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WEIGHTED NORM ESTIMATES FOR ONE-SIDED MULTILINEAR INTEGRAL
OPERATORS

GIORGI IMERLISHVILI! AND ALEXANDER MESKHI?:3

Abstract. In this note one-sided and two-weight inequalities for one-sided multilinear fractional in-
tegrals are derived. One-weight estimates are based on Welland’s type pointwise estimates which are
also presented. Integral operators studied in this note involve one-sided multi(sub)linear fractional
maximal operators, multilinear Riemann-Liouville and Weyl integral transforms.

In this note one— and two-weight norm inequalities for one-sided multilinear fractional integrals are
presented. One-weight estimates are based on Welland’s type pointwise inequalities which are also
derived. Integral operators involve one-sided multisublinear fractional maximal operators, multilinear
Riemann—Liouville and Weyl integral transforms.

Let f; :R—= R, i=1,...,m, be measurable functions and let

F o= (Fiaeo s ).

Throughout the note, it will be assumed that p is a constant satisfying the condition

I 1
S=2 (1)
p i Pi
where 1 < p; <oo,i=1,...,m.
Multilinear fractional integrals were introduced and studied in the papers by L. Grafakos [4], C.
Kenig and E. Stein [7], L. Grafakos and N. Kalton [5]. In particular these works deal with the operator
t)g
/ fattgle =t 4 o epn,
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where + is a constant parameter satlsfylng the condition 0 < v <
In the above-mentioned papers it was proved that if % = ;
bounded from LP* x LP? to L9.
As a tool to understand B, the operator
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where x € R", v is a constant satisfying the condition 0 < v < nm, ? = (f1,--, fm), 7 =
(Y1,---,Ym), was studied, as well. The corresponding multisublinear maximal operator is given by
(see [11]) the formula
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where the supremum is taken over all cubes @ containing x. It can be immediately checked that

,(F)@) > cnr My (F)(2),

where f; > 0,7 =1,...,m and c is a positive constant, depends only on n and v. If m = 1, then Z,
will be denoted by I,
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Let 0 < r < oo and let w be a weight function (i.e., w be an a.e. positive function) on R”. We
denote by L (R™) the class of all measurable functions f on R™ such that

1/r
1 fllzr @ny = (/If )dx) < 0.

In 1974, Muckenhoupt and Wheeden [12] showed that the weighted Sobolev-type inequality

1L, ()] L (Rr) < ClIf|

where 1 <r < 00,0 <y <1/r,1/s=1/r —~/n, holds if and only if w € A, ;. A locally integrable
non-negative function (weight) w on R™ is said to belong to A, s (1 < r,s < oc0) if and only if

. 1/s 1 . 1/r! 1 1 B
bup (|Q| / (m)dw) <|Q|Q/w (x)dm) <oo, - + o= 1,

where the supremum is taken over all n-dimensional cubes ) with sides, parallel to the coordinate
axes.
We say that a vector of weights @ = (w1, ..., wy) satisfies the A , condition (? =(p1,-.-,Pm))

if ,_
o i (i) ) 1 f ) <

Theorem A ([11]). Suppose that 0 < v < nm and 1 < p1,...,pm < 00 are exponents with 1/m <
p < n/vy and q is the exponent defined by 1/q = 1/p —v/n. Then the inequality

(/(|Ify(7)(l’)|(ﬁ%(@))qu)l/ <CH</ ()i (a ))pidx)l/pi

holds for every 7 € LPr(wh') x -+ x LPm (wPm) if and only if W satisfies the A 4 condition.

L7 (R")s

In [14], the authors derived the following different type one-weighted result.
Theorem B. Let 0 < v < nm, suppose that f; € LY, (R™) with 1 < p; <mn/y (i =1,...,m) and

‘ Yai s g . 1/p;
Zl_llsgp (|Q| /wq (ac)dx) <|Q|/w p (x)dx) < o0,

L. We set % = Z:nl o . Then there is a constant C' > 0, independent of f; such

w E ﬂ Ap,.q tee.,

i=1

where £ = L
qi pi

that

HI’Y(7)HL;IM(]R") S CH ||fi|’Lﬁip,i (R™)"
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The one-weight problem for multisublinear maximal functions and multilinear singular integrals was
studied in [8] under the A4 condition. Various types of Fefferman—Stein multisublinear inequalities
for fractional maximal functions were established in [13] and [6].

We introduce the following one-sided multisublinear fractional maximal functions:

h>0

. 1T
Mz (F)a —suthl,a/m/m(ymczyi, 0<a<m,
z—h

x+h
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xr
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which play an important role in the study of multilinear variants of the Riemann-Liouville and Weyl
integral transforms

f1 yl fm(ym)
/ / (x—y Jr(x—ym))mfozd?’ 0<a<m, zekR,

/ / fl y1 “ fn(Ym) d? O<a<m, xz€cR,
y1 +(ym_ m @

respectively.

If m = 1, then the operators Ry, Wa, M, and M} will be denoted by R, W,, M, and M,
respectively.

For the linear one-sided fractional integral operators the one-weight problem was solved in [1] (see
also [2] Ch. 2 for related topics). In particular, the following statement holds.

Theorem C. I[f0<a<1l,1<p<l/a(l/a=oc0,ifa=0),1/¢q=1/p—a, 1/p+1/p' =1. Then

1/
{/ |T(f |qu} <C{/f pdx} ’
holds.

(a) for T = M5 or T = Ry (a>0) if and only if u € A, i.e

1 a+h 1/q 1 a ) 1/17/
— q — -p <
{h / u (x)dw] [h / u (m)dw} <C
a a—h

for some constant C and all a, h with a € R, h > 0;
(b) for T'= M} or T =W, (a>0) if and only if u € A} i.e.

o] [ ] ] s

as
for some constant C and all a, h with a € R, h > 0.

For the two-weight theory for linear one-sided fractional integral operators under different types of
conditions on weights we refer to the papers [3,9,10] (see also the monograph [2, ch. 2] and references

cited therein).
Now we formulate the main statements of this note.

WELLAND-TYPE INEQUALITIES

Theorem 1. Let 0 < o« < m and 0 < ¢ < min{a,m — a}. Then there exists a positive constant C
depending only on m, a and € such that the following pointwise inequality

< o| (Mo D)) (M D) |

holds for all ? = (f1,.-., fm), where fi, i =1,...,m, are bounded functions with a compact support.

Ro()ie)

The similar theorem can be written for the Weyl integral transform.

Theorem 2. Let 0 < a < m and 0 < € < min{e,m — a}. Then if?:: fis-oos fm),

o|(Mi @) (M Tr@) ;

where f;, i = 1,...,m, are bounded functions with compact support and C depends only on m,
a and €.

Wa(Tio)| <
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ONE-WEIGHTED INEQUALITIES

Theorem 3. Let 0 < a < m, suppose that f; € LY, (R) with 1 < p; < m/a (i = 1,...,m) and

w e ﬂ A g e
m 1 z+h 1/(1i 1 < , 1/1):'
Hsup ( / w (¢ )dt) ( / w P (t)dt) < o0,
k>0 \ N h
T xzeR T xz—h
m
where qi = i — . We set % = l; qi Then there is a constant C' > 0, independent of f; such that

m
IRa(Dllzs, @ < CTL il .

i=1

Similar theorem for the Weyl integral transform holds.
Theorem 4. Let 0 < o < m, suppose that f; € LV, (R) with 1 < p; < m/a (i = 1,...,m) and
w e ﬂ At

Pi,qi ne.,

m 1 z 1/q: 1 z+h 1/’-’;

Hsup < / w‘“(t)dt) < / wPi(t )dt) < 00,

k>0 \h h

~ T xzeR z—h T

where qi = % — . We set % =3 %. Then there is a constant C' > 0, independent of f; such that
(2 Z:1 k2
W Fllzs, @ < CTLIFillms, -

i=1

FEFFERMAN-STEIN TWO-WEIGHTED INEQUALITIES
In the two-weighted setting, we proved the following Fefferman-Stein type inequalities:
Theorem 5. Let 0 < a < m and let 1 < min{py,...,pm} < max{pi,...,pm} < min{q,m/a}.
Suppose that p is defined by (1). Let v; be weights on R, i =1,...,m. We set v(z) = ﬁl vf/pi (z).
i=

()], <1
(v )], <TT

hold, where C is a constant, independent of f;, i =1,...,m, and

Then the inequalities

fz apzq Vi

)1/11’
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1 z+h p/pi
+ — .
Ma ,Pisq (CU) - 2};13 (h(lapi/m)q/p / Vg (y)dy) ’

x

1 p/pi
Mapia (x):ili% <h(1am/rn)q/p / ”Ui(y)dy> .
z—h

Corollary 1. Let o, p;,q and m satisfy the conditions of Theorem 5.

If
1 p/pi
HSUP (I I—ap;/m)q/p /vi(y)dy> < 0,

I
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then the following trace-type inequalities hold:

(i
M2y, =TT 1

LI®) ~
+ m
e, <]

ACKNOWLEDGEMENT

LPi(R)’

fi”LPi(]R)-

The work was supported by the Shota Rustaveli National Science Foundation of Georgia (Grant

No. DI-18-118).

1.

2.

10.

11.

12.

13.

14.

REFERENCES

K. F. Andersen, E. T. Sawyer, Weighted norm inequalities for the Riemann-Liouville and Weyl fractional integral
operators. Trans. Amer. Math. Soc. 308 (1988), no. 2, 547-558.

D. E. Edmunds, V. Kokilashvili, A. Meskhi, Bounded and Compact Integral Operators. Mathematics and its Appli-
cations, 543. Kluwer Academic Publishers, Dordrecht, 2002.

. D. E. Edmunds, V. Kokilashvili, A. Meskhi, On Fourier multipliers in weighted Triebel-Lizorkin spaces. J. Inequal.

Appl. 7 (2002), no. 4, 555-591.

. L. Grafakos, On multilinear fractional integrals. Studia Math. 102 (1992), no. 1, 49-56.
. L. Grafakos, N. Kalton, Some remarks on multilinear maps and interpolation. Math. Ann. 319 (2001), no. 1,

151-180.

. G. Imerlishvili, A. Meskhi, Q. Xue, Multilinear Fefferman-Stein inequality and its generalizations. Trans. A. Raz-

madze Math. Inst. 174(2020), no. 1, 83-92.

. C. Kenig, E. Stein, Multilinear estimates and fractional integration. Math. Res. Lett. 6 (1999), no. 1, 1-15.
. A. K. Lerner, S. Ombrosi, C. Pérez, R. H. Torres, R. Trujillo-Gonzdlez, New maximal functions and multiple

weights for the multilinear Calderén-Zygmund theory. Adv. Math. 220 (2009), no. 4, 1222-1264.

. M. Lorente, A characterization of two weight norm inequalities for one-sided operators of fractional type. Canad.

J. Math. 49 (1997), no. 5, 1010-1033.

F. J. Martin-Reyes, A. de la Torre, Two weight norm inequalities for fractional one-sided maximal operators. Proc.
Amer. Math. Soc. 117 (1993), no. 2, 483—-489.

K. Moen, Weighted inequalities for multilinear fractional integral operators. Collect. Math. 60 (2009), no. 2,
213-238.

B. Muckenhoupt, R. L. Wheeden, Weighted norm inequalities for fractional integrals. Trans. Amer. Math. Soc. 192
(1974), 261-274.

G. Pradolini, Weighted inequalities and pointwise estimates for the multilinear fractional integral and maximal
operators. J. Math. Anal. Appl. 367 (2010), no. 2, 640-656.

Y. Shi, X. Tao, Weighted LP boundedness for multilinear fractional integral on product spaces. Anal. Theory Appl.
24 (2008), no. 3, 280-291.

(Received 18.02.2020)

LFACULTY OF INFORMATICS AND CONTROL SYSTEMS, GEORGIAN TECHNICAL UNIVERSITY, 77 KOSTAVA STR., TBILISI

0171, GEORGIA

2A. RAZMADZE MATHEMATICAL INSTITUTE OF I. JAVAKHISHVILI TBILISI STATE UNIVERSITY, 6 TAMARASHVILI STR.,

TBILISI 0177, GEORGIA

3KUTAISI INTERNATIONAL UNIVERSITY, YOUTH AVENUE, TURN 5/7, Kutaist 4600, GEORGIA

E-mail address: imerlishvilil8@gmail.com
E-mail address: alexander .meskhi@tsu.ge



