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CONSTRUCTION OF A KERNEL DENSITY ESTIMATOR OF
ROSENBLATT-PARZEN TYPE BY CONDITIONALLY INDEPENDENT
OBSERVATIONS

ZURAB KVATADZE AND BEKNU PARJIANI

Abstract. On the probabilistic space (2, F, P), we consider the conditionally independent sequence
{X;},>1 controlled by the sequence {{;},~,. The members of {;},~, are independent, identically
distributed random variables & = bll(gl_:bl) + b2[(51:b2) + .- Jr_brI@l:br). The elements of
the sequence {X;},~, are the observations of some random variable X. Conditional distributions

P x;¢;=b;» ¢ = 1,7, have unknown densities f;(x), i = 1,7, respectively. Using observations {X;};>,
_ T
a kernel density estimator f(x) = > p;fi (z) of Rosenblatt-Parzen type is constructed, where
i=1

pi = P(&1 = b;). The accuracy of approximation of the constructed estimator to the unknown
function f (z) is established.

Distribution density estimators are intensively studied by many authors. In this paper, a non-
parametric density estimator is constructed by dependent observations. The class of conditionally
independent observations is considered. The nonparametric density estimators which have so far been
considered are constructed by independent samples.

Below we present some definitions and auxiliary facts for nonparametric estimates of a distribution
density which were constructed by independent observations.

Let the values X;, x; € R, i=1,2,..., be independent observations of some random value X; with
unknown density g (z). Various methods are available for obtaining estimators of g (x). In the works
of M. Rosenblatt and E. Parzen (see [8,9]) the estimators ofg} (x) obtained by the kernel k (z)

R (z — X;)
(x,hy) = — E kE(——
were considered, where {h,}, -, is the sequence of positive numbers such that

lim h, =0; lim nh, = oo,

n—oo n—oo
and the kernel k () is some Lebesgue-integrable Borel function. In [5,7,10], the results of [9] were
generalized by modifying the conditions on k (z) and using the observations of vectors X; € R™
(m >1).

Along with estimators of Rosenblatt-Parzen type, projection type estimators were also considered
(see [2,7]) using the spectral decomposition of the kernel k (z) with respect to the orthonormal basis of
functions. Applying smoothing functions, L. Devroye and L. Gyorfi (see [3]) constructed the adaptive
kernel estimators for densities with a finite number of discontinuity points. As a divergence measure of
the constructed estimators of g (x) some authors considered various characteristics in terms of metrics
Ly, ([3,6]); La ([7,9]) and so on.

In [7], E. Nadaraya obtained the sufficient conditions for the uniform convergence of the estimator

a n
A~ n
gn (7,a,) = " Zk (an (z — X3))

i=1
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to g (z) with probability 1. The divergence measure between g (z) and gy, (z, a,,) is the value
B [ lon (0:00) — g (@),

where {ay }n>1 is the sequence of positive numbers such that

nhﬁn;o ap =00, a,=o0(n). (1)

Definition 1. Denote by H; (s > 2; s is an even number) a set of functions k (x) satisfying the
conditions

k(—z) =k (z), /k(x)dle, sup |k (z)| < A < o0,

/J:ik:(x)dx:(), i=1,2,...,5s—1; /xsk(x)dl’#O, /rs\k(x)|dx<oo. (2)

Definition 2. Denote by W a set of functions ¢ (x) having derivatives up to the s-th order (s > 2)
inclusive, and note that ¢(*) (z) is a continuous bounded function from the class Ly (—o0, 00).

Lemma (see [7]). If the variables X;, x; € R, i = 1,2,..., are independent observations of some
random variable X with unknown density g (x), g () € Wy N La (—00,00), k() € Hy N Ly (—00, 00)
and

On 2 An
/Dgn(x,an)da?— - /k: (a:)dx—i—O(n), (3)
] Eon o) —g @Pde = a5 [ o @) a0 () (4)
hold, where {ay}n>1 is the sequence (1), and
a= / 2%k (x) dz

Let us present our result.

In practice we encounter the situation when at random moments of time the distribution of the
observed variable X changes depending on the conditions (of the controlling sequence {;},-,). This
brings about changes of the densities of observations {X;},.,. For example, in stock-exchange trans-
actions the price of some commodities changes depending on a season, though this price is fixed at
the auction. As a result, the flow of revenues due to such transactions also changes, and so on.

In such situations, to estimate the density X it is appropriate to consider dependent observations.

Here we consider the class of conditionally independent observations.

On the probability space (2, F, P), let us consider the two-component stationary (in the narrow
sense) sequence of random variables

{fi,Xi}izp (5)

where §; : Q = E, X; : Q = R™ and Z is some space.
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Definition 3. The sequence {X;},., from (4) is called a conditionally independent sequence (see [1])
controlled by the sequence {¢;},-, if for any natural n and the fixed trajectory &;,, = (&1,&2,...,&n),

the values X1, Xo,..., X, become independent and for all natural numbers 3, k, n, j1,j2,.- -,k
2<k<n;i<n;1<ji<jo<, - ,<jr <n) the equalities
P(lefXj27~~~1Xjk)|£ln = PXJ‘1|5J‘1 X ,PXn\ém Ko X PXjk|£jk’

PXilfln = PXi|§i7
are fulfilled, where P x|y is the conditional distribution of the variable X under the condition Y.

Consider the sequence (5). Let &;, i = 1,2,..., be independent, identically distributed random
variables and let

E:{blab%"wbr}; P(glzbi):pz7 ’iil,r, p1+p2++p7“:13

{Xi};>; is the conditionally independent sequence whose elements are observations of the variable
X. It is assumed that the conditional distributions Px,¢,—p,, ¢ = 1,7, have unknown densities

~ n
fi(z), i = 1,7, respectively. The sum f, (z,a,) = % Z (an (z — X;)) constructed by conditionally
T
independent observations is considered as the density estimator f () = 3 p; f; (), while the estimator

_ 2
accuracy is established by the expression v (a,) = E f [ fn(zyan) — f(x)] da.

On the fixed trajectory &, = (&1, &, ..., &) of the sequence {fi}izlv we denote by v, (1), v, (2),...,
vp, (1) the frequencies for which the first n members of the sequence adopt the values by, bo, ..., b,.

Theorem. Let us consider the sequence (5). The elements of the controlling sequence {&;};5,(& :
Q — {b1,b2,...,b.}) are independent, identically distributed values § = 3 bil(e,—p,). Assume that
i=1

for every function ¥ : = — R, for which EV (&) < oo as n — 0o, we haveithe convergence
1 n
- Y U(G) = E¥ (&) as. (6)
j=1

The elements of the conditionally independent sequence { X}, are observations of the variable X.
The conditional distributions P x, ¢, —p,, @ = 1,7, have unknown densities f;(x), i = 1,7 , respectively.
Assume f; (z) € WsN Ly (—00,00) and k (x) € HgN Lo (—00, 00). If for the frequencies v, (i), i = 1,7,

the inequalities
D(”"(’)>< S =T (7)

n

are fulfilled, then for any natural n the estimator of the density f(x) = 3 p;f; (x) is the sum

fo (2, an) = anZk (an (x — X)) (8)

and the following asymptotic equality

r

an) < (Z}M)z += [ e () dav + (Z(Ci”1/2 *pf))O(i:)

AR i=1
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is valid, where

N

M,; = Til/2 + (Cm_l/2 / 12 (z) dx)

o0

_ —2s @ (s) —2s — .
fim (o (s!)2/ ) @) de+ O(a;2)(Con ™2 4 p) i=Tor
and
o= /xsk(m)da:.

Proof. The proof of the theorem is based on the decomposition of f, (,a,) (the trajectory &,,,is
assumed to be fixed) into independent sums of random variables. For the fixed trajectory &;,, we
enumerate individually the moments of time at which the first n members of the sequence {&;},~,

take the value b;, i = 1, r, respectively,

10(i1) =0, Tn(i) = min{j|7'm_1 <j<n;§= bi}; m=1,v, (i), i=1r.

We obtain the sequence of indices

T1(4), 72(1), ... Ty, (1) i =1,r

for which the equalities

N
I
\.P—‘
5

Efrm(i) =b m= 1L, (Z),

are valid. B
When the trajectory &,,, is fixed, the sum (8) can be decomposed as follows

);

H
S
3
”'M

where

~ a .
fz'n (‘T;an) = Vnr(LZ) Z k(an (I*XTMU))) 1=1,r.

Naturally, if Vn( ) = 0, then the summand fin (z,an), i = 1,7, does not exist. Let us prove the
finiteness of Ef, (z,a,) and Df, (7,ay,). On the fixed trajectory &,,,, we represent Ef, (r,a,) as a
conditional mathematical expectation

m=1

B (a.00) = BB, (.00 6} = B{B( 320 1, e )}

i=1

In proving the theorem, we take into account that v, (i), i = 1,7, are measurable functions with
respect to the o-algebra which is generated when the probability space () is partitioned as a result
of fixing the trajectory &;,,. Therefore these functions can be taken outside the sign of mathematical
expectation. In the above equality and in the sequel we keep in mind the fact that the following
equality
EVL(Z) =P
n
is fulfilled by virtue of conditions (6), and applying condition (7), we obtain the estimator

E(V"(Z)>2 =D (Vnn(z)> + <Eynn(l))2 <n12¢ 4 p2. 9)

n
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Hence, using conditions (2), after replacing the variable under the integration sign, we see that the

following chain of equalities

(z.a,) ZE{ ' (Vj” szjk an (v — w))ﬁm)}
:’X:E{V"nZ E( L (D) & (an (v = X)) |§*m<i>)}

Vn (1)
—Zan/ (an(x —u)) fi(u) sz/ Z<atn +x)dt

—00 —0o0

is valid.
Sincef;(x) is the density and |k(t)| is bounded by the infinite constant A, we conclude that

Ef, (z,ay) is finite.
On the fixed trajectory &;,,, the sums f;, (z,a,), i = 1,7, and their constituent summands too, are

independent and the following equalities
Dfn (z,an) = E{E([fn (z,an) — Ef (:U an)]2|fln)}
2

_E{E({gyan)fzn T, an) EZV" fin (z an)} |§1n>}
N E{E<[ ,T (1) (fin (z,an) = Efin (x»an))r|€1n)}

(Vn ) )me (z,an) — Efin (z,an) } 2|§1n> }

- B Bl (2.00) ~ B ) Pler) )
r vn (i) 2
-3 E{ (unn@)?E{ > 2 0 (an (0= X)) = B (2= X, ))))} |51n}
r , U (7)
T Z E{(Vnn@f(yjygz)fE( Z: [k (an (z = Xr,(,))) = Bk (an (v — Xo, ,))))? 51")}
T +oo
=S B(=0) (55 ) [ e w) = [ -] 5w
are true. -
Using equality (9), we obtain for D fn (z,a,) the following expression:
D, (2, a,) = sz / = [ blan o= i)y (o + ).
Let us estimate u (a,). We apply Foljbmi’s th:ezorem and divide u (a,) into two parts
u(a,) = / E[fn (z,a,) — f(x)rda:
= / E[fn (z,an) — Efy (x, an)rda: + / E[Efn (z,an) — 7(1;)]2dx =1+ bs. (10)

— 00
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To estimate I, we again apply Fubini’s theorem and obtain

oo oo

b= [ Bl an) = B wan)] do = [ BB (.00) = B (.00 60} do

— 00 — 00

_E/ <[ )i an) EZ”" fin xan)r|§1n>dx
- & 7013 (= (”"ji))2[fin<x, ) = Efor (@, )}

i=1

- 5{ / Z(”“ ) (filtsn) = B 2.00) 1) .

Using equality (3) from the Lemma, we have

n- S (210) (5 [ so(2)]
- ZE{ (Vn;i))zyjf&) yka(x)dx} To (%n) §E<1/nn(i))2

i=1

— 00

) % +Ook2(x)dl’iE (Vnn(i)> +0(%n> Zl [D (unn(i)) + (Evnn(i)ﬂ.

=1

By applying inequality (9), we complete the estimation of I,

//.{2 da:Zpl—Fo( >Z(C’n_1/2+p)

“+o0
_ On 2 an —1/2 2
_ & /k (x)daﬁLo(n);(Cm ). (11)

Applying Fubini’s theorem once more and decomposing I, into two sums, we have

o0

I, = / E[Efn (z,a,) — f(x)rdx =F / {Efn (z,a,) — ?(:r)} Qdm

- ul( 7 (B .0) - T @)] asln )}

— 00

2

ofa ] (5 i) -Smsio] )

2

= E{E( 7 [i (EVHT(Z)fm (2, an) —pifi(x))} dfﬂfln)}

i=1

= E{E( 70 (i (Eynn(i) fin (x, a) _pifi(x))2

i=1




CONSTRUCTION OF A KERNEL DENSITY ESTIMATOR 99

)~ pm(a:)))(E””?f)fm(x o) = ify(@)) ol ) |

{E<_: ’“

+2Z<

’L]l

) - pifxx»?dxm)}

)~ pefi() (B

ol 23

zgl

-3 E{E ( /00 2D, (5,00) = 0] ol ) |

— o0

+2 Z { (/ [ nn(i) Efin (x,a5) *pvzfi(x)} {Vnrfj)Efjn (z,a,) pjfj(z)}dﬂfln)}_[zl .

Zjl

fin (@,an) - pjfj(r))dx|£1n> }

— 00
We decompose the sum 5 into three parts

=y J 1220 -2 ey + 2D ) i) e |

— 00

~Soefe( [ (22) 7 0 - 5ol

i=1

+ Y £{5( / (%0 5) prwten) }

DL [0 (280 Y (i 000 I ) = s

— 0o

Using equality (4) from the Lemma and the estimator (9), we obtain

=S5 (0) 8 [ 8o - e i)
2

s 2 0 T
=3 (@ 4 17 @ de ol ) @V ) = 3

where

It is not difficult to derive the estimator for the sum A,

L o
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We use the fact that the values ”"T(Z) —p;, i =1,7, as well as ”"'n(i)

, are measurable with respect to

the o-algebra generated by the fixed trajectory &;,,. By Holder’s inequality, for the summand Az, we
obtain the following estimator

ty =23 {2 () p( [ a0 - Fl@dsn ) |

S\ Tt [ (SR )
<22T: aT_L?a(;)Q/[fz(s (z )] dx + o(an ) /fi2($)d$><\/E(Vnn(l))2\/E(V"(Z)_ 1)2
<2§ anzs(z;_z O (@ )] dz + o(a 71«12 de - /Con 172\ [Con—1/2 4 p?

=23 VT (G2 [ )
i=1 %

The summation of the estimators A; As and As gives

121<Z (VT; + C’n—l/Q/f z)dz)’ Z (12)

where

M; =/Ti + Cm_l/Q/fiz( )da

Consider the sum 9o

=2y 5{s( J 12920 000 - i) [ 22 85 000 -ty )}

Z7j:1 -0
i<j

S
s
i<

The summands of this sum are estimated in the same manner as above. Let us estimate one of
them by applying Fubini’s and Holder’s theorems:

5y = 5{ 7 [ o ovn) = i8] [ By (0,00) = 3550 el ) |

— 00
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<o { b | [ 2987 G -pto 't | [ 205G 000 - o]t

<E E( /OO [Vnn(i)Efm (@, an) —pifi(x)rdﬂfln)

— 00

X E( 7 {VanJ)Ef]n (,a,) — p]fj( dx|§1n }
)
)

< E{E(]O[”"f)fffm(x,an) pifila dx&n}

— 00

* E{E(/Oo[yn;j)Efjn(%an) p;filx d:v|§1n }

— 00

Each of the obtained two multipliers is estimated like a summand of the sum I5;. Thus we obtain
the estimate B;;
B;; < M;M;.

Hence an estimator of the sum 95 has the form

Iny<2 Y MM (13)

i,j=1
1<

Thus, in view of the decomposition (10) and the derived estimators (11), (12) and (13), the theorem
is proved. O

Note that the proposed method enables one to construct density estimators for other types of
dependence of observations too, for example, when the controlling sequence {;},~; is a Markov
chain, i.e., {X;},., are observations with the chain dependence (see [4]).
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