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LIMITING DISTRIBUTION OF A SEQUENCE OF FUNCTIONS DEFINED ON
A MARKOV CHAIN

ZURAB KVATADZE! AND TSIALA KVATADZE?

Abstract. The present article shows the limiting distribution of partial sums of a functional se-
quence defined on a Markov Chain in case the chain is ergodic, with one class of ergodicity and
contains cyclical subclasses.

Limiting behavior of sums of random variables is a classical problem in the probability theory,
which is intensely studied by contemporaneous researchers both for independent variables and for
the case of certain relationships between the terms of sequences. There exists a rich theory of sums
of independent random variables (see, e.g., [5,12,13]). The problem of extending this case to the
sums of dependent random variables introduces naturally the Markovian dependence, which in turn
represents particular type of a weak dependency. The limiting theorems by Rosenblatt, Ibragimov
and others concerning weakly dependent sequences are usually stated in terms of o-algebras generated
by asymptotically separable intervals of the sequence. The process of their investigation involves
the so-called S. Bernstein’s “sectioning” method based on the weakening effect taking place during
separation of groups of dependent variables (see [6]). Contemporaneous situation in the theory of
sums of dependent random variables is expressed by using limiting theorems for martingales and
semi-martingales (see [7]).

Different authors considered sums of random variables, whose joint distribution is determined by
the controlling sequence of random variables (see [2,3,9]). An important part of these comprise
problems regarding the sums of variables is defined directly on a chain (see [1,3,8,11]). This paper
considers the limiting theorem for functions defined on a stationary, finite, ergodic Markov chain.

We consider stationary, homogeneous, finite {;},-, ergodic Marcov chain with one class of ergod-
icity (might containing cyclic subclasses) defined on a probability space (€2, F, P). The chains have a
set of states = = {b1,b2,...,b,}, a matrix of transient probabilities P = [|Pag|, 517 and a vector
of limiting distribution of stationary probabilities © = (71, 72, ...,7,) representing a solution of the
following matrix equation:

T =m7P.
We suggest that the initial distribution is stationary, the distribution

P(é.l:ba):ﬂ-(w Oéil,’f’,

is based on stationarity means and the chain has the same distribution for each step

P, =by) =70, a=1,r, n=1,2,....

Next, we introduce the Cezaro definition for convergence of the sequence and, relying on that definition,
we establish all types of convergence when the chain has cyclical subclasses.
The sequence {t,}n>1 is Cezaro convergent to ¢, and we write
(lim t,). = t,

n—oo

if the means of the first n terms of the sequence converge to t:

lim 7, =t,

n—oo
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n—1
_ 1
where T, = = > t;.
i=1
Cezaro convergence may be considered upon analyzing the convergence of series.

[ee]
The series Y ay, is said to be Cezaro convergent and the sum be equal to a, if a is the Cezaro limit
k=1
n
of the sequence of the partial sum S, = Y ay,
k=1
lim (S,)

n—roo

c =a,
which implies that there exists the limit of the sequence a,,

lim a, = a,
n—oo

n
where a,, = % > (n—k)ay and, at the same time, this a represents the Cezaro sum of the series under

k=0
n
< Z ak) = a.
k=1 ¢

consideration which can be written as

We denote by II the limit (see [8])

T, T2, y T

. T Uy .
hm (Pn)c — H — 9 Y I T
N—>00 T e e e e e e e e e e e e e
1, T2, , Ty

It is obvious that

I = ||7Taﬁ”a,5:ﬁ; Tap = TB; Ol7ﬁ =1,r,
nhﬁngo (pgﬁ)c =mg, «a,f=1r.

Let the fundamental matrix of the chain be

Z = |lzapll o =17 -

o0

Z=l1- (P10 =14+ (P -1) = leasl o
i=1 ¢
where I is the identity matrix of r X r dimensions. For the regular chain, the convergence of series is
implied to be a standard convergence.
Let us consider a vector function defined on the Z space

f(&): 2 — R,
(&) = (f1(&), f2(&), - - -, [r(&))

and introduce the notation:

f(ba) = fla) = (fi(a), foa), .., frle)), a=T1,r,
fl(a):fl boz)7 ZZH» a:1,7’.

Theorem 1. When {§;},~, is the above-mentioned Markov chain and f = (fi, fo,..., fx) is the
k-dimensional vector function from Z to RF, then if the limiting covariance matriz of the sum is

1 n
Un == ;[f(fj) — Ef(&)]

T; = Htfi,j Hz‘,j:ﬁ’

T

tr.; = > (TaZas + Tp2sa — Tas — Taldap) fi(@) fi(B) i,j =Tk (1)
B



LIMITING DISTRIBUTION OF A SEQUENCE OF FUNCTIONS DEFINED ON A MARKOV CHAIN 201

(where dop is the Kronecker symbol) is positively defined, as n — oo, there is a convergence
Py, LS D,

The case for k = 1, when lim D(U,) > 0 (where D(-) denotes variance), is a famous fact (see [4,10])
n—oo
(when lim D(U,) = 0, then U, converges to zero in probability) and Tt can be written explicitly as
n—oo
a sum of components of the chain (see [8])

T

t=lim D(Up) = Y (TaZap + Ts2pa — TaTs — Tabap) f(@) f(B).

n—o00
a,B=1

Proof. Using the Kramer-Wold method, we can derive the multidimensional case. Using the chain
characteristic, we derive a matrix representation of the matrix 7. Let us introduce a k X r matrix F,

fi(br), fa(b2), oo filbr) fiM), f1(2), .. fulr)
g [ S falba)s o falbr) | | f2(1)s f2(2) s falr)
b)), fiba). o f0)  \f(D). R@), o i)
= ”fw” i=1,1 " fij :fi(bj)
j=1r

and denote

Vo =cov[f(&)] = E{[f(&1) — Ef ()] [f (&) — Ef(£1)]},
Vi =E{[f(&) — Ef(&)]"[f(&145) — Ef (&)1}, >0,
V_; =E{[f(&45) — Ef (&) [f(&) — Ef (&)}, j>0.

Based on the stationarity of the sequence {&;};>1, as n — oo, we have
n—1

BIUZLU) = &b+ X (0 - )00+ V)]
j=1

n

=Vb+iz<n—jm+iz<n—j>vj”*—°>°Vo+(ZV}-) +(ZVJ')
j=1 7  Nj=1

j=1 =1

(2)

)
C

where (). denotes the Cezaro convergence of the sum in the parenthesis. It is obvious that if the chain
is regular, this convergence is equivalent to the standard case of convergence of partial sums.
Thus, Ty represents the limiting covariance of the sum U,, and we have

pev () +(S)

In the right-hand side, the convergence of matrix series is equivalent to that of a regular chain by
virtue of a common definition of the convergence.
We now express Vy and V; matrices based on the components of the chain

: (3)

Ef(fl) = Z Waf(a) = (Z ﬂafl(a)a [ Z ﬂafk(a))

[, fa(), s fe(D)
f1(2)7 f2(2)’ SR fk(2) :WFT;

- (771771_27"',’”7")
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i3
U (), b6, &)

E{f&)"f&)}=E :
fe(&1)

~ IEHEHE], e = ;mﬁ(a)fy(a) .
> mofi@fi@), X mefil@f@). .. ¥ mfila)file)
_ :émfm)fl(a), S rafa@)fole), o 8 mah@i0) |y,
£ r@h@), 5 mA@ho). . i)
BUE) (150} = NES(E) S €)oo
S rafile) S ELAD), ¥ mafil0) X ELEG), s S mafile) S Ph)
| Zmesa(0) £ PLAE). X mafa() ¥ Plafa(d). - ailmfxa)émﬁfk(m
£ rufi) 5 RLAG) 5 rde) P o 5 rafie) 5 RLA0)
= Fll4, PFT,

i,s=1,k

where (-)4y denotes the matrix obtained by replacing each element of the matrix in the parenthesis

by zero ekcept ones located on the main diagonal
The following equality
alr = ITg,II
holds and the derived equations will be taken into account in the expression for V;. When j = 0, we

&)} - E{fT (&)} E{f(&)}

obtain
Vo=E{fT(&)f(
= FllgF" — (nFT)'nFT = FllyyFT — Frn'nFT

= Flu, FT — FlI,,0IFT = F([4, — 4,11 F
By the stationarity E {f({145)} = E{f(&1)}, when j > 0, the equalities
Vi =E{f"(&)f(&+)} —E{fT(&)} E{f(&145)}
=E{fT(&)f(&+)} - E{f" €} E{f(&)}
= Flly, PP FT — (nFT)'nFT = FTl4, PP FT — FrlnFT

= Flly, PP FT — Fllg,JIFT = Fll,,(P? — 1) FT

are true.
Thus, the sum in the right-hand side of (2) can be expressed as
FT> = Fqu<Z H)) FT.

(35%). = (ot _
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By the property of the fundamental matrix, we have

(i(]ﬂ —H)) =71

c

Thus we get the following equation:

(i v;-) = Fllyy(Z — )FT = F(lly,Z — Mg, F7. (4)
j=1

(&

Like equation (4), the following sum can be computed by using stationarity of the chain

V) = (S B - BrTE) - Bre)
(7).~ (2 )

Jj=1 c

o0

— (X BIr(@) - BRI 6s5) ~ EfGas T )

= [(iE{[f(fl) —Ef(&)]"[f(115) — Ef(flﬂ'ﬂ})cr - Kivj)cr

T
B {F(Hdgz - Hd9> FT] - F((Hng)T - Hdg)cFT~

Substituting the obtained results into (3) and using characteristic matrices corresponding to the
chain, we get the following matrix expression for T'f,

Ty = FllgyZ + gy 2)" — Mg 11 — g, FT.

Obviously, the ¢y, ; elements of the matrix 7y can be expressed by virtue of (1).

Next, we introduce a characteristic of time moments quantity elapsed by the chain at the first n
steps in different b,, o = 1,7 positions.

Let vy (a) = v,(ba), (@ = 1,7) be a random variable representing the amount of time intervals
during the first n steps when the chain is in position b,, (o = 1,7) on a fixed trajectory &, =
(&1,&2,...,&,) . Then it is obvious that the equation

Un(1) +v,(2)+ -+ vp(r) =n

holds.
The quantity ””’fla) is a part of time n during which the chain at the first n steps spends in
condition b, . O

Theorem 2. The v,(a), (o =1,7), random variable is measurable with respect to the sigma algebra
induced by dividing the Q space during fization of a &1, trajectory.

Proof. We show that a discrete random variable v, («) attains constant values on sets generated by
partitioning the Q space during fixation of a &;,, trajectory.
Conditions set of the chain is = = {b1, ba, ..., b, }. On a fixed &, trajectory, possible values will be
the Cartesian product Z" = = X Z x --- X Z. Let us show how the () space will be partitioned.
Introduce the following sets:

D

b, €2, i=1,r.
12,000,002 = 0| €120y €2 Zbrmg s =bn,, }1 T ’

Fixation of a &;,, trajectory will result in a partition of the 2 space,

D= {D1,2,~-~,n,m1,mz,-u,mn m; € {1727 v ,7"}}.
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It is clear that

Dy, = {W ‘51 = bk:} = Z {D1,2,...,n,m1,mg,...,mi,l,k,mHl,.A.,mn}7
ma € 2\ {bi}
aFi

&= blp,).
k=1

To derive analytical expression for the sum v, (i), consider the sets

A J1<Jo < <Jg
A g = (W | Sa=bi a€{ji,... gk}
gaeE\{bl} a%{jlw"vjk}aa:lvn

= E : Djoojnimyy seimyy

mj, =mj, =
m;, € E\{b;} a=k+1n

A = A{va(bi) = k} = > R
J1<J2<--<UJk
{jlaj??"'ajk} C {1323"'377'}

= § : § : Djlv--wjnymjlv--»mjn’

J1<Jz <---<Jk J1<J2 <---<Jk
{jl,jg,...,jk} C {1,2,...,’[’1,} mj, = My, = -+ = Mj, =
mj, € E\{b;i}, a=k+1,n
Clearly, the Al iy type sets are (r — 1)"7% in total, while there are C - (r — 1)"~*
n.k type sets. O

Relying on the above-said, we easily find that
(i) = vn(bi) = > KLy -
k=0

Thus, the measurability of a v, (i) random variable with respect to partition D is shown. Clearly, this
implies that the variable is measurable with respect to the sigma algebra generated by that partition.
Note finally that any function f(v, (7)) is also measurable, where f(o) is a continuous function.
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