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INVESTIGATION OF NONCLASSICAL TRANSMISSION PROBLEMS OF THE
THERMO-ELECTRO-MAGNETO ELASTICITY THEORY FOR COMPOSED
BODIES BY THE INTEGRAL EQUATION METHOD

MAIA MREVLISHVILI! AND DAVID NATROSHVILI!:2

Abstract. We investigate multi-field problems for complex elastic anisotropic structures when in
different adjacent components of the composed body different refined models of elasticity theory are
considered. In particular, we analyse the case when we have the generalized thermo-electro-magneto
elasticity model (GTEME model) in one region of the composed body and the generalized thermo-
elasticity model (GTE model) in the other adjacent region. This type of mechanical problem is
described mathematically by systems of partial differential equations with appropriate transmission
and boundary conditions. In the GTEME model part we have six-dimensional unknown physical
field (three components of the displacement vector, electric potential function, magnetic potential
function, and temperature distribution function), while in the GTE model part we have four- di-
mensional unknown physical field (three components of the displacement vector and temperature
distribution function). The diversity in dimensions of the interacting physical fields are taken into
consideration in mathematical formulation and analysis of the corresponding boundary-transmission
problems. We apply the potential method and the theory of pseudodifferential equations and prove
the uniqueness and existence theorems of solutions to different type boundary-transmission problems
in appropriate Sobolev spaces.

1. INTRODUCTION

Modern industrial and technological processes apply widely, on the one hand, composite materials
with complex microstructure and, on the other hand, complex composed structures consisting of
materials having essentially different physical properties (for example, piezoelectric, piezomagnetic,
hemitropic materials, two- and multi-component mixtures, nano-materials, bio-materials, and solid
structures constructed by composition of these materials, such as, e.g., Smart Materials and other
meta-materials). Therefore the investigation and analysis of mathematical models describing the
mechanical, thermal, electric, magnetic and other physical properties of such materials are of crucial
importance for both fundamental research and practical applications.

In the study of active material systems, there is significant interest in the coupling effects be-
tween elastic, electric, magnetic and thermal fields. For example, piezoelectric materials (electro-
elastic coupling) have been used as ultrasonic transducers and micro-actuators; pyroelectric materials
(thermal-electric coupling) have been applied in thermal imaging devices; piezomagnetic materials
(elastic-magnetic coupling) are pursued for health monitoring of civil structures (see [9,12,13,15,24—
32,39,45-47,50,51,53,55], and the references therein).

Although natural materials rarely show full coupling between elastic, electric, magnetic, and ther-
mal fields, some artificial materials do. In [54], it was reported that the fabrication of BaTiO3-CoFeqOy
composite had the electro-magnetic effect not existing in either constituent. Other examples of similar
complex coupling can be found in [3-6,16-18,34-36, 40,41, 48,56]. For more detailed historical and
bibliographic data see [1,7,49].

In the present paper, we investigate multi-field problems for complex elastic anisotropic structures
when in different adjacent components of the composed body different refined models of elasticity
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theory are considered. In particular, we analyse the case when we have the generalized thermo-electro-
magneto elasticity model associated with Green-Lindsay’s model (GTEME model) in one region of
the composed body and the generalized thermo-elasticity model (GTE model) in the other adjacent
region. The essential feature of the generalized models under consideration is that the heat propa-
gation has a finite speed (see [2,10,11,14,19,20,49]). This type of mechanical problem is described
mathematically by systems of second order partial differential equations with appropriate transmission
and boundary conditions. In the GTEME model part we have six-dimensional unknown physical field
(three components of the displacement vector, electric potential function, magnetic potential func-
tion, and temperature distribution function), while in the GTE model part we have four- dimensional
unknown physical field (three components of the displacement vector and temperature distribution
function). Other field characteristics (e.g., mechanical stresses, electric and magnetic fields, electric
displacement vector, magnetic induction vector, heat flux vector and entropy density) can be then
determined by the gradient equations and the constitutive equations.

Note that the basic and mixed initial-boundary value problems for the GTEME theory are in-
vestigated in the monograph [7]. The transmission problems for composed elastic structures are
also studied when in all adjacent regions of piecewise homogeneous composite bodies the same type
GTEME model is considered with different material constants.

As we have already mentioned, the main goal of the present paper is investigation of the transmission
problems when in different parts of adjacent regions of piecewise homogeneous composite bodies
different models (in particular, GTEME and GTE models) are considered. The diversity in dimensions
of the interacting physical fields essentially complicates mathematical formulation and analysis of the
corresponding boundary-transmission problems. We apply the potential method and the theory of
pseudodifferential equations and prove the uniqueness and existence theorems of solutions to different
type basic boundary-transmission problems in appropriate Sobolev spaces. Properties of the layered
potentials associated with the matrix differential operators of the GTEME and GTE models and the
boundary operators generated by them are studied in [7,21,22,42], and for the readers convenience,
some results needed in our analysis are briefly presented in Appendix.

2. BAsic FIELD EQUATION AND FORMULATION OF BOUNDARY TRANSMISSION PROBLEMS

First we present the pseudo-oscillation equations of the GTEME and GTE models with correspond-
ing Green’s identities and afterwards we formulate the transmission problems. The pseudo-oscillation
equations considered in the paper are obtained from the corresponding equations of dynamics by
the Laplace transform and they contain a complex parameter 7 = o + iw. Here we investigate the
boundary-transmission problems for pseudo-oscillation equations. Solutions to the original dynamical
initial-boundary-transmission problems can be then reconstructed by the inverse Laplace transform
with respect to the parameter 7 from solutions to the pseudo-oscillation problems. The detailed
derivations of pseudo-oscillation equations from the dynamical constitutive relations can be found
in [7] and [21]. In our analysis we will use essentially the results obtained in the monograph [7] and
develop the potential method to complex boundary-transmission problems for anisotropic composed
multilayered elastic structures.

2.1. Field equations of the GTEME model and Green’s formulas. The basic linear system of
pseudo-oscillation equations for the thermo-electro-magneto-elasticity theory associated with Green-
Lindsay’s model for homogeneous solids in matrix form reads as [7]

A0y, T)U(z,7) = ®(2,7),

where U = (u1,us,u3, p,10,9)" = (u,9,¥,9)" is the sought for complex-valued vector function,
® = (®y,...,P6) " is a given vector-function, and A(9,,7) is a matrix differential operator
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A(aﬂwT) - [qu(afvT)]GXG :

[Crjk10j01 — 0T%0rk)3x3  [e1rj0jOl3x1  [@rj0501)3x1  [—(1 + voT)Arj0)l3x1
_ [*Bjklajalhxgg %jlajal ajlﬁjﬁl *(1 + 1/07') pj8j (2 1)
[—qjki10;01]1x3 a; 050, 151050 —(1 4 vo1)m;0; R
[T Ak10i]1x3 el T 0, 01000 — 72ho —7do | 46

The superscript (-)" denotes transposition operation, 7 = ¢ + iw is a complex parameter, the sum-
mation over the repeated indices is meant from 1 to 3; 9 = 0, = (01,02,03), 0; = 0/0x;. The
components of the vector function U have the following physical sense: the first three components
correspond to the elastic displacement vector u = (u1,us,us)’, the forth and fifth ones, ¢ and v
are, respectively, the electric and magnetic potentials, and the sixth component ¥ stands for the tem-
perature distribution; c,;z; are the elastic constants, e;z; are the piezoelectric constants, g;x; are the
piezomagnetic constants, s are the dielectric (permittivity) constants, s, are the magnetic perme-
ability constants, a;; are the coupling coeflicients connecting electric and magnetic fields, p; and m;
are the constants characterizing the relation between thermodynamic processes and electromagnetic
effects, A,; are the thermal strain constants, 7;; are the heat conductivity coefficients, ¢ denotes the
mass density, vg and hg are two relaxation times, dy is a constitutive coefficient. These constants
satisfy the symmetry conditions:

Crjkl = Cjrkl = Cklrj, €klj = €kjl, qklj = qkjl,

Hj = Hjky Mej = Ak Hikj = ik, Okj = Gjks Nk = Njks 750k, 1 =1,2,3. 22
From physical considerations it follows that (see, e.g., [2,14, 33,44, 49]):
Crjkt &rj §kt > 00 Eki ki, 22k Sk &G > 01 (€17 kg ER &5 > 02 €17, may € &5 > 03 1€, (2.3)
for all &; = &, € R and for all € = (£1,&,&3) € R3,
vg >0, hg>0, dorvg— hg >0, (2.4)

where dg, 01, 02, and 3 are positive constants depending on material parameters.
Due to the symmetry conditions (2.2), with the help of (2.3) one can easily derive the inequalities

Crint Crj Crt > 00 Gt Crts 295 G G = 01 €13, g e G > 62 1C12, iy Ce GG > 03| €2,
for all (x; = ¢, € C and for all ¢ = (¢1,¢z,(3) € C3,

where the over bar denotes complex conjugation. The positive definiteness of the potential energy
and the laws of thermodynamics imply that the following 8 x 8 matrix

(2.5)

[%jzhxa [ajl]3x3 [Pj]axl [Vopj]3><1
lajilaxs  [jilaxs  [mjlax1  [romjlsxa
M = [Myjlsxs = | % i i i 2.6
[MijJsxs [Pjlix3 [m;lix3 do ho (2:6)
[vopjlixs  [vomylixs  ho voho x5

is positive definite. Moreover, it follows that the matrices
AW | Drglaxs [arslaxs A@ .| do o 2.7)
akjlaxs  [Bkilaxs [y ho woho |, ,
are positive definite as well, i.e.,
5tk G G5+ ary (G + GG ) + s G G = ma (I +1C"1P) v¢',¢" e €,
do|21* + ho (21 73 + 21 22) + voho |22|* > ko (J21]* + |22]?) Vz1,29 € C,

with some positive constants x; and ks depending on the material parameters involved in matri-
ces (2.7).

Further, let us introduce the generalized stress operator 7 (0.,n,T) associated with the pseudo-
oscillation operator A(9,,7),
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T(0z,n,7) = [’E)q(aﬂw”ﬂ—) ]6><6 :

[crjkinjO]sxs  [ewrj niOilsx1  [@irj njOi)sx1  [—(1 + voT)A\rjnjlax1
L [*ejkl njé‘lhxg 751 TLjal ajl njé)l *(1 + V()T)pjnj (2 8)
[ @ik ni01], o 5 a;; ;0 Wit ;0 —(1 + vy1)mjn; ‘
[0]; 5 0 0 111 O 6x6
For a six vector U = (u, ¢, ¥, 19)T we can calculate the so-called generalized stress vector T U,
T(azv n, T) U(xa T) :(Ulj (33, T)”j (f), 02j ({E, T)nj (x)» 03j (:L’, T)nj (1’),
_ T
— Dj(x,m)n;(x), —Bj(x,m)n;(x), =Ty 'q;(z,m)n;(x)) (2.9)

Due to (2.9), the components of the stress vector have the following physical sense: the first three
components correspond to the mechanical stress vector in the theory of generalized thermo-electro-
magneto-elasticity, the forth and the fifth components correspond to the normal components of the
electric displacement vector and the magnetic induction vector, respectively, with opposite sign, and
finally, the sixth component is (—Tofl) times the normal component of the heat flux vector; here
n = (ni,ng,ng) stands for the unit normal vector to the corresponding surface element, o;; are
the components of the mechanical stress tensor, Ty is the initial reference temperature, that is the
temperature in the natural state in the absence of deformation and electromagnetic fields, D =
(D1, Do, D3) T is the electric displacement vector and B = (By, By, B3) " is the magnetic induction
vector.

Recall that £ = (B, Es, E3)" = —gradyp and H = (H;, Hy, H3)"T = —grad are electric and
magnetic fields, respectively, o;; are the components of the mechanical stress tensor, e; = 27 (9 u; +
0; uy) are the components of the mechanical strain tensor, ¢ = (¢i, ¢2,q3) " is the heat flux vector,
and the corresponding constitutive equations read as

Q

x,T) = Crjrir (2, T) + erjO1o(z, 7) + qirjO1(x, 7) — (1 + vo7) A9 (2, T),
z,7) =ejmen(r,7) = 32 0p(x, 7) — aj O (z, ) + (1 + vot)p;d(z, 7),
z,7) = qiren(z,7) — aj Op(x,7) — pupd(z, 7) + (1 + vor)m;d(z, 7),
z,7) = = Tonudd(z,7).

Let Q@ = QF be a bounded domain of R?® with a sufficiently smooth boundary S = 9Q and
0~ =R3\ Q. For simplicity, in what follows, we assume that S € C*, if not otherwise stated.

By C*(Q) we denote the subspace of functions from C*(2) whose derivatives up to the order k
are continuously extendable to S from QF; C*<(QF) denotes the subspace of functions from C*(QF)
whose kth order derivatives are Holder continuous in Q% with exponent « € (0, 1]. By Ly, Ly oc,
Lp.comps W', W) 1oes Wy comp» Hp» and By (withr >0,s €R, 1 <p<oo,1<q<o0)we denote the
Well—known Lebesgue Sobolev-Slobodetskii, Bessel potential, and Besov function spaces, respectively
(see, e.g., [37,52]). Recall that Hf = W§ = B, , H5 = Bs,, Wl = Bl , and HF = W} for any
r > 0, for any s € R, for any positive and non-integer ¢, and for any non-negative integer k.

For arbitrary vector functions

U= (ulv Uz, U3, @, 'l/), ﬂ)T € [02(6)} ¢ and U/ = (ullv ul27 uév 4,0/7 1/)/, ﬁ/)T € [02(5)]67
the following first Green identity

i
Dj(
Bj(

q;(x, T

/ [A(&c,T)U-U’ +5T(U,ﬁ)}dx - /{T(@x,n,T)U}+ {U'YdS (2.10)
Q
holds, where the central dot denotes the scalar product of two vectors in the complex vector space
CVN,ie., a-b=(a,b):= Z;\Ll a;jb; for a,b € CV, the symbols {-}* denote the one sided limits (the
trace operators) on 90F from QF, the operators A(9,, ) and T (0,,n,T) are given by (2.1) and (2.8),
respectively, and
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E(UT) = Crikl Opug Ojul. + ot? U ul + errj (O 0jul. — Ojur Opp')

+ qirj (01 Ojul. — Ojuy QYY) + 225, O1p 05" + a1 (O 059" + 059 O1')

=+ ujlﬁlﬂﬁjz{)’ =+ /\kj [Tﬁajuk — (1 + I/()T)’ﬁaju;c] — i [TW@[QO + (1 + 1/07’)19(9[@']

—my [T 9 Op + (1 + vor)9 O] 4 mju 09 8;9" + 7 (hoT + do) 9V . (2.11)
Note that Green’s formula (2.10) by a standard limiting procedure can be generalized to the Lipschitz
domains and to vector functions U € [Wi(Q)]6 with A(dy, 7)U € [Lo(Q)]° and U’ € [W4(Q)]6. Using
Green'’s first identity, we can correctly determine a generalized trace of the stress vector {T 9z, n, T)U }T

[H, 2(0Q)]8 for a function U € [W(Q)]° with A(d,,7)U € [L2(Q)]° by the following relation
(cf. [7,38,43])

T @, UY (U}, = /[A(aw) U-U 4 &.(U,T7)] da, (2.12)
Q

where U’ € [W3(2)]¢ is an arbitrary vector function. Here the symbol (-, -)sq denotes the duality

pairing of [H;l/z(ﬁﬁ)]ﬁ with [H21/2(8(2)]6 which extends the usual Ly inner product for the complex-
valued vector functions,

(4. 9)m= [ S 15(@0) 5@ dS for £, € La(ODP.

aq J=1

2.2. Field equations of the GTE model and Green’s formulas. The basic linear system of
pseudo-oscillation equations for the thermo-elasticity theory associated with Green-Lindsay’s model
for homogeneous solids in matrix form reads as (see [7,8,21-23])

A0y, T)U(z,7) = ®(2,7),

where U = (Ul,UQ,U3, 9)T = (u,9)" is a complex valued unknown vector function with
u = (u1,uz,uz)’ being the elastic displacement vector and v the temperature distribution, ® =
(@, Py, @3, P4) " is a given vector function,

[crjki0;01 — 0T%0rk)3x3  [—(L + voT)ArjO)l3x1

A7) = [Apg (O D 1= [=TAkiOil1x3 nj10;00 — 72ho —7do |, , (219)
The corresponding constitutive relations are
orj(x,7) =crjricr(z, 7) — (1 + vo7) Az, T),
gj(z,7) = —Tonuod(z,T).
The stress operator in the theory of thermo-elasticity has the form
T(0zsm,7) = [%q(aﬂc’”’ﬂ ]4><4 = [crjk[l()?ljxa;]gxg - Jr;;')z?j)(\?zjnjbﬂ 4x4 @1

and the corresponding generalized thermo-stress vector is written as

T(aivnﬂ—) U(.%‘,T) = (Ulj(xaT)nj(x)’ Ugj(.’L‘,T)nj(m%U3J‘("L‘7T)1’Lj(l‘), _T(;lqj<$77)nj($))T7

where the first three components correspond to the mechanical stress vector in the theory of generalized
thermo-elasticity and the fourth component is (—Tofl) times the normal component of the heat flux
vector; here again, n = (n1,na,ns) stands for the unit normal vector to the corresponding surface
element.

For arbitrary vector functions U = (uy,usg,us,9)’ € [CZ(Q)]4 and U' = (uj,uh,uf,d)" €

[C? (ﬁ)]4, we have Green’s first identity for the thermo-elasticity case

/ (A0, ) U U+ £,(U,T7) ] do = / (T(Daym, P)UYT - {U'}HdS, (2.15)
Q o0
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where
E(UU) i= cpjra Opuy, Ojul. + o u,ul + Nej [T 0up — (1 + Vor)ﬁm}
+ 0100 0;9" + 7 (hoT + do) 9V . (2.16)
By a standard limiting procedure, Green’s first formula (2.15) can be extended to the Lipschitz

domains and to the vector functions U € [W3 (Qﬂ4 and U’ € [W] (Q)]4 possessing the property
A0z, 1)U € [La()]",

/ [A@. ) U - U+ &, (U T dz = ({T (0 . 1)UYH, (U},
Q
Green’s first formula holds also for the exterior unbounded domain 2~ in the class of functions

decaying at infinity.

Definition 2.1. We say that a vector function U = (u1,ug,us,9)" € [W3 1,.(27)]* belongs to the
class Z.(Q7) if the components of U satisty the following decay conditions at infinity:

ui(z) = O(|z| ), Ojuk(z) = O(|z[~2),
I(z) = O(|z|72), 9;9(z) = O(|z|72), k,j=1,2,3.
Evidently, Z,(Q7) C [W3(Q7)]*
For arbitrary vector functions U = (uy,ug,u3,9)" € [CHQ)* N [C*(Q)]*NZ,(Q7) and U’ =
(u}, b, uh, 9T € [CHOQ)A N Z,(Q7) with A0y, 7)U € [Lacomp(27)]* the following Green’s first
identity for the exterior domain Q~

/[A(ax,T)U.U'+5,(U,W)]dx:— /{T(@I,n,T)U}’-{U'}’dS (2.18)

Q- o=

(2.17)

holds true. By a standard limiting procedure, Green’s formula (2.18) can be extended to the Lipschitz
domains and to the vector functions U € [W21 1OC(ST)]4 and U’ € [Wzl 1OC(Q’)]4 satisfying the decay

conditions at infinity (2.17) and possessing the property A(9,,7)U € [ngomp(Q’)]AL,

/ [A(02, T)U - U+ &(U,U") | dx = —({T (82, n, ")U}~, {U'}" ), (2.19)
o

where A(9,7) U is compactly supported and {7 (9y,n,7)U}~ € [Hz_l/2 (9)]* is the generalized trace
of the stress vector on the boundary surface S = 9Q~. Note that since the operator A(9y,7) is
strongly elliptic and A(9,,7) U has a compact support, therefore, actually, U is an analytic vector
function of the real variables (1, 22, x3) in the vicinity of infinity (in the domain Q~ \ supp A(9,,7)U)
and conditions (2.17) can be understood in the usual classical pointwise sense. Hence, the improper
integral over 2~ in formula (2.19) is convergent and well defined.

2.3. Formulation of the basic transmission problems. Here we formulate the basic transmission
problems in the classical pointwise sense and in the weak sense, when the whole space R? is divided
into two simply connected regions R? = Q1) U Q2 where QM) is a bounded domain with a smooth
boundary S and Q% is its unbounded complement, Q) = R3\ Q). We assume that the region Q)
is filled up with a material subject to the termo-electro-magneto-elasticity model, while the region
Q@) s filled up with a material subject to the thermo-elasticity model. The thermo-mechanical and
electro-magnetic characteristics, material constants, differential and boundary operators associated
with the domain Q%) for 8 = 1,2, we equip with the superscript (53).

In what follows, we assume that all unknown vector functions and the given vector functions
depend on the complex parameter 7, however, we will not show explicitly this dependence and drop
the argument 7 in the case of functions, but we will keep the argument in the differential and stress
operators.
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Definition 2.2. A vector UV = (Ul(l), ceey él))—r is called regular in the domain Q) if

U® e (¢S ncnW))e.

Similarly, a vector U(?) = (U1(2)

U@ e[t n[c?( Q@) nZ.(Q?) .

ey 152))—'— is called regular in the domain Q) if

The basic transmission problem (TD),: Find regular solutions U = (Ul(l),...,Uél))T and
U® = (Ul(z)7 o Uf))T to the equations
AN (@, 1)UV (2) =W (z), z e, (2.20)
AP0, 1) UD(z) = 2P (), 2€Q®, (2.21)
satisfying on the interface S the following transmission conditions:
U@} —{U @)} = fi(0), j=123 z€5, (2.22)
U@ —{UP @) = folw), wes, (2.23)
{TW (0, n, UM ()} = {TP (0, n, 1) UP (2)}; = Fj(x), j=1,2,3, z €S, (2.24)
{TW(@2,n, UV (@)} = (TP (00yn, 1)U (@)} = Fy(x), z €5, (2.25)
and the Dirichlet type boundary conditions
(U @)} = fi(2), j=4,5, z€S5. (2.26)

The basic transmission problem (TN),: Find regular solutions UV and U?) to equations (2.20)—
(2.21) satisfying transmission conditions (2.22)—(2.25) and the Neumann type boundary conditions

(T (0p,n, 1)UV ()} =Fj(x), j=4,5, z€S. (2.27)

Here, the differential operators AP (9., T) and generalized stress operators T (9, n,7), B =1,2, are
defined by (2.1), (2.8) and (2.13), (2.14), respectively. The data of the problems satisfy the following
inclusions: ) .

o) = (@), a0\ e [C@M)F,

3@ = (0 . )T e [c(Q@))4, supp @@ is compact,

f; €CYS), F;eC(S), j=12,...,6.
Note that the transmission conditions relate one-sided limits (traces) of similar fields: equations (2.22)
relate the components of the displacement vectors u") and u(®, equation (2.23) relates temperature

functions Uél) =91 and Uf) = 9@, equation (2.24) relates components of the mechanical stress
vectors, and finally, equation (2.25) relates normal components of the heat flux vectors. Further, equa-
tion (2.26) describes the Dirichlet conditions for the electric and magnetic potentials, while equation
(2.27) corresponds to the Neumann type boundary conditions for the prescribed normal components
of the electric displacement and magnetic induction vectors.

Remark 2.3. Note that Green’s formulas can be extended to the general Sobolev WPI(Q) spaces
with arbitrary p > 1. For example, if U® € [W}(QW)]S with A (9,, 1) UM € [Lp(Q(l))]6
and U’ € [W,, (QM))® with 1/p 4+ 1/p/ = 1, then formula (2.12) holds true due to the inclusion
{U'}+ € [B;:;//p/(aQ(l))]S = [B;Z,p(aﬂ(l))]‘; and defines the generalized trace of the stress vector
{TD (0, n, U} € [B, /P (99M)] on 900,

Similarly, if vector functions U € [VVZ}(Q(Q))]4 and U’ € [W]},(Q(Q))]4 satisfy the decay con-
ditions at infinity (2.17), and A®(9,,7)UP € [L,, Comp(Q@))r7 then formula (2.19) holds true
due to the inclusion {U’'}~ € [B;}p/,p (0922)]* and defines the generalized trace of the stress vector
(TP (0,0, U} € [By/P(00P)]* on 902

In these cases, the symbol (-, -)g denotes the duality pairing of the space [B;},/p(S)]m with the
space [B;/,Z;,(S)}m for m = 6 and m = 4, respectively.
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These generalized Green’s formulas give us possibility to formulate the transmission problems in a
week sense.

Weak formulation of the basic transmission problems (TD), and (TN),:
Find vector functions

v e WM and UP e (W, (@) NZ(QP), p>1,

satisfying the differential equations (2.20) and (2.21) in the distributional sense, transmission condi-
tions (2.22)—(2.23) and the Dirichlet type boundary condition (2.26) in the usual trace sense, trans-
mission conditions (2.24)—(2.25) and the Neumann type boundary condition (2.27) in the generalized
functional sense defined by Green’s formulas (2.12) and (2.19).

In the case of weak setting, we assume that

oW € [L,aW))°, @3 € [Lp, comp(Q2P)]*,
-1 -1 )
fi € Bpp”(S), F;€Bpg(S), j=1,2,...,6.

loc

Recall that for p = 2 we have BQiQ% (S) = H;%(S).
2.4. Formulation of the boundary-transmission problems for layered composite struc-
tures. Let us now consider a bounded elastic composite structure Q1) U Q2) with the interface SM)
and the exterior boundary S®, assuming that in the region Q(!), we have again the GTEME model
and in the region Q(® the GTE model. Evidently, 001 = M) and 9Q® = sM USSP, For z € S0P,
by n(z) we denote again the outward unit normal vector to the surfaces (¥, g =1,2.
The boundary-transmission problems in the case under consideration are formulated as follows.
We are looking for regular solutions UM = (UM ... U)T e [c1(QM))8 N [C2(QW)]E and
U® = (U1(2)7 cey f))—r € [CY Q@) N[C2(Q@)) to the corresponding differential equations (2.20)
and (2.21), respectively, satisfying the boundary-transmission conditions formulated in the problems
(TD), or (TN), on the interface S() and one of the following boundary conditions on the exterior
boundary S():
(D) Dirichlet boundary condition

(U @) = f (), «es?;
(N) Neumann boundary condition
(TP (0, 1)U (2)}F = F*(z), 2e8?;

(M) Mized type boundary conditions

UP@) =iP). zespy),

{7‘(2)(3%”’ T)U(2)(JC)}+ — F(N)(J:), = SJ(\?)7
where Sg) and Sj(\?) are non-overlapping open submanifolds, S = STDQ) U ST\?), Sg) N S](\?) =
Po= e DT P = L FDT P = ()T and FOYD = (Y EY)T

are the given vector functions from the appropriate continuous function spaces.

In the case of weak setting of the problems we look for solutions U1 € W, (QUN]6 and UP) €
(W (Q2)]* of the differential equations (2.20) and (2.21) in the distributional sense, and satisfying
the above-listed boundary and transmission conditions in the trace sense for the Dirichlet data and
in the generalized functional trace sense for the Neumann data. In this case, the data of the problem
satisfy the inclusions:

oM € [L,(aW)]°, () € [L,(Q®))*,
_1 _1

fi € Bpp? (SW), FyeByz(SM), j=1,2,...,6
1-1 _1 ]

f; € BPvPP(S(Z))7 ijk € Bpyp (;9(2))7 J=12,...,4,

1-1 ~p
BP e Byt (S5), B e Bup(Sy), j=12....4
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In what follows,we refer the above problems as (DTD),, (NTD)., (MTD),, (DTN),, (NTN),, and
(MTN),, where the first letter indicates the type of boundary conditions on the exterior boundary S,
while the next two letters indicate the type of boundary-transmission conditions on the interface S,

3. UNIQUENESS THEOREMS

Due to the linearity of the above-formulated problems, we consider the corresponding homogeneous
problems and prove the uniqueness theorems for weak solutions implying the uniqueness for regular
solutions as well. In what follows, we assume that the time relaxation parameters 1/(()1) and VSQ)

involved in the equations of the GTEME and GTE models are the same,

uél) = I/éQ) =: 1.
Theorem 3.1. Let the interface surface S be the Lipschitz one and 7 = o + iw with 0 > o, 2 0
and w € R. The basic homogeneous transmission problem (TD). has only the trivial weak solution
for p =2, while the general weak solution to the homogeneous transmission problem (TN), reads as a
pair of vectors UM = (0,0,0,b1,b2,0)" and UP = (0,0,0,0)", where by and by are arbitrary complex
constants.

Proof. Let a pair of vector functions
OO, UP) € WHQW) x (W3 (@) N Z.(2®))

be a weak solution to one of the homogeneous transmission problems listed in the theorem. For
arbitrary vector functions U’ = (u}, ub, ub, ', 9T € [Wa(QM))® and V! = (v}, v}, v5,0)T €
(W3 (2], from Green’s formulas (2.12) and (2.19), we have

(/éﬁkUﬂhﬁﬁmp:HT“N&ﬂLﬂU“4+~UﬂF757 (3.1)
Qm
/ EDUD, V) de = —({T® (0p,n, YUD} - {V'}7), (3:2)
Q)

where £ (+,-) and e? (+,-) are defined by the relations (2.11) and (2.16) respectively, with the material
constants associated with the regions Q) and Q)

EWWW T = c kl 8luk ajul + oV 72 uM Ul + e(l). (al<p<1> dyul. — djulV) oe’)

+ai ) (0 VDL~ 0,uV B + 5 9oV B0 +aly) (9N B0+ 80 VB )

+ iy oD 807 + ALY [ 050V T — (14 vor) 9D By |

—pz(l) (701 M +(1+1om)9 Mo | _ml(l) [T M+ (1+vom)9 VO |

+ ) oV G0 + 7 (W7 + dY) 9D (3.3)
EXDWUD V) = g)kl 3lu(2) 0,0l + 0 72 u® ol

A2 [ro;ul 0 — (1 +0om) 9P B0y ] + 1S 09 0,07

+7 (WP +dP) 9P 7 (3.4)

If in Green’s formulas (3.1) and (3.2) we substitute successively the vectors
(), ulD,u§”,0,0,0) 7, (0,0,0,61,0,0)", (0,0,0,0,4®,0)"
1
(0, 0,0,0,0, 0T y(1) )
T

and

1
(o o 0)", (0,0,0, ATy
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in the place of the vectors U’ and V' respectively, we get the following relations:

/ (el 0 0,u) + oM r2uMu® el 3 dyul) + gf) o dyul)
Q)

— (1 + )AL 0D dju) do = / {[TD0,n, ) UD], 3T - {ulV}FdS,

[— elr) djult) Ay O™ + % 6l<p M 9,0 oM + a(l) ) ™

Q)

~ 1+ wor)p) 9D 9™ | dar = / {ITV@,n, UM} - {pV}ds,

/ [— 4} 0;ulV 9™ + al) 81 9;9 + ) g™ 9,9 M

Q)

— (1 + wr)ym? 9V 9D ] da = / {[TW(@,n, 1)UV} - {pV}7ds,

J w7 DT 0,00 D015 -l VT30 + (11 -+ 9O

Q)
L LwT
T

/ [ é)kla u(2)3 u(z) + 9(2)72u£2)u£2) -1+ V()T)/\](fj)’ﬁ@) 8ju,(f) ]dx

Q(2)

- / (7@, n, U]}~ - {uP}dS,

/ {1407 N2 9D0;u® +(hPr + d2) 9P P] +

Q)

1 T -
LT 0003,

= — H%ﬁ /{[7(2)(3’%7)[](2)]4}— . {ﬂ(Q)}‘dS.

- 1 T
00590 b =T / (TD@,n,1)UD]g}* - {9} ds,

(3.7)

(3.8)

(3.10)

Now, if we add termwise equation (3.5), the complex conjugate of equations (3.6)—(3.8), equation
(3.9), and the complex conjugate of equation (3.10), and take into account symmetry properties (2.2)
of coefficients for both models and the homogeneous transmission and boundary conditions, we arrive

at the relation

[ {0l Gl o 2 0 010 B0
Q)
afy) (0 300 + 0300 B D) + 4y 04D 85
—2Re([p;" (1 + vo7) 9" A | — 2Re[m;” (1 + vor)9® 99|

1+
(U or) (b7 4 dg) [P 4+ 2

0y 09 9,00 } de
i / { B0 9u + 0@ T2 4 (1 -+ vor) (b7 + df) |92
Q)

1 _
+ % 77](52) AR ;92 } dr = 0.

(3.11)
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Due to the relations (2.5) and the positive definiteness of the matrix A(Y) defined in (2.7), the following
relations

ﬁfl)d a, u(_ﬁ) O u( > o 5( )855)7 (_5) 9P 9;08) > \g V9B, g=1,2
[} &d”awﬂ+ﬁ>@w”a¢l+a¢”&wm+u o™ 9]

> X[V P+ Vo2, (3.12)
hold true, where )¢ is a positive constant and V = (9, 02, 95). Using the equalities
1 2 w? 142
72— 02 — W2 4 2igw, +71/0T _ o+ vo(o? — w?) +i w(l+ 01/0),
ImI? |72

(1 + o) (BT + dS7) = a7 + voh{V |72 + (B + wod Yo + iw(wod(? — BYY)

and separating the imaginary part of relation (3.11), we find

2
o (X [ {26201 + g~ 110

B=1 (s
142 —
+ % ny o9 8,0 | dx) —0.

By inequalities (2.4) and since o > o, > 0, we conclude u;m =0and 9® =0in Q¥ g =1,2, for
w # 0. Then from (3.11) we have

/[4?&¢ 3,00 + ') (9™ 8,00 + 9,0 D)
Q)
+uy) 0D 8;9M ] da = 0,

whence, in view of the last inequality in (3.12), we find 9,0 = 0, O™ =0, 1 = 1,2,3, in QD)

Thus, if w # 0, then
u® =0, oM =b; =const, 1) =by =const, ¥ =0in QM (3.13)
u® =0, 9 =0in Q®. '

If w =0, then 7 = 0 > 0 and (3.11) can be rewritten in the form
14+ vyo —
/ { ”klalu,j)a ult 4 oM 2 uM P 4 UO n§ll)6lz9(1) 8j19(1)}dx
o)
4#/{ L0 930 + afy (@D ;00 + 90 0 D) + il ™) 80
Q)
2 (1)(1 +1v90) Re [19(1) oM ] — 2ml(1)(1 + 1v90) Re [19(1) PRUCN
+ (14 v00) (h o + d§0) |90} de
1 .
b [ {ehon? o+ o o a2 + T2 00 50| do
g
Q@
+ / {(1+z/0cr)(hf)2)a+d82)) \19(2)|2}dx:0. (3.14)

Q(2)

The integrands in the first and third integrals are nonnegative. Let us show that the integrand in
the second integral is nonnegative, as well. Introducing the following notation

C_] = j(p(l)a Cj+3 = 8g¢(1)7 <7 = _19(1)5 CS = _0-19(1)7 .7 = 152737
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and

O .= (ClaC?? e 5C8)T7

we deduce the relation
1 01pW 9500 + 0l (0™ 8,00 + 950 G D)
+ ,ug-%)ﬁlz/)(l) 8,00 — 2pl(1)(1 +v90) Re [19(1) W]
—2m®M (1 + v0) Re[9V 85D | + (1 + vo0) (B + dV) 902
= [ eV + aly) 9™ + pfD (—0) + uop<-”<— 9] ;00
+ [aﬁ) M + u;}) o™ + mgl)(—ﬁ(l)) + v m ( o 1))]W
+[p o™ + miV o w“) + d“’(—ﬁ(”) “’(—aﬁ(”)](—W)
+ otV 0™ + vom ™ 8™ 4 BN (=9 D) 4 voh{D (a9 M) (o9 D)
+ U(d(l)z/o — h) [ )2
[ D+ a Cz+3 +pj Ve + vop; )Cs)]C
+ laj, e+ Mﬂ ) Crys + m( )¢+ 1o m C8] [
+1[p DC +mz )C+3 +d(1)C7 h(l)Cs] Cr
[Vopl Ve + vom, M s+ h( Yz + Voh(l)Cs] (s
+ o (dyvo — ) [9 )2

8
= 3" Mpg¢oC, + o(ds v — h§D) [9 2

p,q=1

=MO-0+a(dVvy—n{")[9D2 > Cy |0,

with some positive constant C, due to the positive definiteness of the matrix M defined by (2.6) and
the inequality o(d h(1 ) > 0. Taking into account inequalities (2.4) and o > 0, it can be easily
checked that (14 1/00)(}7,(() )0 + dég)) is positive, hence the integrand in the forth integral in (3.14) is
also nonnegative. Therefore, from (3.14) we see that the relations (3.13) hold true for w = 0, as well.

Thus equalities (3.13) hold for arbitrary 7 = ¢ 4 iw with ¢ > o, > 0 and w € R. On the one
hand, this implies that the transmission problem (TD), possesses only the trivial weak solution,
since on the interface S due to the homogeneous boundary conditions for ¢ and ¥, we have
by = ba = 0. On the other hand, a general weak solution to the transmission problem (TN), reads
as UM = (0,0,0,b1,b2,0)" and U = (0,0,0,0)" with arbitrary complex constants b; and by. This
completes the proof. O

Theorem 3.2. Let the interface surface S, the exterior boundary S@, and the boundary curve
! = 65’1(:?) = 85'](3) be Lipschitz continuous. Let 7 = o + iw with 0 > 09 > 0 and w € R. Then the
homogeneous boundary-transmission problems (DT D)., (NTD)., and (MTD), have only the trivial
weak solutions for p = 2, while the general weak solution to the homogeneous boundary-transmission
problems (DTN),, (NTN),, and (MTN), is a pair of vector functions UV = (0,0,0,b1, by,0)" and
U@ = (0,0,0,0) ", where by and by are arbitrary complex constants.

Proof. Let a pair of vectors (U Ny (2)) be a weak solution to one of the homogeneous transmission
problems listed in the theorem. Then for arbitrary vector-functions U’ = (u},ub,u}, @', ¢, 9')7 €
(W3 (QM)]6 and V' = (v, vh,v4,0) T € [WH(Q2)]4, we have the following Green’s formulas:
[ oW e = [TO@,n U} Uy as,
Q) s
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/552)(U(2),7>dx: - /{7'(2)(8$,n,7)U(2)}’~{V’}’dS
Q2 S(1)
+ / {T®(0,,n, YUY . {V'}HdS,
S(2)

where 5&1)(-, -) and 5§2)(~, -) are defined in (3.3) and (3.4).
The arguments used in the proof of Theorem 3.1 extend mutatis mutandis to the present case and
we arrive at the relation (3.11), leading to the equalities

uM =0, ¢® =b; =const, M) =by =const, ¥V =0in QW)
u® =0, 93 =0inQ®,

where b; and bs are arbitrary complex constants. Therefore the proof of the theorem follows from the
homogeneous boundary and transmission conditions. O

4. EXISTENCE AND REGULARITY RESULTS

4.1. Existence results for the basic transmission problem (7D),. Let us consider the basic
transmission problem (TD), in the weak setting sense for the homogeneous differential equations

AN, YUV (z,7) =0, zeQb), (4.1)
A3, VU (z,7) =0, zeQ?, (4.2)
where A and A®) are defined by (2.1) and (2.13) respectively, and the sought for vectors
v =@V, o) T e @), U® =0, UP)T e W Q)] nZ.(R),
satisfy on S (see (2.22)—(2.26)) the following transmission and Dirichlet type boundary conditions:
U@y U @)} =fi(0), §=123 z€S, (4.3)
U @) = fi(e), §=45 wes, (4.4)
U @)y {Uf (@)} = fol2). z€5, (4.5)
(T (02,n, YU (@)} = {TP (00,0, U (2)}] = Fj(2),j = 1,2,3, z €5, (4.6)
(T 0y, n, VUV (@)} ¢ = {TP (0, n, NUD ()} = Fs(x), z€S, (4.7)
with p > 1 and the data satisfying the inclusions
1-1 . _%
ijBp,Pp(S)7 .7:172737475767 F17F21F37F6€Bp,p (S)v (48)
S =000 = 90?) is a sufficiently smooth surface, say S € C.

We will investigate the problem by the potential method. For the readers convenience, properties of
the layer potentials needed in our analysis are briefly presented in Appendix.

We look for the vectors UM and U® in the form of single layer potentials associated with the
operators A1) (9,,7) and A®)(9,,7) (see Appendix, formulas (5.2) and Corollary 5.4)

U0 (@) = VP%(x), 2€0®, o= (p1.....00)" € [Brg (5)]°,
UP(2) = VPy(z), 2€Q®, ¢=(r,...,0)" € [B;,E ()"

The transmission and boundary conditions (4.3)—(4.7) and properties of single layer potentials, pre-
sented in Appendix (see Theorems 5.1-5.3) lead then for ¢ and ¢ on S to the following system of
integral equations:

S

6
ST e =Y M- i = fron S, j=1,2,3, (4.9)

=1 p=1
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HS )i = faon S, (4.10)

Mo

Il
-

6
> M )51 01 = f5 on S, (4.11)
=1
6 4
ST oo — S M )ap by = foon S, (4.12)
=1 p=1
6 1 4
l; [~ 5% +’C(51)Ll Ly { Ii+K Q)LP Yp=FjonS, j=12.3, (4.13)
6 1 4
3 [f 5 1o+ icg”] Z:: [ I+ /c@)} U =Foons, (4.14)

=1

where the integral operators Hg) and /CS are associated with the single layer potentials and are
defined by (5.7) and (5.8), respectively.

To prove the unique solvability of the above system, we proceed as follows. Due to the invertibility
of the operators (see Theorem 5.3)

HY : [Bg (S Boy” (9%, HE : [Byf (S)]* = By (), (4.15)

we can introduce new unknown vector functions
1—1

1—1
h = (hh ERRE} hG)T € [BZMDP (S)]Gv 9= (gla s ag4)T € [BP»PP (S)rl’
by the relations h := [Hg)]go and g := [H(SQ)M; implying
1)7-1 2)7—
o =M h w= 1Y)
Evidently, then we have

UD (@) = VIV (HS ) h) (2) in QW) (4.16)
UB (@) = V5P (1) 9) (@) i 2, (4.17)

where [7-[5,9]‘)]_1 is the inverse to the operator Hfgj), j =1,2,in (4.15) (see Theorem 5.3). Note that
these unknown densities are, actually, the traces on S of the sought for vectors

h={UW}", g={U®}". (4.18)
By Theorem 5.3, we have
1
[TOY, (1)([7_[(51)],1 h)}+ _ (_ 51.6 i lCé”)[H(Sl)]’l h= A(Sl)+h,
_ - 1 _ _
TV 9} = (G187 ) ) 9= A0
with Steklov-Poincaré type operators (see Appendix, formulas (5.12)—(5.13))
1 _ — _
AP (= LK@V, AP = (bt @)

System (4.9)—(4.14) can be rewritten then for new unknown vectors h and g as follows

g =1 j=123, (4.19)
ha = fu, (4.20)
hs = fs, (4.21)
he — g1 = fé, (4.22)
(A ], — [AG g =y, j=1,2,3, (4.23)
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(AT h] — [AS 9], = Fs. (4.24)

As we see, the unknowns h4 and hs are uniquely defined by equations (4.20) and (4.21) and the above
system can be rewritten as

hj—g; =1, 7=123, (4.25)

he — g4 = fs, (4.26)
4

S AT b = YA i = By — AD  afa - A s fs 5 =1,2,3, (4.27)
1=1,2,3,6 =1
4

> LA o1y — Z[A(;)_hz 91 = Fs — [AY T Joafs — [AS M es f5, (4.28)
1=1,2,3,6 =1

ha = fa, (4.29)

hs = fs. (4.30)

Further, let
h = (hy, ha, hs, he) T,

-

1

F=(f1,f2 f3.f6) " € [Bpp” (S)|*, F = (F1,F2, F3,Fo)" € [Bpg (S)]*, (4.31)
Fy=F — AV fa — [AD s 5, 7 =1,2,3,6. (4.32)
From equations (4.25)—(4.30), we then get
h—g=F, (4.33)
ADTh— AP g=F, (4.34)
hy = [, (4.35)
hs = [s, (4.36)
where
AP AP e A s A e
AV = [Agibl[Agﬁbz[Agibs[AS”bﬁ
[Ag" a1 [Ag" s [Ag' Tas [ADT]gq
AP e (A e A s [AG 6o | 4,4

Finally, system (4.33)—(4.36) can be equivalently rewritten in more convenient form

h=g+f, (4.37)
hi=fi, (4.38)
hs = (439)
[AGT = A g = F, (4.40)

where F* = F — .ZSH}’VG By (S)]*

Thus, the solvability of system (4.19)—(4.24) is equivalently reduced to the solvability of the matrix
pseudodifferential equation (4.40).

Next, we prove the following lemma.

Lemma 4.1. The operator
~ _ 1—1 —1
AGT = AT By = [Bpg ) p> 1, (4.41)
is invertible.
g) and :i:%[ ) +1Cg) are elliptic pseudodifferential operators
(9)+
S

Proof. Note that the integral operators H

of order —1 and 0, respectively. This implies that A¢’~, j = 1,2, are also elliptic pseudodifferential
operators of order +1 (see [7]). More detailed analysis shows that the principal homogeneous symbol



118 M. MREVLISHVILI AND D. NATROSHVILI

matrix of the operators Ag” and —Ag)_ are strongly elliptic (see [7,21]). Therefore, the operator

./Z(SlH — Ag% is a strongly elliptic pseudodifferential operator of order +1. Therefore, due to the
general theory of pseudodifferential equations on manifolds without boundary, if we show invertibility

of operator (4.41) for p = 2, then it will imply that of operator (4.41) for all p > 1.

1 1
Keeping in mind that B;f 32(S) = H2i 2(.9), we have to show the invertibility of the operator

AT =AD" ¢ H (9] [H, (S)) (442)

Using Theorem 5.5 we easily deduce the coercivity inequalities for arbitrary vector function g =

~ -~~~ 3 4
(glag27g3vg4)T € |:}122 (S)] )

1)+ ~(1) > 2
Re ((As"" +C)g.0)5 = A7y o
R _ 2@ C(2 >C ,
e (= A" +C®)g9)s = Cullal
4 }

where C(1) [HQ%(S)] — [HQ_%(S)]4 and C? : [H; (Sﬂ4 — [H, (Sﬂ4 are compact operators.
Consequently, the following coercivity inequality

Re { (A" — AT +CW 4 c)g,9)4 > C||g||[2H2 gy €= comst >0, (4.43)

1
2

holds implying that operator (4.42) is Fredholm one with zero index (see, e.g., [38, Ch. 2]).
Further, we show that the null space of operator (4.42) is trivial.

1
Let ¢ = (1, P2, 3, 4,54)T € [H; (Sﬂ4 be a solution to the homogeneous equation

[ADT — AP ]g=0 ons (4.44)
and construct the vectors
UM (z) = Vs(vl)([’}-[(sl)rl ¢)(z) in oW, (4.45)

Ua) =V (1)
o~ N\T 1
where Y= (@17@27¢3a0707@4) € [HQZ (S)]ﬁ
_1 _1
By Theorems 5.1-5.3, evidently, [’Hg)]_l p€[H,? (S)P7 [’ng)]_l pe[H,? (S)]4 and using the
mapping properties and the jump relations of the single layer potentials, we deduce:
6

?)(z) in 03, (4.46)

U e [WieW)°, U® e [Wzlloc(Q@))f‘sz(Q(?)), (4.47)
(U = (v I o) =P (] ) = o, (4.48)

(U@} ={v@PmP e} =ud (M) 9) =5 (4.49)
{TOUOYT = {TOV (P 0)} = [~ 3+ KPTHE] o= AP e, (450)
{TOU@Y = {TOVE (M 0)} = BL+KP NPT 6 =AF 6 (451)

Taking into account that [Ag)Jr(p]j = [ﬂg”@]j for j = 1,2,3, and [Ag)+<p]6 = [ﬂg”(ﬁh, from
relations (4.44)—(4.51), we conclude that the vectors defined by (4.45)—(4.46) solve the homogeneous
differential equations

AP (o, HUP) =0 in Q¥ pg=1,2,
and satisfy on S the homogeneous boundary-transmission conditions
Uy Uy =0, j=123
Uyt =0, j=45,
Uy -y =o,
{TOUWY —{TOUP} . =0, j=1,2,3,
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{T(l)U(l)}j{ —{T@Uu®}; =0,

i.e., the pair (U WU (2)) solves the homogeneous basic boundary-transmission problem (TD),. There-
fore UM = 0 in QM) and U? = 0 in Q? by the uniqueness Theorem 3.1. Consequently, p; =0,
j = 1,2,3,4, in view of (4.49) implying that the null space of the operator (4.42) is trivial which
completes the proof of the invertibility of the operators (4.42) and (4.41). O

Note that the operator 91 generated by the left hand side expressions of system (4.19)—(4.24) reads
as

M= Hgﬁ’w’”mxm =

[ 1 00 0 O 0 -1 0 0 0
0 1 0 0 O 0 0 -1 0 0
0 01 0 0 0 0 0 -1 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 000 0 1 0 0 0 ~1 (4.52)
LA A e (49 T ~ AL s
A5 an A s~ A4S ] A T2
[A(SIH]M : [«4(51)+]36 —[Ag)_]:n —[«4(52)_]34
L (A5 e A e A A T |
Therefore this system can be rewritten in matrix form as follows
M = T,
where 90 is given by (4.52), ® := (h,g)" is an unknown vector function, and ¥ is a known vector

function, v .= (flv ey f67 F17 FQ,Fg, F4)T.
The above results imply the following assertions.
Lemma 4.2. Systems of integral equations (4.9)—(4.14) and (4.19)—(4.24) are uniquely solvable in the
1 1 1 1
spaces [Bp.p (S)]6 X [Bpp (Sﬂ4 and [B;,pp (S)]G X [B;,pp (S)]4, respectively, for arbitrary right-hand
side functions satisfying conditions (4.8).

Proof. Follows from Lemma 4.1 and equivalence of systems (4.9)-(4.14), (4.19)-(4.24), and
(4.37)(4.40). O

Lemma 4.3. The operator

s invertible.

Proof. Follows from Lemmas 4.1 and 4.2 and the structure of the operator (4.52). O

_1 _1
From (4.37)—(4.40), for the solution vectors h € [B;,p”(S)}6 and g € [B;,pp(S)r, we derive the
following relations:

B = (hy, ha, hg, he) T = [APT — AP F — [ADT — AP AR, (4.53)
hy = fa, (4.54)
hs = fs, (4.55)
9= (91,92,93,90) T = [APT — AP F - [APT - AP AP (4.56)

Introduce the notation

Q= (Dt g = [AGT — AP,

R = [Rig] g = A = AZT] A,
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M [Mkj]4x4 ["2(59'1)+ _Ag)_]_l“z(,(sl)—i_’
and construct the following matrix operators
Q1 Q12 Qi3 0 0 Qi
Qo1 Qoz Qa3 0 0 Qo
0= Q31 Q32 Q33 0 0 O3y ’
0 0 0 0 0 O
0 0 0 0 0 O
| Qi Qa2 Quz 0 0 Quu | ¢
Rii Riz Riz 0 0 R
Ro1 Rz Roz 0 0 Ry
R.— | Rsr Rz2 Raz 0 0 Ray
0 0 0O 1 0 O
0 0 0O 01 o0
| Rar Raz Raz 0 0 Rus |4 ¢

The relations (4.53)-(4.56) can be rewritten then in the form
1-1 6 -1 4
h=QF —-Rf¢c [ DD (S)] , 9= QF — Mf € [ D,p (S)} ;

where F' = (ﬁl,ﬁQ,ﬁg,0,0,ﬁG) o f = (f1, f2, f3, f1, 5, f6) T, the vectors F and ]7 are defined by
(4.31)—(4.32). Consequently, from (4.16) and (4.17), we get the following representation of the solution
vectors,

U = v (] h) = VD (RS (QF = Rf)) in ), (4.57)
U@ = v (HPT " g) = vV ([HYP] ™ (OF — MF)) in Q@) (4.58)

Finally, let us formulate the following existence result.

Theorem 4.4. Let conditions (4.8) be fulfilled. Then the basic transmission problem (TD),,
(4.1)—(4.7), is uniquely solvable in the space [VVZ}(Q(U)]6 X ([WI},IOC(Q@))]4 N ZT(Q@))) forp >1

and the solution pair of vectors (U(1)7U(2)) is representable in the form of single layer potentials
(4.57)—(4.58).

Proof. The existence of a solution in the space [W;(Q(l))] ([Wpl 1oc(Q(2))]4 NZ;, (9(2))) for p >1

follows from the representation (4.57)—(4.58) and Lemmas 4.2 and 4.3. For p = 2, the solution is
unique due to Theorem 3.1. To show the uniqueness for p # 2, we proceed as follows. Let a pair

O®,0) & (W3O x (W10 2?)]) N2 for p#2

be a solution to the homogeneous basic transmission problem (TD),. Due to Corollary 5.4, U M and
U® are uniquely representable in the form of single layer potentials (4.16) and (4.17), respectively,
where the densities h and g are the traces on S of the vectors U") and U?) (see (4.18)). Therefore, in
view of the homogenous boundary-transmission conditions on S, with the help of the above-employed
arguments we arrive at the homogeneous system of equations on S (cf. (4.37)-(4.40)):

h—g=0,
h4:07
hs =0,

AL A g =0

Due to the invertibility of the operator (4.41) (see Lemma 4.1), we deduce that ¢ = 0 and h = 0 on
S implying UM = 0 in QM) and U = 0 in Q). This completes the proof. 0
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Corollary 4.5. Let S be the Lipschitz one and p = 2. Then the basic transmission problem (TD);,
(4.1)—(4.8) is uniquely solvable in the space [W;(Q(l))]G X ([V[/%JOC(Q(Q))}4 N ZT(Q(Q))) and the solu-
tion pair of vectors (UM, UP)) is representable again in the form (4.57)(4.58).

Proof. We seek for a solution again in the form of single layer potentials (4.16) and (4.17). Using the
properties of the single layer potentials presented in Theorem 5.2, the problem is then again reduced

to system (4.37)—(4.40) and the coercivity inequality (4.43) leads to the invertibility of the operator
(4.42) which completes the proof. O

We have the following regularity result.

Corollary 4.6. Let S € C™ with0 < a <o <1 and m > 2 being an integer. Further, let
fiech(S), j=1,...,6, F,Fp, F3,Fs € C*1(8), 1<k<m—1.

Then the basic transmission problem (TD)., (4.1)~(4.7), is uniquely solvable in the space [C’“"(Q(l))]G X
([Ck *(Q (2))} N ZT(Q(Q))) and the solution pair of vectors (UM, UP)) is representable again in the
form (4.57)—(4.58).

Proof. The existence of a unique weak solution representable in the form (4.57)—(4.58) follows from
Theorem 4.4. On the other hand, Lemma 4.1 implies that the strongly elliptic pseudodifferential
operator
A = AQT L [C@)] - (OS]

is invertible. This implies that solution vectors to system (4.37)-(4.40) satisfy the inclusions h €
[C*(9)]° and g € [C**(S)]*. The regularity result then follows from the representation (4.16)—
(4.17) (and from (4.57)—(4.58) as well) and the mapping properties of the single layer potentials and
the corresponding boundary operators described in Theorem 5.1. O

4.2. Existence results for the boundary-transmission problem (DTD),. In this subsection
we consider a bounded composite structure Q) U Q@ introduced in Subsection 2.4. Recall that
S is the interface between the interior domain Q) and the exterior domain Q) and S® is the
exterior boundary of the composite body. In the region Q") we have the GTEME model and in the
region O the GTE model. Evidently, 901 = $1) and 90® = M y 5@ o) = QW y O,
02 =0® U s® yUSA. For simplicity, let us assume that St §2) e ¢,

We will investigate the boundary-transmission problem (DTD), in the weak setting sense for the
homogeneous differential equations

A(j)(é)x,f) U(j)(x,T) =0, zeQW, j=1,2,

where the differential operators A (9,,7) and A (9,,7) are defined by (2.1) and (2.13) respectively,
and the sought for vectors

v® = @w®,...,uMT e WO, U® = U?,....uP)T e Wi,

satisfy on the interface S™) (see (2.22)(2.26)) the following transmission conditions:
)

u#%mngU@@»*:b<, j=123, zesV (4.59)
(U @)} = {UP @)} = folz), ze5D (4.60)
(T (8,,n, T)U<1 (@)} —A{TP(00,n, U (2)}; = Fj(x), j=1,2,3, 2S5V, (4.61)
{T“)(am ) (x)} {T( )(8 n T)U(Q) ()}, = Fs(x), z€ s (4.62)
v )(a:)}+ =fi(z), j=4,5, zeS5D, (4.63)

and on the exterior boundary S(?) the Dirichlet boundary conditions:

{UP @) = f@), j=1234 25 (4.64)
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The data of the problem satisfy the inclusions

_1 _1
fjeB;,pP(S(l))7 j:1a2a37475a6a F17F2aF3aF6€Bp,I§)(S(1))a

P _ (4.65)
f7 € Bpp” (8®), j=1,2,34.

We look for solutions U and U in the form of a linear combination of single layer potentials as-
sociated with the operators A and A and constructed by the corresponding fundamental matrices
'™ and I'® defined by (5.1), respectively:

UO (@) = Vi eW(z), «ea®, (4.66)
U () = VoW (@) + v v (x), =eq®, (4.67)

where

1 1 1 1 1 -
@ = (oY, o} ),wé LoD, o T € (B, (SW)S,

_ 1
w(l) :( (1) ¢2 bl 7’(/)41)) [BPJ}; (S(l)
1
@ = (P P, Ff), T € By

are unknown density vector functions.
The properties of single layer potentials and the boundary-transmission conditions (4.59)—(4.64)
lead to the following system of pseudodifferential equations for 1), (1) and 3.

6 4
STH e =S L o — g (VRPN = £, 5= 1,23, on SO, (4.68)
=1 p=1
6
Z [7‘[( blag) = faon SO, (4.69)
=1
6
1)
Z [Hfg<1)]5l ‘Pl = f5 on s ), (4.70)
=1
6 4
2 — 2
Z[ su) 6 <Pz Z (s<)1> lap ¥ 1) - [VSu){VgE(?))T/’(Q)}] fo on SU (4.71)
=1 p=1
6 4
1
> [- IG+ICS(1):| EREDY [ I4+KS(1)} e
2 4l 2
=1 p=1
— e ATOVE Y = Fj,  j=1,2,3, on SO, (4.72)
: 1 1) RS )
1 1 2 1
Z |:7§Ifj+ICS(1):| ® *Z |:§I4+]CS(1)} 1/)1(7)
=1 p=1
~ 5 ITOVE 6@ )4 = Fy on S, (4.73)
4
S THD L 0 + e VS MYy = f5, 5=1,2,3,4, on §@), (4.74)

S
Il
-

where ’yg(j) denote one-sided traces on S, j = 1,2. The integral operators H(Sl()j> and IC(I(]) are
associated with the single layer potentials and are defined by (5.7) and (5.8), respectively.

To prove the unique solvability of the above system, we proceed as follows. Due to the invertibility
of the operators

_1 1-1
HO < (B p (S — [By " (SD),
-1 . 1—1 . )
HE) 2 [Bpg (SO = [Byp” (SO, j=12,
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we can introduce new unknown vector functions

_ 1
WO = (P, BT € (B (SIS,

S
1 1 1-1
g = (g, gi)T € [Byy” (S,
2 1—;
92 = (g, .. 9T € [Bpy” (SO,

by the relations
= [7-[(1) ]’1h(1)7 p = [H(Q) ]’19(1)’ »®@ = [7_[(2) ]’19(2).

S) S) S(2)
Then
U (z) = Vs(<11)>([Hg&)]ilh(l))(gﬁ)’ z e,
U(Q)(JU) = Vs(?l))([%g)l)]_lg(l))(x) + Vs((22)> ([H§l>]_1g(2))(x), z €,
and system (4.68)—(4. 74) can be rewritten as follows
hg'l) (1) [75(1>{ L) ([H(s%)x]_lgm)}]j =fj, j=1,2,3, on s, (4.75)
) = f4on SO, (4.76)
hél) = f5 on SW, (4.77)
h(l) (1) [VS(U{ s<2>([HE¢,2<)2>]719(2))}]4 = fo on S, (4.78)
4
_ —1
Z (A 1, = 30 AT, 087 = s {TOVa (el ] 9™}, = B, (4.79)
=1 p=1
j=1,2,3, on SM
6 4
S AT b = 3 [AZ T, ) — [ TEVE (2] 9}, = Foon SO, (450)
=1 p=1
67 + Dk (Ve (Mg ] )}, = £, 5=1,2,3,4, on 5%, (4.81)

where A(l()lj_ and A2 s(1y are the Steklov-Poincaré type operators associated with the interface manifold
S (see Appendix, formulas (5.12)—(5.13))
1)+ 1 — 2)— 2 —
A(s<)1) = ( IG + ’Csm) [qu)l)] . A(s<)1) = ( Iy + Ks(l)) [Hg()u] .
Note that the traces of the potentlals
(2 2) 1—1 2) 2) 1—1 2) -1
Vs {Vs@)) ([wa)m] g® )} Vs {T(2 Vé@) ([Hg()2>] (2))} 75(2) {Vs((m ([H(s<)1>] 9(1))}’ (4.82)

are smoothing operators, since S and S are disjoint surfaces, S N §2) =
Therefore the operator © generated by the left-hand side expressions in System (4.75)—(4.81) can
be written as follows:

0= ||©7€j||14><14 =N+ L, (4.83)
with
m [0]10x4
N =[Nl gn14 = [0]ax10 I4X ;

14x14
where the operator 9 = [My,]10x10 is given by (4.52) with S for S, I, = [0kjlaxa is the unit
matrix, and £ = [£x;]14x14 is infinitely smoothing operator generated by the summands of system
(4.75)—(4.81) involving operators (4.82).

For the 14-dimensional unknown vector function ® and for the known vector function ¥ constructed
by the transmission and boundary data, we introduce the following notation:

= (b, g0, ¢ ex,,
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* * * %\ |
U= (f17 f27 f37 f47 f57 fﬁu F17 F27 F37 F67 f17 f27 f37 f4) EYpa

where

1—1 1—1
Xp = [Bm)p(s(l))]lo X [Bpp® (5(2))]47

1
=5

Yy = [Byy” (SU)]0 x [By g (SW)] x [By,* (S,
The system of equations (4.75)—(4.81) can be then rewritten in the matrix form
DO =10, ie, (N+L)0=10.

Evidently, we have the following mapping properties

N:X, =Y, (4.84)
£:X, =Y, (4.85)
Now we prove the following
Lemma 4.7. The operator
N+L£:X, =Y, (4.86)

18 invertible.

Proof. Note that operator (4.85) is compact due to the above mentioned smoothing property of the
operator £. On the other hand, in view of Lemma 4.3 and relation (4.83), we conclude that the
operator (4.84) is invertible. Therefore operator (4.86) is the Fredholm one with zero index. Let us
show that the null-space of the operator (4.86) is trivial which will complete the proof. To this end, let

us assume that ® = (E(l), g, ﬁ(z))T € X, is a solution to the homogeneous equation (‘ﬁ+ S)CI) =0.
Then in accordance with relations (4.75)-(4.81) the pair of vector functions

U(l)(x) = V;ag<11)>([Hglgnrlﬁ(l))(x)’ x e Q(l)’

U(Z)(x) = Vs(?%([?'[(s%)l)} _1§(1))(5‘7) + V55<22?> ([H(;()zv] _15(2))(33)7 zeQ®,

solve the homogeneous boundary-transmission problem (DTD),. Therefore U M =0 in QM and
U® =0 in Q® by the uniqueness Theorem 3.2. Using the continuity property of the single layer
potentials across the integration surface and the uniqueness theorems for the interior and exterior

Dirichlet problems for the operators AY)(9,,7), j = 1,2, we deduce that Vé(ll)) ([’H(Sl()l)] 71};(1)) () =0

and VS('<21)) ([’Hg()l)] 71@7(1))(:0) + Vs('<22‘)> ([Hgl)]flﬁ(m)(x) = 0 in the whole space R? (see, [7, Theorems
2.25 and 2.26]). By the jump relations presented in Theorem 5.3, we finally conclude that A(!) = 0 on
SM 51 =00on SN, and g = 0 on S, which completes the proof. O

This lemma implies directly the following assertion.

Lemma 4.8. Let conditions (4.65) be satisfied with p > 1. The systems of pseudodifferential equations
(4.68)—(4.74) and (4.75)—(4.81) be uniquely solvable in appropriate function spaces for arbitrary right-
hand side functions.

We now can prove the existence and regularity theorems of solutions to the problem (DT D).

Theorem 4.9. Let conditions (4.65) be satisfied with p > 1. Then the boundary-transmission problem
(DT D), is uniquely solvable in the spaces [Wi(QW)]S x [W2(Q@))* and the solution vectors UW,
j =1,2, are representable in the form of a linear combination of single layer potentials (4.66)—(4.67),
where the density vectors o) € [Bp g (SM)]S, v € [By g (SI]* and v € [By g (S@))* are
defined from the uniquely solvable system of pseudodifferential equations (4.68)—(4.74).

Proof. Is word for word similar to that of Theorem 4.4. O
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Corollary 4.10. Let SM, S@ ¢ 0™ with 0 < o < o/ < 1 and m > 2 being an integer. Further,
let

fj S Ck’a(s(l)), ] = 1,. .. 76, F17F2,F3,F6 S Ck_l’a(S(l)),
frech(s®), j=1,....4, 1<k<m-—1.

Then the transmission problem (DTD), is uniquely solvable in the space [C* (Q(l))]6 X [C’k’O‘(Q(Q))]4
and the solution pair of vectors (UM, U®?)) is representable in the form (4.66)—(4.67).

Proof. Is word for word similar to that of Corollary 4.6. g

5. APPENDIX

Here we collect some results from references [7,21], and [22] which are employed in the main text
of the present paper.

Fundamental matrices T'V)(z, 7) of the operators AU)(,,7), j = 1,2, can be constructed with the
help of the Fourier transform

T (e, r) = Fo2, [(A9 (=i, 7)) 7], (5.1)

where (AV)(—i 5,7))71 is the matrix inverse to A(—¢&,7), and F,,¢ and ]:f;lx denote the direct
and inverse distributional Fourier transforms in the space of tempered distributions which for regular
summable functions f and g read as follows

Foell) = [ fayevsan, F2lo)= s [at©e v as
R3

R3

where z = (21, 72, 23) and § = (1,2, 83).
These fundamental matrices solve the following distributional equations

A9, )T (z,7) = TV §(x),

where I() = I and I(® = I, are 6 x 6 and 4 x 4 unit matrices and §(x) is Dirac’s distribution.
The entries of the matrices '™ (z, 7) and I'®)(z, 7) in the vicinity of the origin have the property

Wp oy [ 1O 55 (O]
He) { OMhxs Oz }

@) (g 7) = [O(z[]sx3  [O(1)]3x1
e = | G o |,

while at infinity they have the following asymptotic behaviour

O(lz[72)  O(|z|7°)  O(|lz|™®) O(lz[72)  O(|z[7%)  O(|x|™*)
O(lz[7°)  O(|z|7%)  O(lx|™®) O(l2[72)  O(|z[7%)  O(|x|™)
PO (3, 7) = O(lz[7°)  O(|z|7%)  O(|lx|7%)  O(l2[)  O(|2[7%)  O(|x|™*)
’ O(lz|=%)  O(z|7%)  O(|=[7%)  O(|lz[7})  O(l=|7})  O(|=|7?) ’
O(lz|=%)  O(lz|™%)  O(|=[7%)  O(|lz[7})  O(=|7})  O(|z|7?)
L O(2z[™) O(lz[7h) O(lz7)  O(2|7%)  O(l=[72)  O(|z7%) [,
O(lz[72)  O(|z[7°)  O(|z|7®)  O(l«|™)
O (g, 7) = Olz|=>)  O(x|7%)  O(|=[7°)  O(|=[)
’ O(lz[~°)  O(|z[7°)  O(|z|7%)  O(l=|™*)
L O(z[™)  O(lz[7Y) O(j=7)  O(=I7?) ],,,

Let Q = QF be a bounded domain with a simply connected boundary S = 90t and Q= =R3\ Q.
Introduce the generalized single layer potentials

VO (gD)(z) = /I‘(j)(x —y,7) gD (y)dS,, j=1,2, zeR>\S, (5.2)
S
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(1) (1))T

g =(g1",..., 95 @ ohT

and ¢(® = =(g9y”,...,95) " are the density vector functions defined on S.

Theorem 5.1. Let S € Cm’a/, O<a<a’"<1l, andletm > 1 and k < m — 1 be nonnegative
integers. Then the operators

Vg s ek es) = (oM @),

Ve [CRe(s))t = [oF e @E))4,

are continuous.
For any g € [C%(8)]° and g € [C%(S)]*, and for any = € S, the following jumyp relations

(V& (g @)F = 1Y 9O (a), (5.3)
(TO (B, n(2),7) VD (gW) (@)} = [F27 s + K§) gD (@), (5.4)
V& (g @)F = 1Y 9@ (), (5.5)
(T (B, n(2), 7) VS (¢@) (@)} = [F27 L + K5 ] 9P () (5.6)
hold, where
H(Sj) g(j)(x) = /F(j)(x — y,T)g(j)(y) dS,, z €S, j=1,2, (5.7)
S
KY g9 (x) = / [TD(0,,n(z),r) T (& —y,7)] gV (y)dS,, x €8, j=1,2 (5.8)
S
The following operators
Hy 2 [CRAS) = RO, MG O @) s O, (5.9)

S [CM2 () =[O (9)°, kS [CM2(9) = [0 ()
are continuous. Moreover, the operators (5.9) are invertible.

Theorem 5.2. Let S be a Lipschitz surface. The operators Vs(j), ’Hg), and ICg), j=1,2, defined by
(5.2), (5.7), and (5.8), can be extended to the continuous mappings

v [Hy 2(9)]° = [H3 @) VEY s [Hy 2(9)])° = [H (2],
v s [H (9] = (RO, v [Hy 2(9)] 5 [ e (2] N Z(00).
HY ¢ Hy2S) = [HE ), K [Hy 2(8)0 = [Hy 2(S))F,
HP o H () = HE S, KD [Hy *(S)]* = [Hy *(S)]*
Moreover, the operators
HO H () - HE(S),  HP : [Hy 2(S) — [HE (),

are invertible.



Theorem 5.3. Let s e R, 1 <p<oo0,1<¢qg< o0, SeC™.
7 =1,2, can be extended to the following continuous operators
s+1+1

v

vy

My
kg

The operators

are invertible.
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(B}, (S)]° = [Hp

By, (S)° = [Byy
[B;,(S)]* — [Hy 7
By ,(S)) = [Byy
[H3(S)]° — [Hy 1 (S)]°
[H3(S))° — [Hy(S)]°
[H3(S))* — [H3H(9))*
[H3(S)1* — [Hy(S))*

- [Hp, loc (Q )]6 :|’

The operators V.

s+1+4

© o (B3, (9)1° |,
to B
L (B (9] ]

For s > —1 the jump relations (5.3)—~(5.6) remain valid in appropriate function spaces.

36R7 p>1a QZL
seER, p>1, g>1,
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(J) H(]), and Kg),

Corollary 5.4. Let s e R, 1 < p < oo, § € C®. Arbitrary solutions to the homogeneous equations
AV, UM =0 in Q, UW e W), p>1,

and

Further, let us introduce the Steklov-Poincaré type operators

hold, where

AP0, U =0 in Q, U e W, p>1,
are uniquely representable in the form

U0 = v ()
U® =V (M) g®) with ¢* = (U}
The representations (5.10) and (5.11) hold true for Lipschitz domain Q and p = 2.

ADE = (2 g+ ) MY

Ag)i :

AR @) — {7'<2>(8m,n(x),7) Ve

Theorem 5.5. Let S be a Lipschitz surface and 7 = o + iw with 0 > 0 and w € R.
Then for all g™V €

[H3(S))° and g

Re (£ AL + ¢y

Re ((+ AD* 4 ¢?)g®@

g(l)) with g

= (72 LK) ]

which are related to the single layer potentials by the relations

ADE GO = {T<1>(ax,n(x),f) Ve

— (UD€ [Byy? (0,

1

1

V()
D[]y

1
€ [HF (S)]*, the coercivity inequalities
gMs=CillgV1? .

[HQ( e

9®s 2 Callg®?

[H2 ()14

€ [By," (02)]".

(5.10)
(5.11)

(5.12)

(5.13)
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are compact operators and C;, j = 1,2, are positive constants.
The operators

AD™ L [HE () - [Hy 2 (S))F,
ADE L [HE ()] - [Hy 2 (9)])*,

are invertible, while

18

1 1 1
AGT : [HE (9)]° — [Hy * (9))°
the Fredholm one of index zero with the null space spanned over the vectors

oM =(0,0,0,1,0,0)", ¥ =(0,0,0,0,1,0)". (5.14)

Theorem 5.6. Letse R, 1 <p<oo,1<qg< 00, §e€C>®. The operators

AP BRI = B sER p>1, g2,
AP BIB9S, sER, p>1, g>1,

are invertible, while the operator

8

AT BON S B 8) seR p>1 g2,

Fredholm of zero index with a two-dimensional null space spanned over the vectors (5.14).
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