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A NEW FACTOR THEOREM FOR GENERALIZED ABSOLUTE CESARO
SUMMABILITY METHODS

HUSEYIN BOR

Abstract. In [6], we have proved a main theorem dealing with ¢ — | C, e, |;, summability factors
of infinite series. In this paper, we will generalize this result for the ¢ — | C, o, 8 |, summability
method. Also, some new and known results are obtained.

1. INTRODUCTION

Let " a, be a given infinite series. We denote by t2# the nth Cesaro mean of order («, 3), with
a+ 8 > —1, of the sequence (nay,), that is (see [7]),

I & o
$0B = e ZAg,vAgvav, (1)
n v=1

where
ASTE = O(motP), AT =1 and A°TP =0 for n>0.
Let (w®?) be a sequence defined by (see [3])

wp [tah], a=1,08>-1, )
“no = max‘t 0<a<l,p>-—1. (2)
1<v<n

Let (¢n) be a sequence of complex numbers. The series ) | a,, is said to be summable ¢ — | C, o, 5 |,
k> 1, if (see [4])
Z nk | onty’ ‘k

In the special case for ¢, = n!~#, the <p—| C,a, B |, summability is the same as | C, a, 3 |, summabil-
ity (see [8]). Also, if we take ¢, = n°+t1=% then ¢ — | C, «, B |, summability reduces to | C,a, ;6 |,
summability (see [5]). If we take 8 = 0, then we have ¢ — | C, « |, summability (see [1]). If we take
©n =n'"% and B = 0, then we get | C,a |, summability (see [9]). Finally, if we take ¢, = nd =%

and 3 = 0, then we obtain | C, a; ¢ |, summability (see [10]).

2. THE KNOWN RESULTS

The following theorems dealing with the ¢— | C,« |, summability factors of infinite series are
known.

Theorem A ([2]). Let 0 < a < 1. Let (X,,) be a positive non-decreasing sequence and let there exist
the sequences (8y,) and (\,) such that

| Adn [< B (3)
Bn—0 as n— o0 (4)
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> n | ABy | Xy < o0 (5)
n=1
| An | Xn =0(1) as n— oo. (6)

If there exists an € > 0 such that the sequence (n~* |, |*) is non-increasing and if the sequence
(w?) defined by (see [12])
o —1
o = {| 2] (a=1) -

maxj<y<p [t¢] (0 <a<1)

satisfies the condition
m

a\k
Z (Ln | wr)” |kw”) =0(X,,) as m — oo,
n

then the series ) a, A, is summable ¢ — | C, o |, k> 1 and (a +¢€) > 1.

Theorem B ([6]). Let 0 < a < 1. Let (X,,) be a positive non-decreasing sequence and the sequences
(Brn) and (M) such that conditions (3), (4), (5), (6) of Theorem A are satisfied. If there exists an

€ > 0 such that the sequence (n<~F \(pn|k) is non-increasing and if the sequence (w2) defined by (7)

satisfies the condition
m

(| on | wy)
Z nk;(k : —O(Xm) as m — 0o,

then the series ) apAy is summable ¢ — | C,a |, k> 1 and (1 + ok +¢e—k) > 1.

3. THE MAIN RESULT

The aim of this paper is to generalize Theorem B for ¢ — | C, a, 8 |,, summability method. Now we
shall prove the following theorem.

Theorem. Let 0 < o < 1. Let (X,,) be a positive non-decreasing sequence and the sequences (3,) and
(An) such that conditions (3), (4), (5), (6) of Theorem A are satisfied. If there exists an € > 0 such
that the sequence (n°=* |,|*) is non-increasing and if the sequence (w®?) defined by (2) satisfies the

condition
m

Pn | W )k
Z ( k)|(k T =0(X;n) as m— oo,

then the series ) ap\y is summable ¢ — | C,a, B |, k> 1 and (1 + (o + B)k+€—k) > 1.

We need the following lemmas for the proof of our theorem.

Lemma 1 ([3]). If0<a <1, 8> -1, and 1 <v < n, then

v

Z AnZ ;Azﬁzap

p=0

m

> AL Ay

< max

1<m<wv

Lemma 2 ([11]). Under the conditions on (Xy,), (Bn) and (A,) as taken in the statement of Theorem
A, the conditions

nBpX, =0(1) as n— oo (8)
Z Brn Xy < 00.
n=1

hold, when (5) is satisfied.
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4. PROOF OF THE THEOREM

Let (T%") be the nth (C,a, 3) mean of the sequence (na,\y).
Then, by (1), we have

T, Aa+/3 ZAO‘ 1Aﬂva” Av-

Applying first Abel’s transformation and then using Lemma 1, we have

1 v
B _ a—1 a—1 48
I e S N S Ay + 23 At
v=1 p=1 7
leY 1 = a—1 | )"ﬂ ‘ S a—1 48
| 7 |§Aa+/3 Z [ A | ZA pAppay| + Ao+P ZAn*vAvva”
n v=1 p=1 n v=1

1 n—1
ZA@M) BN AN |+ | An |we P =Tl + T

A“+
To complete the proof of the theorem, by Minkowski’s inequality, it suffices to show that

Zn k\cpnTaﬁV“ for r=1,2.

n=1

For k > 1, applying first Holder’s inequality with indices k and k’, where % + % =1, and then using
(8), we obtain

m+1 m+1 n—1 k—1
St it 1 St kw{zA%m}
v=1
m,+1 n—1 1 n—1 k-1
<52 gt St { 5 1}
n
v=1 v=1
m—+1 ‘(,0 n—
_ n (a+B)k ,B k ok
=0(1) Z nlt(atp)k Z )" By
n=2
m+-1 e—k k
(a+B)k k—1 n |80n|
Z B By Z nlt+(a+B)k+e—k
n=v+1

- (at+B)k( c.B\k v iy |* Ji du
1)2_;1] (wv’ ) vak—lX{f*l/xl-i-(Oé-l‘ﬁ)k-ﬁ-ﬁ—k
|90v)
Z ﬁv k;Xk 1

Z Ao - L 1 ome, Z s Leo])

- X
m—1
1) Z |A(Uﬂv)|XU + O(l)mﬂme
v=1
m—1
=0(1) Y v|AB|X, +0(1 Z&X +0(1)mB, X
v=1 v=1

=0(1) as m — oo,
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by the hypotheses of the theorem and Lemma 2. Again, using (6), we have

-k a,B k_m —k APV k—l ,/3 B\ |<Pn|w )k
Zn | onTny | —Zn lenl™ [An] [An] Z| nl kX, T v k=1
n=1
m—1 n
(| oo [wy?)* (| pn [wy?)
=0(1 Ay 2+ 0(1) |\ N R R
® 3 b LA cow 3 L
m—1
=0(1) Y [ANa| Xy + O(1) [An| Xin
n=1
m—1
1) Z BrnXn +O01) |Am| X =0O(1) as m — oo,
n=1

by the hypotheses of the theorem and Lemma 2. This completes the proof of the theorem.

5. CONCLUSION

If we take € = 1 and ¢,, = n'~*%, then we obtain a new result concerning the | C, a, 8 |, summability

factors of infinite series. If we take e=1,8=0and ¢, = n‘s“*’ then we have a new result dealing

with the | C, ;6 |, summability factors of infinite series. Also, 1f we take S = 0, then we obtain
Theorem B.
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