BM O¢ shares similar
properties with the space L., and often serves as its substitute. What exactly is a bounded mean
oscillation and what kind of functions have this property?

The mean of a locally integrable function over a set is another word for its average over that set.
The oscillation of a function over a set is the absolute value of the difference of the function from
its mean over this set. The mean oscillation is therefore the average of this oscillation over a set. A
function is said to be of bounded mean oscillation if its mean oscillation over all intervals is bounded.
Precisely, given a locally integrable function f on Ry = (0, 00), denote by

1
fr(chz) = R/Aé‘hyf(Chx)ShQ/\ydy,
il

where H = H(0,r), the mean (or average) of f over H. Then the oscillation of f over H are the

functions |Ag\hyf(chx) — fu(chz)|, and the mean oscillation of f over H is
1

T / A%, F(chr) — frr(cha)|shydy.
H

2.1. Definition and some properties of the G — BMO space.

Definition 2.1. We denote by BMOg (R ) the Gegenbauer-BM O space (G — BMO space) as the
set of locally integrable functions on Ry = (0, 00) such that

z,reER4

1
I fllBrog®sy = sup i /|A2\hyf(Ch$) — fu(cha)|sh*ydy < co.
H

We set
BMOg(Ry) = {f € LYS(RL) : |f mog @) < o0} -
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Several remarks are in order. First, it is a simple fact that BMOg(R4) is a linear space, that is,
if fg€ BMOg(R;) and u € R, then f+ g and uf in BMOg(R), and

If + gllsroe < | fllBmos + 19l Brog, lnfllBros = [kl fllBaog-

But ||| Barog is not a norm. The problem is that if ||| paro, = 0, this does not imply that f = 0, but
that f is a constant. From Proposition 2.2, every constant function C satisfies ||C||gamo, = 0, then
the functions f and f + ¢ have the same BMOg norms. In the sequel, we keep in mind that elements
of BMO¢ whose difference is a constant are identified. Although || - ||ppmog is only a seminorm, we
occasionally refer to it as a norm when there is no possibility of confusion.

We begin with the basic properties of BMOg.

Proposition 2.2. The following properties of the BMOg(Ry) space are valid:

1) If | fllBmos =0, then f is a.e. equal to a constant.

2) Loo(Ry) is contained in BMOg(Ry) and || fllBmos < 2| fllL..

3) Suppose that there exist a constant A > 0 and for all intervals H in Ry a constant Cy such
that

sup
z,r€ER4 |H|)\

/ | A, f (cha) — Crlsh*ydy < A, (2.1)

then f € BMOg(R4) and || fllBrmos < 2A.
4) If f € BMOg(R;), y € Ry, then Ag‘hyf is also in BMOg(R4) and

1A%y fllBrros < Il Brog-
5) Let f be in BMOg(Ry) . Given an interval H and a positive integer m, we have
|brr (cha) — bam g (cha)| < 2ml|b|| Barog -

Proof. To prove 1), we note that f is a.e. equal to its average C'y over every segment [0, N]. Since
[0, N] C [0, N + 1], it follows that C'y = C41 for all N. This implies the required conclusion.
To prove 2), we using (1.1). Then

chy|Achy (Ch$> fH Ch$)| < Achy (|Achy (Ch$>| + |fH(Chx>|)
<2A%,1f(cha)] <2 flr...

For item 3), we get
| A%y f (cha) — fH(Chx)l < | A%y f(chz) — Cu| + | fu (chz) — Cl

<|A},, f(chz) — Cp| + m / | A, f(cha) — Cr|sh* ydy.
H

Averaging over H and using (2.1), one has

I fllBmos < 24.

Let us prove property 4). Applying Lemma 1.2, we have

||AchnyBMOG >~ Ssup ‘H|>\/‘Achy chy Chx)_Aé\hny(CthSh?/\ydy

z,rERL

1
< swp o / AXy [ A%, f(ch) — fr(cha)|shydy

z,rER 4

z,rER4

1
< swp / 43, (ehe) = fu(che) sy = [ £ mavo
H
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Finally, we prove 5). In fact,

|bg (chx) — bop (cha)| < T ‘/ Achy f(chz) — fop(chz)) sh2 ydy
|2H| /|Achy f(chz) —bgH(chx)|sh2)‘ydy<2Hf||BMOG

Then A,, iteration yields

|bH —bog +boyg —b22H—|—' "+b27n71H —meH| < 2m||f||BMOG. O

Ezample. We show that L..(R.) is a proper subspace of BMOg(R,). We claim that the function
log(shz) is in BMOg(R4), but not in Lo (Ry). To prove that it is in BMOg(Ry), for every zp € Ry
and r > 0, we choose a constant Cy, , such that the average |Aé\hy log(shz) —Cy, | for all y € [0, zo+7]
is uniformly bounded.

Consider the integral

xo+T

1
|Aé‘hy log(sha) — Cyy | sh*ydy,

|H (0,20 4 7)|x )

where Cy, » = (logr)(logxp), 0 < 29 < 2 and 0 < zy < arcshl. We may take r = 1, then

1 zo+1
m / ’A()t\hy log(shx)’ sh® ydy
0
1 zo+1
TIH(0, 70 + 1)]x / ’Achy log(ch®z — 1)% | sh®ydy
0
1 zo+1 )\ N ) -
~HH(O,20 + 1)l 77 1og[(Cthhy - thshy coSs (p) _ 1] 2 Shz)\ydy
[H(0,20 + 1)|x / ’ 2>/

$0+1

1
llog sh(z + )| sh**ydy < logsh(z + z + 1)

S—
|H(0,z0 + 1)|x )

<logsh(zg + 1 + arcshl) <logsh(zg + 2) < logsh4.

Now, let Cy, 1 = log(2x0), arcshl < z < zg, ©op > 2. In this case, we have

zo+1

1 /|A

S — log(shz) — log(2z0)| sh* yd
0

chy

sh(z +x9+1) sh(2zo + 2) (sh2zg)ch2 + (ch2z)sh2
<1 1 =1
=108 sh(2x) <log sh2zq 8 sh2zq
h2
=log (ch2 + % h2> < log(ch2 + 2sh2) < log(3ch2),
x

since chx < 2shx if x < 1.
Thus, according to property 3), log(shx) is in BMOg(Ry). It is obvious that log(shz) is not in

Loo(Ry).
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Below, we will need some property of BMOg(R4) functions. Observe that if an interval H; is
contained in the interval Hs, then

1
it = fl < = [ 143, o) = Fry (i)™ ey
Hy

1
< / | A, f(chz) — fu, (chz)|sh* ydy
|H1[x P

|Ha|x
STAR I fllBrog-

2

Theorem 2.3. BMOg(Ry) is a complete space.

Proof. Let {f,} be a Cauchy sequence in BMOg(Ry). Thus ||fr — fmllBMos — 0, for n,m — oo.
We choose a subsequence { fn, } of {fn} such that ||f,,., — fu.llBrog < 5% for all k > 1. From this
it follows that

o0 (o] 1
Z ||fnk+1 - fnkHBMOc < Z ok =1L
k=1 k=1

Then for a.e. x € Ry,

o0
Z |f"k+1 - fm| < 00,
k=1

and, consequently, the series

fn1 (Ch(E) + Z{fnk+1(Chx) - fnk (Chx)}

k=1

converges, this is equivalent to the existence of

lim f,, (chx),for a.e. z € Ry.
k—o0
We define the function f as follows:

f(chz) = {kll)n;o fay(chz), forae. xz€Ry,

0, otherwise.
Thus we prove that
klim Sy, (chz) = f(chz),a.e. z € Ry.
—00

By the triangle inequality,

k—1

fn1 + Z (fnk+1 - fnk)
v=1

| frillBrOG =

BMOg¢g

k—1
§H|fm| + ) s = i
v=1

’BMOG

k—1
<l saros + || D [Fanes = o] < fmllsros +1-
=1 BMOg¢g

From this it follows that
1 fnill Baro, < const, at &k — oo,
ie, f € BMOg(R;).
Now, we show that
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In fact,
(o]
If = fnk”BMOG = Z (fnu+1 - fnu)
ok BMOg
o0 o0
< Z |fnu+1 - fnu| ‘ < Z Hfﬂu+1 - f"v BMOg <L
v=~k BMOg v=1

By the dominated convergence theorem,
If = farllBrros — 0, at k— oc.
Finally, we have to show that {f,} is the Cauchy. Given ¢ > 0, there exists N, so, for all n,m > N,
we have
”fn - meBMOG < %
We choose a number n; > N, such that

13
If = frillBMOG < 3

Then we have
If = fullBroe < Nf = fallBrmog + | fn = farllBrog < e

This completes the proof. O

The next section needs the following statement.

Theorem 2.4 (Calderon-Zygmund decomposition of R ). Suppose that f is a non-negative integrable
function on Ry. Then for any fived number B > 0, there exists a sequence {(j — 1)r,jr} = {H;} of
disjoint intervals such that

(1) f(cha) < B,z ¢ UHj;
J
(2) ‘UHj’A < %Hf”LL,\;
J

1
i ] A Fleha)shPydy < 203G, =12,
J j

(3) B <

Proof. Since f € L; x(Ry), by Lemma 1.2, Ag‘hyf € L; x(R4) and by the integral continuity, we

can decompose R, into a net of equal intervals (by the Lindel6f covering theorem (see [18]), this is
possible)) such that for every H from the net

1
ﬁ/A;\hyf(chac)shwydy < B. (2.2)
H
In fact, for any 8 > 0, there exists 6 = §(5) > 0 such that for every H; with measure |H;|y = |H|) <6,
[ A scmsiuay <5, =12,
Hj

where

|Hj\>\:/sh2)‘ydy, (G=1,2,...).
H;

First, we prove (3). Let H; = (0,7) be a fixed interval in the net. Then by (2.2), we can write

1
T / A}, f(chz)sh*ydy < B. (2.3)
Hy
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We divide the interval H; into 2" equal intervals and let Hy = (0, 2") be one from this intervals. By
Lemma 1.1 (then g = 2X), one has

s
27

22+1
\H |\ = /sh”ydy ~ (Sh#) . 0< 2% <2.
0
Since for 0 < t < 1, sht ~ ¢, we have
ro\2AF1 o\ 231 1\
[Hilx =~ (Sh2n+1> ~ (W) ~ (2715}12) ~ 27U (24)
Concerning Hj, there may possibly be two cases:
|H f Achy f(cha)sh®*ydy > 8.
1
(B) | H N, f A}, f(cha)sh* ydy < B.
1A
For case (A), from (2.4) and (2.3), we have
1
6 < |H/| /Aé\hyf<0hx)8h2)\ydy
Hi
2(2)\+1)n o\
~ |H!|» /Achyf(Chw)Sh ydy
1 g
2(2A+1n 2X 2\ +1)n
SW/Achyf(Chx) sh™ydy < 2 B.
Hi

Here H{ we choose as one of the sequences {H;}.
We consider case (B). Suppose that Hj = Ha(r,2r). Dividing the interval into 2™ equal partials
and reasoning however, we obtain

5 < |H/| /Achyf(Chm)ShZ)\ydy

H;

NW /Aéhyf(chl')shmydy < 2(2)\+1)n6,
H,

2(2A+1)n

where Hj we choose as one of the sequences {H;}. Further reasoning of the process, we obtain a
sequence of disjoint {H;} such that

B < /A?hyf(chw)sh”ydy S2BAng - (n=1,2,..).

H;

| Hj [

Proof of (1). Taking into account (2.4), from the Lebesgue differentiation theorem (see [12, Corollary
2.1]), we have
1 A 2A
f(chz) = lim [E(0, 7] / Al f (chz)sh™ ydy < B
H(0,r)
for a.e. x & |J H;. It remains to prove (2). Passing to the limit by n — oo in the inequality
J

U #

j=1,2,...n

n 1 n
< Z [Hjlx < = Z/f(chx)sh”‘xdx,
A =1 B i=1g,

which is contained in the proof of Theorem 2.4 in [12], we obtain the assertion (2). O
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Remark 2.5. The Calderon-Zygmund decomposition stay valid if we replace Ry by a fixed interval
Hy for f € Lp’)\(H()).

2.2. The John-Nirenberg type theorem. Having stated some basic facts about BMOg, we now
turn to a deeper property of BMOg functions, that is, their exponential integrability. As we saw in
Example 2.5, the function f(chz) = log(shz) is in BMOg¢.
This function is exponentially integrable over any segment [a,b] of Ry in the sense that
b

/e‘f(Chm)lshQ’\xdx < 00.

a
It turns out that this is a general property of BMO¢ functions, and this is the content of the next
theorem.

Theorem 2.6. For all f € BMOg(Ry.), for all interval H = H(0,r) and a > 0, we have
{o € H : |AY,, f(cha) — fu(cha)| > a}|s
< e| e TTHG with A = (200ne)”

The proof of this theorem is based on the Calderon—Zygmund decomposition and is the same as
that of Theorem 7.1.6 in [9)].

Corollary 2.7. For all 0 < p < oo and H = H(0,r), one has

1
1
Sulo<|H| /|Achy f(chz) fH(Chx)|pSh2Aydy) S fllBaog- (2.5)

>0
Proof. In fact
/ (AN, £(cha) — fir(cha)Psh™ ydy

oo 1A%, f(cha)— fr (cha)|
__p /( / ap_ldm>sh2Aydy

00
__b p—1 h*ydy | d
[ / Ay
0 {z€H: |Achyf(chm)—fH(chx)\>a}

oo

:ﬁ/ap 1 Ha: € H: |Achyf(chx) — fu(chz)| > oz}|/\dx

oo

____Aa
6|]{|/\/0517*1e If1BMOG (o
TR

L(p
—pe AP)“f”BMOG = T+ Dl flzvoc.

where A = (6(2’\+1)"e)_1. O

Since inequality (2.7) can be reversed for p > 1 via Holder’s inequality (see [14, Theorem 3.3]), we
obtain the following important L,  characterization of BMO¢ norms.

Corollary 2.8. For all 1 < p < oo, we have

1 v
sSup <H| /‘Achy (Chx) - fH(Chx)|pSh2)\ydy> ~ ||fHBMOG'

z,rER 4
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3. COMMUTATORS OF GEGENBAUER FRACTIONAL INTEGRALS

In this section we study the (L x, Lq,x) boundedness of commutators of the Gegenbauer fractional
integrals J&, where

T AN chx
Jé f(cha) = /(Cslilyy];g_a)shwydy, a<y<22+1.
0

We will also illustrate that the boundedness of commutators of J& may characterize the BMOg(Ry)
spaces. First, we will give some related results. Suppose that b € Lfg\(Rg, then the commutator
generated by the function b and the J& is defined as follows:

J& f(cha) = b(chx)Jg f(chz) — J&(bf)(ch)

(4% b(cha) — b(ch
_ / Chy ( z>]Ag\hyf(chx)sh2’\ydy.
0

—Q

This implies that

Jgaf(chx) = }13% {[bH(chx) — b(chx)] / b= S

T

+/ Aé‘hyb(chw) — by (chz)

A hz)sh**
(Shy)via chyf(c J))S ydy}a

where H = H(0,r).
Since b € BMO¢(R4), by Theorem 4.1 and Corollary 2.1 in [12], the first term tends to zero a.e.
and

[e%e] A _
J¢i" flcha) = / [AChyb(:lfy))’Y—ZH(Chx)]Achyf(chx)shz’\ydy,
0

The k — th order commutator of the J& we define as follows:

Chy b(chz) — by (chz)]” A
(shy)r—« chy

Jé’;’“ ow f(chz)sh* ydy.

0

Theorem 3.1. Suppose that 0 < a <y <2\ + 1,1 <p < I and let 1% gy g % Then Jg’a’k is
bounded from L, x(Ry) to Ly A(Ry), if and only if b € BMOg(R4).

Q

Proof. Sufficiency. Let 0 <a <y <2\+1,1<p< I and b€ BMOg(R,), we get

b,ok ch b(chz) — by (Chl‘)]
Jg®" f(chz) (/ /> i hy) < A}, f(cha)sh*ydy

= J1( ) + JQ(T). (31)

Consider Ji(r). By Holder’s inequality, we have

1

AN b(chz) — by (chx kq T AN chz)P P
‘Jl |< (/ chy H( )| 2)\ydy> </ chy‘f( )| Shg)\ydy>
0

(shy)y—«

= Jl,l(’l“) . J1.2(7"). (32)
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We estimate Jy.1(r). One has

o T |A. b(cha) — by (cha)|k4 ;
atr (Z / gy Sh”ydy)
k=

2 (k+1)

—k

27 %r 1
h 7'1 (% o
SZE [ b beho) = by )
0

T
T
k+1

]

<(shr) 7 [|b]1% 1r00 (Z 2_(k+1)a) < (shr) 7 ||b]| Brog -

k=0
Now we estimate Jy o(r). One has

27 kp 1

o] 1 p
J1.2(7”) < <Z W / Ag‘hy|f(chx)psh2>‘ydy)
k=0 2F+1 o (hb )y

<(shr)¥ (Mg f(chx)[?)7 .
Taking into account (3.3) and (3.4) in (3.2), we get
[ 71(r)] S (shr)* (Il Baro,, (Malf (cha)?)? .
Consider Jy(r). By Holder’s inequality, we have

i | (cha)]
[ J2(r)] §/\Ag‘hyb(chx)fbH(chx)| (};iyﬁﬂlnydy

A2 b(cha) — by (cha)[*9 i
chy H( )‘ sh”‘ydy
shy)('Y a)q

1

( / Aoty ) < B,

For Ji(r), we have

1
Z |Achy (chz) bH(chx)|kqsh2/\ J q
shy (’Y a)q yay
ok+1,

> (sh2kF)v—(v—a)g z
ﬁ(Z(@)hw [ 143, beha) ~ b (et s h”ydy)
k=0 0

By property (5), we have |by(cha) — bor 7 (chz)| < 2k||b||BMoG. Then

Qk“/(va

Jh(r) < (shr)yate” 7(2 SO / | A, b(cha) — bor g (chz)[*sh* ydy

k=0

(2F)7=(r=a)e

1
K p, 22
+k§::0 (sh2k )7 / b (cha) — bk (cha)[*sh ydy>

1

a—2 > k a a—2
<(shr)* 7 ||b|| BrrOe (Z WW) < (shr)* 4 ||bl| Brog s

k=0

335

(3.4)
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since

1 1 1 1 1 —

I Y l_TTw

p q Y q p q P

e oy —a)g— (v—a)vp_7>0@(v—a)7p>

Y —ap Y —ap Y —ap
S(-ap>y—wpewp>yep> 1
From (3.6) and (3.5), we have
| J2(r)] < (shr)* ™% || £, bl Bt (3.7)

Taking into account (3.5) and (3.7) in (3.1), we obtain

TG f(cha)] S |(shr)® (Mgl f(eha) )7 + (shr)* 31 1,0 ] Ibllarog

The right-hand side attains its minimum for

ShT(vap [EAP >5
@ (Mgl f|p(ch))¥

and we have

. [P K 1
75 F(cha)| 5{[} (M| 17 (cha)) P
¢ TS U alppenayr] T
+[”f'] q||f||Lp,A}||b||BMoc
(Ml fiv(cha))?

1 1-2
— (Mg fP(ch))? £ 1Bl aroe

since

1 1
1 1_oa_, p_op
p q 0 q Y

From this and Theorem 2.2 in [12], we have

oo

/\Jéa * fcha)|"shadz < | Mal 17z, I F15, % 100 5hroq
0

SIS, 1Bl
Thus, we obtain

b,a,k
176" F(cha) L, S IF L, B0 -

Necessity. Let 1 <p < 2, f € L, A(R;), and let Jga " act boundedly from Ly a(Ry) to Ly a(Ry),

ie.,
178" fcha) | Lyn S IF Ly (3.8)

In what follows, the function f will be assumed positive and monotonically increasing. The dilation
function f;(chz) will be defined as follows:

f(ch(tht)x) < fi(chz) < f(ch(ctht)z), 0<t <1,
f(ch(tht)x) < fi(chz) < f(ch(sht)z), 1<t < 0.
Using (3.9) for 0 < ¢ < 1, we obtain

1, = [ tciipsittads)” < ([ ipenemtopsiio)
0 0

[(ctht)z = u,x = (tht)u]

(3.9)
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1
P

—(tht)? <7| f(chu)|psh2’\(tht)udu>

<( </|f (chu) |psh2Audu)
sht
) U = () 1l
1 a2
< (Cht) 2>\+1 “(a +2/\+p17'y) ||fHLp,)\ 5 (bht) ”f”L AT

On the other hand,

1illz, s = ( / (fy(cha)Psha dz)p § < /| Febtht) Peba dz>"
0 0

[(tht)z = u,z = (ctht)u]

—(ctht)? <7| f(chu)|psh2A(ctht)udu> ’

1
<(ctht) 5 ( / | f(chu) |psh2’\udu>

224
cht\ »
= () Sl
1

2>\+1 (a+2,\+1 7) Hf”Lp A~ (5ht) @ Hf”pr

=(ctht) %"

<
(sht) " »
From (3.10) and (3.11), we have
1fellz, = (sht)* 7 fllz, , 0<t<L
Now let 1 <t < oo. Then from (3.9), we have

1

I fellz, A = (/|ft(€h$)psh2’\xd:v>p > </|f(ch(tht)a:)|psh2’\xdx>p
0 0

[(tht)z = u,z = (ctht)u]

=(ctht)? <7| f(chu) |psh2)‘(ctht)udu) ’

(ctht (/|f (chu)|Ps h2’\udu>

S(sht)* 7 £z, -
On the other hand,

1

Il < [ tcitsnasnods )

0
u

ht)x = = —
[(sht)z = u, "

]
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(3.10)

(3.11)

(3.12)

(3.13)
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1
=(sht)™ </|f (chu |psh2A u du>

<(sht)™ </|f (chu)|Ps h2’\udu>
Afl—ry 2>\+1 a2
<(sht)*t 55 1fllz, 5 = (h)* 7 flz, 5 (3.14)
From (3.13) and (3.14), we have
1 fille, » & (SH) % flln,0, 18 < 00, (3.15)

From (3.12) and (3.15),
1fillz, » & (sht)*"7, 0 <t < oc. (3.16)

Further, from (3.9) for 0 < ¢ < 1, we have

1
||Jga’kft||Lq,A = </|Jbak (chz)|s h”‘xdm)

1
( / | J&F f(ch(ctht)x )%h%@)

[(ctht) = u,z = (tht)u]

—(tht) é( / | & f(chu)|7s hz’\(tht)udu) ’

) < / |Jger f(chu)|qsh2’\udu> ’

0

<(tht) =

2241

2241 7 sht) ¢ b,a,k
=) Y = (5) I s
1

1

S—=7 G Flleg, S
(cht)i+ € ™ (cht)
<(sht) FIE ], (3.17)

~

b,a,k
NG iz
q

On the other hand,
[e'e] i
19 il > ([ 176 entenn)o) s
0
[(tht)x = u,z = (ctht)u]

1
(ctht) é</|Jb°‘k f(chu)|9sh?* (¢ tht)udu>

2241

, cht q b,k
E e = () T Bl
1

b,a,k N
Ziht s 196" fllog s S (sht) "7 | I fllr, 5 (3.18)
S q

>(ctht) e

From (3.17) and (3.18), we have
176 fillz, o & (sht) "3 1JG* fll,., O <t<L. (3.19)
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Now let 1 <t < co. Then from (3.9), we get

o 1
176" fellz, 2 (/IJZ’a’kf(ch(sht)x)qsh”mdl’>
0

[(sht)z = u,z = i]

—(sht)~ (/JW F(chu)[sh ﬁ du )

<(sht) ™ TG g < ()T TG e

QA —

On the other hand,

1
TG fillyn > </|JM f(ch(tht)z )|qsh%dx>

[(tht)z = u,z = (ctht) ]
=(ctht)e [ [ |J5%F f(chu)|9sh® (ctht)udu ’
(/ )

2241 g ETA
>(ctht) "o [|IG " fllz, = (sht) "7 TG flL, -
From (3.20) and (3.21), we have
1IE" fell g = (sh) 3 [ TG  fllz, 5 1<t < oo
Combining (3.19) and (3.22), we obtain
b,k - b,k
176" fill g s = (sht) " [|JG" " L, 5, 0 <t < o0
Taking into account inequality (3.8), as well as (3.23) and (3.16), we obtain
17E" fillzyn = (sBOTIIE" fellz, s
S 6T fille, s S (W) T T flli, = (sh)* G D £,
%, then, as t — 0, we have
15 fln, =0 forall f € LyA(Ry).
If L — 1> 2 then, ast — oo,
a7
117G fllz, . =0 forall f € Lga(Ry),

which cannot be true.
Therefore,

5

ESE N
Q|

4. COMMUTATORS OF THE GEGENBAUER FRACTIONAL MAXIMAL OPERATOR

Let b € LY (R4 ), then the k — th order commutator MEr

is defined as follows:

— / |Ag\hyb(chx) by (chaz:)|kAChy|f(ch9L‘)|sh2>‘ydy7 k=1,2,...,

where H = H(0,r).

339

(3.20)

(3.21)

(3.22)

(3.23)

generated by the function b and Mg
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Theorem 4.1. Suppose that 0 < a <y <2A+1,1<p< I and % — % = % Then the commutator

Mg’o"k is bounded from L, x(R+) to Ly A(Ry), if and only if b € BMOg(Ry).
Proof. Let b € BMOg(Ry). For the fixed x € Ry and r > 0, we have

F(ch)| = / \Aéhyb chzx) — bH(chx)|k

Jb a, k:
¢ (shy) =

Chy | f(ChLL') |Sh2>\ydy

A}, | f(chz)[sh* ydy

/ \Achy (chz) — b (chz)[*

(shy)v—«
>71 AN b(ch by (chz)|F A ha)|sh?yd
oy | AL, b(chz) — by (cha)[" Ag,, | f(chz)[sh™ ydy
0
s [ AN, behn) — ()] A3, | )b ydy. (4.1)
|H|)\ H

Taking supremum for » > 0 on both sides of (4.1), we obtain
Mg f(eba) S TG (1f])(cha), V€ R
Thus, when b € BMOg(Ry), from this and Theorem 3.1, we have
b,a,k
[MgG*" f(cha)llz, @) S If L, @

On the other hand, suppose that Mb *k is bounded from Ly, A(Ry) to Ly A(Ry). Choose any interval
Hin Ry,

1
T / | A, b(chz) — by (cha)[sh* ydy
H

1
%W / |Aé\hyb(6hw) a bH(CthShZ/\ydy ' /Aé\hyXH(chx)shQ’\xdx
X
" H

1
N— s /( — /|Achy (chz) — by (chx)] - AchyXH(chm)sh xdm)shz)‘ydy
|H|)\ ! 7
NW Mba XH(Chx))Sh ydy
|H|>\ H
1 v @
SH(;( / sh”ydy> ( / MS“(XH(Chw))Sh”ydy)
|H|)\ H H
]. L] b,a ].
NT|HA|“ ||MG XH”Lq,A(H) = ﬁ|HA|" HXH”L“(H)
| A K | ‘)\
1 2 1
§T|HA|“ [Hi[? S 1.
[H|\ "
Thus b € BMOg(R,). O
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