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LOGISTIC REGRESSION WITH TOTAL VARIATION REGULARIZATION

SARA VAN DE GEER

A paper devoted to the 75" birthday of Estate Khmaladze

Abstract. We study logistic regression with total variation penalty on the canonical parameter and
show that the resulting estimator satisfies a sharp oracle inequality: the excess risk of the estimator is
adaptive to the number of jumps of the underlying signal or an approximation thereof. In particular,
when there are finitely many jumps, and jumps up are sufficiently separated from jumps down, then
the estimator converges with a parametric rate up to a logarithmic term log n/n, provided the tuning
parameter is chosen appropriately of order 1/4/n. Our results extend earlier results for quadratic
loss to logistic loss. We do not assume any a priori known bounds on the canonical parameter, but
instead only make use of the local curvature of the theoretical risk.

1. INTRODUCTION

In this paper we consider logistic regression with a total variation penalty on the canonical param-
eter. Total variation based de-noising was introduced in [15]. Our aim here is to develop theoretical
results that show that the estimator adapts to the number of jumps in the signal.

Fori=1,...,n,letY; € {0,1} be independent binary observations. Write the unknown probability
of success as 69 := P(Y; = 1), and let f :=log(69/(1—6)) be the log-odds ratio, i = 1,...,n. Define
the total variation of a vector f € R™ as

TV(f) = _|fi = fial-
=2

We propose to estimate the unknown vector f° of log-odds ratios applying logistic regression with
total variation regularization. The estimator is

n

P e 5i
fi= argfnelig{n ;( Yif; 4 log(1 + e )) +)\TV(f)}.

Our goal is to derive oracle inequalities for this estimator. The approach we take shares some ideas
with [4,11] and [13]. These papers deal with least squares loss, whereas the current paper studies
logistic loss. Moreover, instead of using the projection arguments of the previous mentioned papers,
we use entropy bounds. This allows us to remove a redundant logarithmic term: we show that the
excess risk of estimator f converges under certain conditions with rate (s + 1) logn/n, where s is the
number of jumps of fO or of an oracle approximation thereof (see Theorem 2.1). This extends the
result in [6] to logistic loss and to a sharp oracle inequality.

To arrive at the results of this paper we require that || f oo stays bounded with high probability.
In Theorem 3.1 we show that this requirement holds assuming that both || %~ and TV(f°) remain
bounded.

The theory for a total variation regularization with the least squares loss (the fused Lasso) has been
developed in a series of papers [4,8,14,16,17,21,22] including higher dimensional extensions [3,5,7,12]
and higher order total variation [6,13,18,19].

Logistic regression with ¢;-regularization has many applications. When there are co-variables, the
penalty is on the total variation of the coefficients. In [25], logistic regression with the fused Lasso

is applied to spectral data, and in [9] to gene expression data, whereas [1] applies it to time-varying
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networks. In [20] the penalty alternatively takes links between variables into account using a quadratic
penalty. The papers [26] and [10] present algorithms for the fused Lasso. In [2], a Bayesian approach
with the fused Lasso is presented.

This paper is organized as follows. In Section 2 we state the oracle inequality for f (Theorem
2.1). Section 3 derives a bound for ||f|lso (Theorem 3.1). The remainder of the paper is devoted to
proofs. Section 4 states some standard tools to this end, Section 5 contains a proof of Theorem 2.1
and Section 6 a proof of Theorem 3.1.

2. A SHARP ORACLE INEQUALITY
The empirical risk in this paper is given by the normalized minus log-likelihood

1 n
R.(f): - ;_1( Yifi +log(l+e )), feR”.
The theoretical risk is
R(f) =ER,(f), f €R"

and R(f) — R(f°) is called the “excess risk”. For f € R", we write R, (f) := OR,(f)/df and R(f) :=
ERn( f). These are column vectors in R™. Most of the arguments that follow go through for general
convex differentiable loss functions. We do use, however, that or all f € R™, R,,(f) — R(f) = —€L f/n
where ¢ = Y —EY is the noise. In other words, f is the canonical parameter. In the case where the
entries of the response vector Y are in {0, 1}, the entries of a noise vector € are bounded by 1. More
generally, our theory would need that € has sub-exponential entries. To avoid digressions, we simply
restrict ourselves to logistic loss.

Fix a vector f € R™. This vector will play the role of the “oracle” as we will see in Theorem 2.1.
We let S :={t1,...,ts} (1 <t1 <--- <ts <n) be the location of its jumps:

fi=-=f, 1 #Ff ==, 1 Fh, B, Ff = =1,

Let d; := t; — t;_1 be the distance between jumps, j = 1,...,r, where r = s+ 1, ¢, :== n + 1 and
lfo = 1. Define dmax = maxy< < dj.

The quantities A2, §2(t), A\, (t) and I'2(¢) we are about to introduce all depend on f although we
do not express this in our notation. Moreover, being non-asymptotic, these quantities are somewhat
involved. After the explicit expressions for A2, 62(¢) and \,(t) we will give their asymptotic order
of magnitude. The asymptotic order of magnitude for I'2(¢) depends on the situation. We discuss a
special case after the statement of Theorem 2.1.

We let
AEL — 42]‘6[1:7‘]: deI(log(dj - 1) + 1) 4 f,
n n
and define for t > 0
(A, +8\/1+t+10g(3+210g2n)>2
= 0
n

+

Ei \/ 4\/1+t+log(3+2log2n)>

n
\ 2

X <An+2\/>> ,
n

1 1 21
() = 1 (i+8\/A0n 8y/1+t+log(3 + 0g2n)>

and

n

One can see that

A?L:O<(S+1)10gn>,

n
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Furthermore, for ¥ = 1 (say) and each fixed ¢

2 (t) = o((s“glog”), An(t) = o(\}ﬁ)

assuming n~/(s + 1)logn/n = O(1) which is certainly true under the standard sparsity assumption
(s+1)logn/n =o(1).

The quantity 62(¢) will be a part of the bound for the excess risk of f, and \, (t) can be thought
of as the “noise level” to be overruled by the penalty (see Theorem 2.1). The constant Ay is the
(universal) constant appearing when bounding the entropy of the class of functions with both || - |00
and TV(-) bounded by 1 (see Lemma 4.3). The free parameter ¢ > 0 determines the confidence level
of our statements. Both d,(t) and A, (¢) depend on a further free parameter v > 0 which we do not
express in our notation as one can simply choose v = 1. It is, however, an option to choose v larger
than 1, possibly growing with n: larger v relaxes the requirement on the tuning parameter A, but
results in larger bounds for the excess risk.

Finally, we present a bound I'2(t) for the so-called “effective sparsity” as introduced in [13] (see
also Definition 5.1). The effective sparsity may be seen as a substitute for the sparsity, which is
defined as the number of active parameters of the oracle, which is s 4+ 1. The effective sparsity will, in
general, be larger, than s + 1. Without going into details, we remark that this is due to correlations
in the dictionary X when writing f = Xb, with dictionary X € R™ "™ and coefficients b; := fi,
b := fk — fk,h ke [2 : ’I’L}

Let g, := sign(fy,), j = 1,...,s. We write Jmonotone := {2 < J < 5: g, , = q¢,;} and Jepange =
[1: 7]\Jmonotone- Thus Jmonotone are jumps with the same sign as the previous one, and Jehange are
jumps that change sign. We count the first jump as well as the endpoint ¢, = n + 1 as a sign change.
Our bound for the effective sparsity is now

; n{lo ;
T2 (t) == A’;(J) 3 8(logd) 1)+ Y S(I%ZJ)M.

JjE Jmonotone jeJchange

The following theorem presents an oracle inequality for f . Its proof can be found in Section 5.

Theorem 2.1. Let F be a convex subset of R™ (possibly F =R"™) and

f = angind o) + 3TV .

Assume £ € F satisfies ||f|lcoc < B for some constant B and define

(1+eB)?
eB

Take

dmax
REPHONE 3
n

Then with probability at least P(|| f|loc < B) — exp|—t], we have

. 22
R(f) — R(f) < 4k02(t) + ng(t).

Keeping the constant B fixed, this theorem tells us that

> ;-1 (log(d;) +1)

R(f) — R(f) = Op < + A%i),

where we recall that » = s+ 1. If the jumps of f are roughly equidistant we see that d; < dmax ~ n/7.
Taking A < A, (t)/+/r < \/1/(nr), the bound for the effective sparsity I'2(¢) is in the worst case (where
the jumps of f have alternating signs) of order r2log(n/r). In other words, in that case the rate is
R(f) — R(f) = Op(rlog(n/r)/n), which for least squares loss is the minimax rate (see [8]).
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If f is monotone, with A\ < /dax/n, we get
Zj:z log(d;) +1 N 1 <log(d1)dmax N log(dr)dmax>

212 _
AT = n n di d,

In other words, the first jump of f should not occur to early, and the last jump not too late, relative
to the distance between the jumps.

We note that the choice A < Ay, (t)\/dmax/n depends on the oracle f. Thus, if the tuning parameter
A is given, the choice of f depends on A.

We assumed that ||f]|.. < B. We do not assume ||f°|| to be bounded by the same constant B,
but we do hope for a good approximation f of f* with ||f||.c < B. Nevertheless, Theorem 2.1 presents

a sharp oracle inequality directly comparing R(f) with R(f): it does not require that the excess risk
R(f) — R(f°) is small in any sense. In the same spirit, the theorem requires that || f||ec < B with high
probability. This can be accomplished by taking F:= {f € R" : || f]lcc < B} (or some convex subset
thereof). Theorem 2.1 holds for any B, i.e., it is a free parameter. However, one may not want to

force f to be bounded by a given constant, but let the data decide for a bound on f . This is a reason
why we establish Theorem 3.1 given in the next section.

3. SHOWING THAT ||f||cc 1S BOUNDED (INSTEAD OF ASSUMING THIS)

Since fY minimizes R(f), a two-term Taylor expansion around f° gives
1 .
R(f) = R(f) = 5(f - FOYTRUN = 1°)
where f; lies between f; and 2 i=1,...,n. It follows that
1
R = R0 = 53l = 1

where
I+l = II-1l2/vn
and where (for logistic loss)
(1 4 el fleoVIFlloe)2
el flleoVIIFOlloo
Thus, if both ||f|lcc and || f°||sc stay within the bounds, we have a standard quadratic curvature of
R(-) at f° Otherwise, the constant K; grows exponentially fast. We will therefore assume that

/]l stays bounded and our task is then to show that || f||oe stays bounded, as well. The following
theorem (where we have not been very careful with the constants) is derived in Section 6.

2.
Kf .

Theorem 3.1. Let TV(f°) < My for some constant My > 1. Define
(1 + el +2" Mo+lIf% )2

K= o1+ 25 Mo+ /%]

Suppose
-1
A< <24(2K2)M0> ,

A 228n—2/3Ag/3(2K2)1/3’
14+t
n )
where the last inequality holds for some t > 0, and where in the second last inequality Ag is the

constant appearing when bounding the entropy of the class of functions with both || - ||l and TV(:)
bounded by 1 (see Lemma 4.3). Then with probability at least 1 — exp[—t] it holds that

£ 02
1f = 1215,
2K?

A >28(2K7?)

+ATV(f = f°) < 4\M,
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and
14 8Mj

2

One may object that the conditions on the tuning parameter A depend on f© via the bounds on
[|/°]loc and TV(f°). On the other hand, the choice of A in Theorem 2.1 will be of larger order than
n~2/3 if one aims at adaptive results, and it will need to tend to zero. For such A and for || f°||o and
TV(f°) remaining bounded, the conditions of Theorem 3.1 will be met for all n sufficiently large.

1f = fOlloe <

4. SOME STANDARD RESULTS USEFUL FOR BOTH THEOREM 2.1 AND THEOREM 3.1
Lemma 4.1. For all vectors g € R™, we have
P(e"g > ||gll2v/2t) < exp[—t], V ¢ > 0.

Proof. The entries in € have mean zero, are bounded by 1, and are independent. This means we can
apply Hoeffding’s inequality to eX'g/n. O

For Q a probability measure on {1,...,n} and a set § C R™ we let H(-, G, Q) be the entropy' of G
endowed with the metric induced by the Ly(Q)-norm

Lemma 4.2. Let G C R™ be a set with diameter
R :=sup|gllq.,-
LISE]

Suppose

R
J(R) := 2/\/2H(u,9,Qn)du
0

exists. Then for all t > 0, with probability at least 1 — exp[—t] it holds that

J(R) 141
T

supe g/n < — + 4Ry ——.
9€9 / \/ﬁ n

Proof. We can apply Hoeffding’s inequality to el'g/n for each g fixed (see Lemma 4.1). The result
of the current lemma is thus essentially applying Dudley’s entropy integral. The constants are taken
from Theorem 17.3 in [23]. O

Lemma 4.3. Let G:={g € R": ||g]loc <1, TV(g) < 1}. It holds for any probability measure Q
A
H(1,9,Q) < =2 ¥ u>0,

where Ag is a universal constant.

Proof. See [24], Theorem 2.7.5. O

5. PROOF OF THEOREM 2.1.

5.1. The main body of the proof of Theorem 2.1. The following lemma is Lemma 7.1 in [23].
We present a proof for completeness.

Lemma 5.1. Let F be a convex subset of R™ (possibly F =R"™) and

f= argrjpeig{Rn(f) + ATV(f)}

Then for all f € F, o R R
—Rn(f)"(f = ) SATV(f) = ATV(f).

IFor u > 0 the u-covering number N (u) of a metric space (V, d) is the smallest N such that there exists {v; };\121 cv
with sup, ¢y min;<;j<n d(v,v;) < u. The entropy is H(-) := log N(-).
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Proof of Lemma 5.1. Define, for 0 < a < 1, fa =(1- a)er af. Then, using the convexity of

Ry (f) + ANTV(f) <Rn(fa) + ATV (fa)
=R (fa) + (1 — )ATV(f) + aATV(f).
Thus,
Ru(f) = Ru(fa)

e
The result now follows by letting « | 0. O

< ATV(f) — ATV ().

Lemma 5.2. Let F be a convex subset of R"™ and

Fim anmind R,(5) + 3TV}
Then for all f € T,
R(f) = R(f) +rem(f, f) < €"(f = f)/n+ XTV(f) — ATV(f),

where
rem(f, f) = R(f) = R(f) = R())"(f = ).
Proof of Lemma 5.2. By Lemma 5.1,
—Ru()"(f = f) S ATV(f) = ATV(f).
So,

R(f) = R(f) +rem(f, f) == R(/)"(f = f)

(Ru(f) = R(f )) (f=F = Ra(H"(F = 1)
(f=H/n=Ra(N"(f = 1)

eC(f = f)/n+ ATV(f) — XTV(f). O

IN

One sees from Lemma 6.4 that we need appropriate bounds for the empirical process {¢ f/n: f €
R™}. These will be established in the next two subsections, Subsections 5.2 and 5.3. In Subsection 5.2
we announce the final result, and Subsection 5.3 presents the technicalities that lead to this result.

5.2. The empirical process {¢!f/n: f € R"}. We consider the weights?

w? _{(k;f)(t’f)y ti1+1<k<t;—1,je(l:7]
k= .
1

k=t;, je[l:sg]

For a vector f € R"™ we define (Df)i := fr — fv—1 (K = [2 : n]) so that |Df|y = TV(f). Let
w = (wy,...,w,)T be the vector of weights and w=! := (1/wy,...,1/w,). Write

w_g(Df)-s = {wi(Df)i}rgs-

2These weights are inspired by the following. Let Vg be the linear space of functions that are piecewise constant
with jumps at S and IIg be the projection operator on the space Vg. Then

T f/n=e"lgf/n+e (I —Tg)f/n,

and one can verify that

I =Tsf)/n=">" Vilfr— fs-1)

k¢S

where V_g = {Vi}¢g is a vector of random variables with var(Vy) = w? k¢S
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We use the notation | - ||, := || - ||2/+/n for the normalized Euclidean norm. For ¢ > 0, let
_ 2
52 (1) 2<4VAO|w o. N 8\/1 +t +log(3 + 2log, n))
vn n

2v n

2
x (||Dw||2+2\/?) ,
n

-1
An(t)zi 4+8\/A0||w ||Qn/\/ﬁ+8\/1+t+10g(3+210g2n) .
Vn\v n n

After establishing the material of Subsection 5.3 we are able show the following result:

+<1 N 4\/Aow—1n||Qn/ﬁ /Tt +Tog(3 + 2log, n>)

and

Theorem 5.1. Let > 0 and t > 0 be arbitrary. With probability at least 1 — exp[—t]

2
T Jm < 1B (t) + ”fLQ @ lws(DF) s,

uniformly for all f € R™.

Proof of Theorem 5.1. This follows from combining Lemma 5.7 with Lemma 5.6 (see Corollary
5.2). O

5.3. Material for the result for the empirical process {¢!f/n: f € R"} in Theorem 5.1.
For all f € R”, let
Z?:l filw;

VFE T e
w13
and let
fP = Hw*If = w_lvf
be the projection of f onto the vector w~!. Define the anti-projection fa := (I —II,-1)f.
We let

wf = {wk fr}p=-

We start with some preliminary bounds.

Lemma 5.3. For all f € R",
[wf =flloe < TV (wf)

holds, and

M < \/ﬁ
TV(wf) =

Proof of Lemma 5.3. For all i € [1: n],
Zk—1 fk/wk
w; fi — vp =w fy — FE—e—

! w13
n o 2
2

or |lwf —vfllec < TV(wf). Since, when g = wf,
fa=w(g—p),

we see that
I £allso < ™ TV (g) = w™ | TV (wf).
Since ||w™!|l = /1, we conclude that

[falloe < VATV(wf). .
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We use Dudley’s entropy integral to bound the empirical process over {f : || fallg, < R, TV(wf)
< 1} with the radius R some fixed value.

Lemma 5.4. Let R > 0 be arbitrary. For all t > 0, with probability at least 1 — exp[—t],

240l|lw=1o. R 1+t
sp Tim < 4\/M+4R\/+,
I fall@n <R, TV(wf)<1 n n

Proof of Lemma 5.4. Let Q,, be the discrete probability measure that puts mass w; /||w~'(| on i,

(¢ € [1 : n]). Denote the Ly(Q,)-norm by || - |lq,,- For § C R", we let H(-, 9, Q.) denote the entropy
of G for the metric induced by | - ||q, . By Lemma 5.3,

[wf =7fllec < TV(wf).

Thus by Lemma 4.3, with Ay the constant given there,

H(u, {wf —vr: TV(wf) <1},Qu) < % YV u>0.

For f € R", we have

n

1 _
1falle, = —~ D (wifi —p)?fwi = |wf =g, Il I3,
i=1

Therefore,

Aollw™

j{(uv{fA7 TV(’U)f) < 1};Qn) < uluQn Y u>0.

The entropy integral may therefore be bounded as follows:

R

2/\/2}C(u, (fa: 1alen < R, TV(wf) < 1},Qn)du

0
<44/ 240llw g, R

By Lemma 4.2 the result follows. O

The next lemma invokes Lemma 5.4 and the peeling device to obtain a result for the weighted
empirical process.

Lemma 5.5. For allt > 0, with probability at least 1 — exp|—t],

Anllw—1 w

TV(w 14+t +1og(2+ 2logyn
n3/ n

holds uniformly over all f.

Proof of Lemma 5.5. Let t > 0 and let A be the event

AT i
T 0 Qn
[ ozl en fypyo v L

1 1+t +log(2+ 2logyn)
#8(Ifle. v o ) :

)

for some f with ||f]|g, < +v/n and TV(wf) < 1}.
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Let Ap be the event

A -1 1
{ sup e fa/n §8\/ ollw™tlQ. \/ .
Ifallon <375, TV(wf)<1 n n

7L3/2’
8 \/1+t+log(2+210g2n)
n3/2 n '

Let N € N satisfy 2logon < N <14 2log,n and for j € [1: N] let A; be the event

Aollw=]| 2i-1
T <8\/ 0 Qn
{23‘1 Supj € fa/n< n n3/2

n3/2 <”fAHQnS g/zv TV(wf)Sl

n

8271 \/1 + ¢ + log(2 + 2log, n)
n3/2 n ’

Application of Lemma 5.4 gives that for all j > 0,
P(A;) < exp[—(t + log(2 + 2log, n)].

Since A C U Ay, it follows that
N
P(A) <) P(A;) < (1+ N)exp[—(t + log(2 + 2log, n)] < exp[—1].
3=0

The result now follows by replacing fa by fa/TV(wf) and noting that

TV(wa/TV(wf)> =1,
and invoking from Lemma 5.3 the bound
IfA/TV(wf)llQ, < [Ifa/TV(wf)llo < Vn. O

We present a corollary that applies the “conjugate inequality” 2ab < a? + b? (with constants a and
b in R), then gathers terms and applies the conjugate inequality again.

Corollary 5.1. Let v > 0 and p > 0 be arbitrary. For all t > 0 with probability at least 1 — exp[—t],

eTfA/n

4vAgllw o \/1+t+10g(2+210g2n)
< n
< (Tl e s 2 sl

<4 \/A0||w1Qn/\/ﬁ 8\/1+t+log(2+2log2n)>TV(wf)
+(-+8 +

v n n vn
p(AvAgllw=tg, 1+t +1log(2 + 2logyn)\”
<z +8

2 Vn n
+||fAHén

2p

4 Agllw=1t g, /vn/  8y/1+t+1log(2+ 2log,n)\ TV(wf)
+(-+8 + :

v n n vn

uniformly for all f.

We now add the missing fp = f — fa.
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Lemma 5.6. For allt > 0 with probability at least 1 — exp[—t],

'f/n
w( AvAgw o, 1+t +log(3 + 2logyn) \ >
<3 +8
2 vn n
2
+||f||Q,,L
2
4 Aollwt|g, /vrn 81+t +1log(3+2log,n)\ TV (wf)
+(=+8 + :
v n n Vn

uniformly for all f.

Proof of Lemma 5.6. By Pythagoras’ rule, we have || f||3 = || fp||3 + || fal|3. Moreover, by Hoeffding’s
inequality, with probability at least 1 — exp[—t],

[2t _ut  |Ifell),
" fo/n <|fellq., ESZ+T¢Q' U

In Lemma 5.6, the term including TV (w ) is almost, but not yet quite the one to be dealt with by
the penalty. We bound it by ||w_g(Df)_sl||1 with appropriate remaining terms invoking the “chain
rule”. Here,

w_g(Df)-s = {wi(Df)r}rgs-
Lemma 5.7. For all f € R",

V() < Vi (1Dl + 2357 ) Il + fo-s(P1)-slh:
Proof of Lemma 5.7. We use the fact that
TV(wf) < Z |(wi —wi—1) fi—1] + Z lwi (fi — fic1)l
i=2 i=2

<[[Dwll2[lfllz + [wD £

Moreover,
lwDflh = lws(DP)s]h + fw_s(Df) sl
with
wS(Df)S = {wk(Df)k}keSa
satisfying
lws(DHslh =S Vo1 — |/
j=1
<V's Z |fe,41 — fe,1?/v/n
j=1
<25 fll2/ /R
Thus,
V(wf) < (||Dw||2 n Ns/n) 1flla + w_s(DF)_slls. O

Corollary 5.2. The result from Theorem 5.1 now follows by using

2 2
(19wl +257 ) 17lo, < & (1Dwla +2v57n) + 15, feme
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5.4. Bounds for the weights and their inverses. So far we assumed in this section (see Subsection
5.2), that for ¢ > 0, the quantities §2(¢) and A, () involved in the bound for the empirical process in
Theorem 5.1 satisfy

20> (Wl o, | g f1t+ loa(3+ 2logy 1)
vn n
+< 1 +4\/Aolwlrlllczn/ﬁ L 4T+t Tlog(3 + 2log, n)>

2v n
2
S
n

-1

(D) > 1(4+8\/A0||w la./v 8\/1+t+10g(3+210g2n)),
Vn\v n n

involving ||w™!||g, and |[[Dw||2. In this subsection, we present the bounds for these, leading to the

values 02 (t) and A, () presented in Section 2.

and

Lemma 5.8. It holds that

lw™ (3 <20 (log(d; — 1) + 1) +ns < n?A?
d;>2

and
1Dw[2 <4 (og(d; — 1) +1)/n+s/n =: A2,

d;>2
Proof of Lemma 5.8. We have®
d;j—1
3= Z Z d —k ns
d;>2 k=1

<2n Z(log(dj —1)+1)+ns.
j=1
Moreover, for 1 <k <d; — 1,5 € [1:7],

Wk/dj —k —Vk—1,/d; — (k—1)| < dfk_k+ ;_
\/ T

[di—1 |d;—2  [d; | d;

< J J < 422 _

= E di—k = KT dj—k’

dj—1
— |[VEk\/dj —k —VE—1\/d; — (k—1)]
> MY v

nd;

2N (L, 1
~n ko d—k
k=1

so that

<.
Il
Ja

3 d-1_d _xd-1(1 1) d-1 1
We use Zk:lm =D 1 (E"‘ﬂ) =237 7 <2(1 +log(d —1)).
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Finally, for j € [1: 5],

[N Y U Tk Y PR
N d; Vn| = Vn

5.5. A bound for the effective sparsity. For all f € R", we let
(Df)s == {(Df)k}tres, (Df)—s:={(Df)r}tres-

|wtj

and recall that
w_s(Df)—s = {wr(Df)r}rgs-
Let g, :=sign(f;,), j € [1 : s]. We define g5 := {q; }5_;-

Definition 5.1. Let A > A, (t)1/dmax/(2n). The effective sparsity at f is

-2
r2(t.0) = (min{ Iflo. 4" (DN)s - L= w-sAO/NDA)-sl =1})
Recall the definitions
Jmonotone =12 < J <s:q; = qi; 1)}, Jehange = [1 1 7]\ Jmonotone-
Lemma 5.9. For A > \,(t)\/dmax/n we have
L(f,¢) <TH(),

where

A2 (t 8n(log(d;) + 2)

r2() = )\2) Y 8(logd) + )+ Y e

J€Jmonotone J€Jchange

Proof of Lemma 5.9. The proof uses interpolating vectors ¢ € R™ as in [13], where ¢ = (q1,¢_1)7 is
given below. We show that

a5 (Df)s = (1 = w_sA®/M(DS)-slh < %, D(E = f).
The result then follows from
¢, D(f — f) = (DTq-1)" (£ = f) < [ DT g1 l2[1f = £l
Furthermore, under the boundary conditions q; = g, = 0 we see that ||[DTq_1||2 = ||Dg||2. Define

k—t; 1 ti—k \ An(t)

tia+1<k<t;—1, j € Jmonotone, dj > 2

d; n A
2
= k—t;_ i—k .
Wi % t]d]. ) tjfl +1 S k S tj - 17 J € Jchangc
0, k=t;, je[l:4]

For j e [1:7], welet t; = % be the midpoints. Moreover, for k ¢ {t1,...,ts}, let

0 1<k<t
sign(fy, ) (1 — 2wy), H <k<t;—1
) sign(fy,_ )(1—2wy), tj1+1<k<t; je2:54]
= sign(f;; ) (1 — 2wy), ti<k<t;j—1,j€[2:4]
sign(f, )1 —2wg), tr—1 <k <1,
0 tr<k<n

Fort; —1 <k <t jeJi, weget

1-2 < .
| wk‘*dj
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For j € Jmonotone, We see that

& o A2(t)8(logd; + 1)
Z |qtj71+k7 - qtj71+k—1| S )\2 n 9
k=1
and for j € Jehange,
dj
8(logd,; + 2
Z Gt vk — Gty i-1]? < %
— J
k=1
Thus,
A2 () 8(log(d;) + 1) 8(log(d;) + 2)
IDgly < 22 5o Blostr D) s Soeldy) £2)
4 n , y
JE€Jmonotone JE Jchangc
The lemma now follows from I'?(f, ) < n||Dq||3. O
5.6. Finalizing the proof of Theorem 2.1. By Lemma 6.4, we have
R(f) = R(f) + rem(£, f)
< 52 ||f B fHQn n _ £
<pdy, (t) + T An(B)[w-s(Df)-slli + A Dsflly = Al Df]lx

f— f||2 R R
=udn(t) + W + A<I(Df)s||1 —1(Df)sll — (1 - An(t)w_s/k)(Df)_sll)

) f =13, ]
<pds(t) + # + AL (O f = fllq.,

2||f — £||2 2
<yt + Ty Xy,

Choose p = 4k to obtain
2 f — f|I2 f—£|2
f ”Qn If HQn < re

. o (£, f),

whenever || f||o < B. O

6. PROOF OF THEOREM 3.1

6.1. Some lemmas used in the proof of Theorem 3.1. The proof of Theorem 3.1 applies some
auxiliary lemmas which we develop in this subsection. Define

7(f) = fllQ./(V2EK) + (A/§)TV(f)
with
(1+ el+24]V[0+\|f0|\oo)2

2. o4 2 ._
0% =2 AMo, K== — e

where My > TV(f°) vV 1. Moreover, we let

Jo ::af+(1_a)f0
with
o= 0
S0+ T(f = fo)
Let Fo :={f: 7(f) <}
Lemma 6.1. It holds that fo — f° € Fo, i.e., 7(fa — f°) < 8. Moreover, if in fact 7(fo — f°) < 6/2,
then f — fO € Ty, as well.
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Proof. We have

T(F — O — o (f — £0) = 5T(f—f0) <5
o= s =or(f 0 = 2 <
If in fact 7(fa — f°) < 6/2, we have
Fo_ g0y _ or(f - f°) < §/2
ey
which gives 7(f — f0) < 8/2 4 7(f — fo)/2, or 7(f — f°) < 6. O

Lemma 6.2. For all f € R",
[fllee < IfllQ. +TV().
Moreover,

Fo C{f: Iflle < V2K5+6%/A, TV(f) < 8%/A}.
Proof. For f € R", we denote its average by

_ 1 &
f::ﬁ;fi-

Then -
115, = 2+ If = fllg. >/~

Moreover, for all i,

e F= 23— ) < TV

j=1

It follows that ~ ~
[flloe < FHNf = flloo < [[fll@. +TV(f).
For f € Fy, we have ||f|l2/v/n < V2K§ and TV(f) < 82/, so that also || f]leo < V2K + 62/, O
Lemma 6.3. Let X .
K2 (1 + el +2* Mo+lIf% )2
e1+2* Mo+ /]l

and let 6% := 2*X\My < 1/(2K?). Then for all f with f — f° € Fo, it is true that Ky < K.

Proof. Since for f— f° € Fo, [|f — fOlloc < V2KG+062/X < 142" My, we see that || f[loc < 1427Mo+
|/°]loc. Therefore,

= ellflleoVIIFOlloo

2

Lemma 6.4. We have

0 < R(f) = R(f°) < €"(f = £°)/n+ ATV (f°) = ATV({).
This inequality is also true with f replaced by fa.
Proof. For any f,

0< /(D - R =~ | (Rl = R = (Rals”) = R

+Ra(f) = Ra(f°)
=c"(f = f)/n+ Ra(f) = Ra(f°).
Insert the basic inequality
R(f) + ATV (f) < Ra(f°) + ATV(f°),

Ra(f) = Ra(f%) < ATV(f) — XTV(),
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to arrive at the first statement of the lemma. To obtain the second statement, we note that by the
convexity of f — R, (f) such basic inequality is also true for fy:

Ry (fo) + ATV (fa)
<aR,(f) + aATV(f) + (1 — a)Ra(f°) + (1 — )ATV(f°)
<R, (f°) + ATV(£°). .

6.2. Proof of Theorem 3.1. We have for f € Fy, ||flleo < V2K§ + 52/\ < 202/ as well as
TV(f) < 62/X <282/, Tt follows from Lemma 4.3 that

24062
H(u, 50, Qn) < 2200y 5,
so that
V2K§ 5 V2K§ )
2 V2H (u, Fo, Qn)du <47/ 24¢0V2K — / —du
O/ (u, Fo, Qn) 0 7 J Ta

=84/ LO;@K 532,

But then, in view of Lemma 4.2, for all ¢ > 0 with probability at least 1 — exp[—t],

24A0V2K 1 t
sup eTf/n < 8\/¢53/2+4\[K6\/ +
feFo n)\ n

Since, by Lemma 6.1, fo — f° € F, we know from Lemma 6.3 that K; <K. Thus, in view of Lemma
6.4 and the bound R
R(j) - r(0) 2 o Tl
- 2K2 )
we have shown that with probability at least 1 — exp[—t],
Ifa = /U3,
2K?2

[2A0v2K 1

<2ATV () 48 L53/2+4\TK6,/ 1
nA n

<M, + 8\/M53/2+4\@K(§,/ﬂ.
n n

We want the three terms on the right-hand side to add up to at most 2/4. We choose
MMy =62 /23,

8 M(;S/? §52/24,
\/ nA
4v2 Kcﬂ/ <52/24

24\ M, =62,
27V240V2K\"
Tvm )T

n
(QG\TK 1“) <42

+ ATV (fo — %)

or
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The first one is the largest of the three. This leads to the requirement

4
24/\M0 > (97 M
- n}\ 9

which is true for
2> 2&37172/:3/13/3(\/§K)2/37

and
1+t
2\M, > <26fK + ) ,

which holds for
14 t

> 28(2K?) ——
where we invoked for both requirements that My > 1. Then with probability at least 1 — exp[—t],

f 0
%4,)\'1‘\/(.}8 f0)§62/4
For all f € R™,

ol I

61 (fa — f0) < 8%/4 4 6%/4 = 6%/2

+ATV(f).

Thus we have shown that

or
T(fo = %) < 0/2.

By Lemma 6.1, this implies f € J9. We can now apply the same arguments to f as we did for fa to

obtain that with probability at least 1 — 2 exp[—t],

If = 113,
2K?2
holds. By Lemma 6.2, this implies

FATV(f — £9) < 62/4 = 4\M,

52
e O < Y2HO O 14 8My -
- 2 4)\ - 2
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