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SOLUTIONS OF SOME DIOPHANTINE EQUATIONS IN TERMS OF
HORADAM SEQUENCE

REFIK KESKIN!, ZAFER SIAR2, AND MERVE GUNEY DUMAN?3

Abstract. Let a,b, and P be integers such that (a,b) # (0,0). In this study, we give all solutions
of the equations 2 — Pxy — y? = =+ (b2 — Pab — a2), 2 — (P? + 4)y? = +4(v? — Pab — a?),
22— (P2+4)y? = +4(b2—Pab—a?)?, 22— Pzy+y? = b2 — Pab+a?, 22 — (P2 —4)y? = 4(b>— Pab+a?),
and 22 — (P2 — 4)y? = 4(b%® — Pab + a?)? in terms of the second order recurrence sequences when
[b2 — Pab + a?| is odd prime.

1. INTRODUCTION

The second order recurrence sequence {W,,} = {W,(a,b; P,@Q)} is defined by
Wo=a, Wy =b, and W, =PW, 1+QW,_o for n>2,

where a,b, P, and @ are integers with PQ # 0 and (a,b) # (0,0). Particular cases of {W,} are the
Lucas sequence of the first kind {U,(P,Q)} = {W,(0,1; P,@Q)} and the Lucas sequence of the second
kind {V,(P,Q)} = {W,(2, P; P,Q)} . Now we define the sequence {X,} = {X,(a,b; P,Q)} by

Xo=2b—aP, X;=0P+42aQ, and X,=PX, 1+QX, o for n>2.

It is convenient to consider {X,,} to be the companion sequence of {W,}, in the same way that {V,,}
is the companion sequence of {U,,}. Let o and 3 be the roots of the equation 22 — Pz — Q = 0. Then

a=(P++/P24+4Q)/2 and 8 = (P — /P2 +4Q)/2. Clearly, a + f = P, « — 8 = y/P? + 4Q, and
aff = —Q. Assume that P? 4 4Q # 0. Then Binet formulas of {W,,} and {X,,} are given by

Aa™ — BS"
w, = A" =B 4 X, = Aa" 4+ BB", (1.1)
a—p
where A = b — a8 and B = b — ac. It can be seen that AB = b?> — abP — a%Q. Moreover, it can be
easily shown that there are the following relations between the terms of the sequences {W,}, {X,},
{U,}, and {V,,} given by
Xn = Wn+1 + QWn—l = PWn —+ QQWn—la (12)
(P2 + 4Q)Wn = Xn+1 + Qanla
Wyp =0Up +aQUp_1 and X, =bV,, +aQV, 1
for n > 1. It is well known that the numbers U,, and V,, for negative subscripts are defined as
-U, Vi
—and V_,, = =
(@) (@)
for n > 1. By using (1.1) together with (1.4), it is convenient to define the numbers W,, and X,, for
negative subscripts by

U_, =

Aa~™ — BB~
W, = A" =BT 4 X, = Aa~"+ BE.
a—p
Then it follows that
7bUn + aUn+1 an — CLVn+1
W_,=——F——— and X_,=——F— (1.5)
(-Q) (-Q)
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and therefore
W_,=bU_,4+aQU_,_1 and X_,=0bV_,+aQV_,_1.

Thus it is seen that identities (1.2), (1.3), and (1.4) hold for all integers n. For more information about
the sequence one can consult [2,10,11,13,15].

In the literature, integer solutions of the equations z? — Pxy — y? = 1, 22 — Pxy — 3% = —1,
2?2 — (P2 +4)y? =4, 2% — (P? + 4)y? = —4, 22 — Pry +y? = 1, and 22 — (P? — 4)y? = 4 are given
in terms of the sequences {U,(P,£1)} and {V,,(P,+1)}(see [4-9,12,16]). More clearly, we can state
them by

Equations Solutions
2> —Pry—y* =1 | (z,y) = £(Un(P,1),Up—1(P, 1)) with n odd,
22 — Pry—y® = —1 | (z,y) = ﬁ:(U (P, 1) U,—1(P, 1)) with n even,
2> — (PP +4)y° =4 (z,y Vi (P,1),Un(P,1)) with n even,
22 — (PP 4+4)y” = -4 (z,y) = i(Vn( 1),Un(P,1)) with n odd,
$2_ny+y2:1 (:c,y) ::t(Un(P7_1)7U7L—1(P:_1)):
2 — (P —4)y* =4 (z,y) = £(Vo (P, —1),Un(P, —1)).

Moreover, if P? 4 4 is square free, then all integer solutions of the equations 2 — Pzy — 3% =
P2 +4,2% — Pry—y? = —(P%?+4), and 22 — Pzy+y? = —(P? —4) are given in terms of the sequence
{V,(P,£1)}(see [7]). When P? 4 4 is square free, we get

Equations Solutions
2> —Pxy—y’=P7+4 (z,y) = £(Va(P, 1), Va—1(P, 1)) with n even,
22 — Pry —y? = —(P?4+4) | (z,y) = £(Va, (P, 1), Vu1(P, 1)) with n odd,
@’ — Pay +y° = —(P? — 4) (@,y) = £(Va (P, =1), Var (P, —1)).

In this paper, we give all integer solutions of the equations
z? — Pay — y? =b*> — Pab — d®, 2? — Pxy — y? = —(b* — Pab — da?)
22 — (P? + 4)y* =4(b* — Pab — a?), 2* — (P? +4)y* = —4(b* — Pab — a?),
22 — (P% 4 4)y* =4(b? — Pab — a®)?, 2? — (P* 4+ 4)y* = —4(b*> — Pab — a*)?,
x? — Pay +y* =b*> — Pab+ a®, x* — (P? — 4)y* = 4(b* — Pab + a?),

and

z? — (P? — 4)y* = 4(b*> — Pab + a?)?
in terms of second order recurrence sequences when |b? — Pab4a?| is odd prime. In the second section,
we give some identities between the sequence {W,,} and its companion sequence {X,}. After that,
we give our main theorem in the third section.

2. PRELIMINARIES

In this section, we give some identities, theorems, and lemmas, which will be used later. The
following identities concerning the sequence {W, } and its companion sequence {X,} hold.

X5 — (PP +4Q)W; = 4(=Q)"(v* — Pab — Qa?), (21)

W2 — PWop W, — QW7 = (—Q)"(b* — Pab — Qa®), (2.2)

Wz - PWn+1Wn—1 = (_Q)n_l(b2 — Pab — QCLQ), (23)

Xiir = PXni1 Xy — QX5 = —(=Q)"(P? +4Q)(b* — Pab — Qa®), (2.4)

and
Xpi1Xn1 — X2 = (—Q)" 1 (P? 4+ 4Q)(b* — Pab — Qa?). (2.5)
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One can find the above identities in [2] and [15]. Let

Wy =W, +aQW,_1 and X, =bX, +aQX,_1. (2.6)
Then it can be shown that
bW, —aW, 11 = (b* — Pab — a*Q)U,, and bX, —aX, 1 = (b* — Pab— a*Q)V,, (2.7)
(X352 = (P* +4Q) (W;)? = 4(—Q)" (b — Pab — Qa®)?, (28)
(Wi1)” = PWi Wy = Q (W) = (—Q)"(b* — Pab— Qa*)?, (2.9)
and
(Xi11)" = PX5X) = Q(X5)° = —(—Q)"(P? +4Q) (v — Pab — Qa*)? (2.10)

by (2.1), (2.2), (2.3), (2.4), and (2.5).

From now on, we write W,,, X,,, Uy, and V,, instead of W,,(a,b; P,1), X,,(a,b; P,1), U,(P,1), and
V.(P, 1), respectively. We represent W, (a,b; P,—1), X,,(a,b; P,—1), U,(P,—1), and V,(P,—1) by
W, Ty, Up, and v, respectively. We write z and w} instead of X* (a,b; P,—1) and W} (a,b; P, —1),
respectively. The following three theorems are given in [7].

Theorem 2.1. Let u and v be integers. Then u? — (P? +4)v? = +4 if and only if (u,v) = F(Vy, U,)
for some n € Z.

Theorem 2.2. Let P > 3. Then all integer solutions of the equation u? — (P? — 4)v? = 4 are given
by (u,v) = F(vp, upn) with n € Z.

Theorem 2.3. Let P > 3. Then the equation u? — (P? — 4)v? = —4 has no integer solutions.

3. MAIN THEOREMS

3.1. Solutions of some Diophantine equations for ) = 1. In this subsection, we will assume
that @ =1, P > 1, and A = b* — Pab — a® such that |A| > 2 and |A| is prime.

Theorem 3.1. Let x and y be integers. Then x? —(P%+4)y? = +4A if and only if (x,y) = (X, W,,)
or £((=1)"1X,, (=1)"W,,) for some n € Z.

Proof. If (z,y) = £(Xpn, W,) or £((—=1)""1X,,, (—1)"W,,), then it follows that x? — (P? + 4)y? =
+4A by (2.1). Now let 22 — (P? + 4)y? = +4A. Assume that Aly. Then A|z and this shows that
A?|2? — (P? + 4)y®. Then we get A%|4A, but this is impossible, since |A| > 2 and |A| is prime.
Therefore At y.
It is obvious that 4A = (2b — Pa)? — (P? + 4)a?. Thus
Al[(2b — Pa)? — (P? + 4)d?] (3.1)

and

Allz® — (P? + 4)y*]. (32)
From (3.1) and (3.2), we get

Alla® (2> = (P* + 4)y°) — y* ((2b — Pa)® — (P* + 4)a”)],
ie.,
Allax + y(2b — Pa)]|[ax — y(2b — Pa)].

Since |A| is prime, it follows that

Allaz + y(2b — Pa))
or

Allaz — y(2b — Pa)].
Also, from (3.1) and (3.2), we get

Al[a®(P? +4) (2* — (P* + 4)y°) + 2* ((2b — Pa)® — (P* + 4)a®)],

ie.,

A|[(2b — Pa)z — ay(P? + 4)][(2b — Pa)z + ay(P? + 4)].
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This implies that

A|[(2b — Pa)z — ay(P? + 4))
or

A|[(2b — Pa)z + ay(P? + 4)].

Hence, we have

Allaz + y(2b — Pa)] and A[[(2b — Pa)z — ay(P? + 4)] (3.3)
" Al[ax — y(2b — Pa)] and A|[(2b — Pa)x + ay(P? + 4)], (3.4)
. Al[az — y(2b — Pa)] and A|[(2b — Pa)z — ay(P? + 4)] (3.5)
" Allaz 4 y(2b — Pa)] and A|[(2b — Pa)z + ay(P? + 4))]. (3.6)

Now assume that (3.3) is satisfied. Then we get
Al[z (az + y(2b — Pa)) — y ((2b — Pa)z — ay(P? +4))],
ie.,
Al ala® + (P* + 4)y7]
This implies that Ala or A| (2% 4+ (P? +4)y?). Assume that Ala. Then Alb since A = b* — Pab — a?.
Thus A?|A and this shows that A[1, but this is impossible. Therefore A| (22 + (P? + 4)y?) . Then we
see that A[2(P? + 4)y?, since A (z? — (P? + 4)y?) . Hence, A|2(P? + 4), since A {y. Then it follows
that
Al [(P? +4)2ay + (2b — Pa)z — ay(P? + 4)],
ie.,
A|[(2b — Pa)z + ay(P? + 4)].

In this case, (3.3) coincides with (3.6). Similarly, it is seen that (3.4) coincides with (3.5).

Now, let us show that 2|[(2b— Pa)z +ay(P?+4)] and 2|[ax +y(2b— Pa)]. It is seen that 2% = (Py)?
(mod4) from the equation x? — (P? 4 4)y? = +4A. This implies that  and Py have the same parity.

Therefore, we see that 2|[(2b — Pa)x 4+ ay(P? + 4)] and 2|[ax & y(2b — Pa)).
Consequently, we should examine two cases

2A[[(2b — Pa)x — ay(P? +4)] and 2A|[ax — y(2b — Pa)] (3.7)
and

2A[[(2b — Pa)x + ay(P? +4)] and 2A|[ax + y(2b — Pa)). (3.8)
Assume that (3.7) is satisfied. Let

- (2b — Pa)x — ay(P? + 4) and v — [(2b— Pa)y — aa:].

2A 2A

Then it follows that

{u}leuﬂlﬂw+®Hx}

v —a 2b — Pa Y
and so a simple computation shows that
20 — Pa a(P?+4) u | | 2
[ a 2b — Pa v | | 2y |° (3.9)

By using the identities
22 — (P? +4)y* = +4A and 4A = (2b— Pa)? — (P? +4)d?,

it is seen that
u? — (P? + 4)v? = +4.
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Thus we have (u,v) = F(V,,U,) for some n € Z by Theorem 2.1. Then 2z = £((2b — Pa)V,, +
a(P? 4+ 4)U,) and 2y = +(aV,, + (2b — Pa) U,,) by (3.9). By using (1.2), (1.3), and (1.4), we get
x == ((2b— Pa) Vo, + a(P* + 4)U,) /2 = £ (2bV,, — PaVy, + aVpy1 + aVi_1) /2
=+ bV, +aV,—1) = £X,
and
y==x(aVy,+ (20 — Pa)Uy,) /2 = £ (aUp41 + aU,—1 + 20U, — Pal,,) /2
==+ (bU,, + aU,—1) = £W,,.
Now assume that (3.8) is satisfied. Let
- (20 — Pa)a:2—|—Aay(P2 +4) and v — [(2b— I;CLA)y + ax]
Then we can see by a simple computation that

)]

and

u? — (P? + 4)v? = +4.
Thus we have (u,v) = F(Vi, Up,) for some m € Z by Theorem 2.1. Similarly, it can be shown that
(,y) = £((-1)™X_p, (=)™ W_,,,). Taking n = —m, it is seen that
(2,y) = (=1)7" X, (=1) 7" W) = £((=1) 7" Xy, (1) 7" W3)
=+ ((=1)"" X, (-1)"Wy). O
From the above theorem and (2.1), the following corollaries can be given.

Corollary 1. All integer solutions of the equation x> — (P? + 4)y?> = 4A are given by (v,y) =
:|:(X2n, Wzn) or i(—X2n7 Wgn) with n € Z.

Corollary 2. All integer solutions of the equation x?> — (P? + 4)y? = —4A are given by (v,y) =
:l:(XQn_l, WQn_l) or :t(XQn_l, *Wgn_l) with n € Z.

Theorem 3.2. Let x and y be integers. Then x?— Pry—y? = £A if and only if (z,y) = (W1, W)
or = ((‘D"Wn, (—1)"+1Wn+1) for some n € Z.

Proof. 1f (z,y) = £(Wyq1, W) or £ ((—=1)" Wi, (=1)"T'W,,41) , then it follows that 2? — Pay —y? =
+A by (2.2). Assume that 22— Pzy—y? = £A. Completing the square gives (2z— Py)? —(P?+4)y? =
+4A.This implies that (2z — Py,y) = +(X,,W,,) or £((—=1)""1X,,(-1)"W,,) for some n € Z by
Theorem 3.1. If (2 — Py,y) = £(X,, W,), then we get (z,y) = £(Wy11, W,,). If (22 — Py,y) =
+((=1)"1 X, (=1)"W,,), then (z,y) = £ ((=1)" ' W,_1, (=1)"W,,) . O

From the above theorem and (2.2), the following corollaries can be given.

Corollary 3. All integer solutions of the equation x?> — Pxy — y?> = A are given by (v,y) =
:l:(WQn+1, Wgn) or £+ (—W2n+1, W2n+2) with n € 7Z.

Corollary 4. All integer solutions of the equation x* — Pxy — y?> = —A are given by (v,y) =
:E(Wgn, Wgn_l) or (Wgn, *W2n+1) with n € Z.

Since b? — 3ab + a? = (b —a)? — (b — a)a — a?, we can give the following corollaries.

Corollary 5. Let |b*> — 3ab + a?| be a prime number. Then all integer solutions of the equation
22 —ay —y? = b?> — 3ab+a® are given by (z,y) = £(Wani1, Wayp) or £ (=Wapni1, Wanio) withn € Z,
where W, = Wy(a,b—a,1,1).

Corollary 6. Let |b*> — 3ab + a?| be a prime number. Then all integer solutions of the equation
2?2 —ay—y? = —(b® —3ab+a?) are given by (z,y) = =(Wan, Wan_1) or £ (Way, —Wap 1) withn € Z,
where W,, = Wy (a,b—a,1,1).
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Theorem 3.3. Let P? + 4 be square free. Then 2% — Pxy — y?> = £(P% + 4)A for some integers
and y if and only if (z,y) = £(Xpi1, Xn) or £((=1)"X,,_1, (=1)""1X,,) for some n € Z.

Proof. If (z,y) = +(Xpn11, Xy) or £((—=1)"X,,—1, (—=1)""1X,,), then it follows that 2? — Pzy — y* =
+(P? + 4)A by (2.4). Now assume that P? + 4 is square free and 22 — Pzy — y? = £(P? + 4)A for
some integers x and y. Then (2 — Py)? — (P? +4)y? = +4(P? + 4)A. Since P? + 4 is square free, it
is seen that (P? + 4)|(22 — Py). Therefore, if we take

2z — Py
T PPy4
then we get v2— (P? + 4) u? =+4A. This implies that (v,u) =7F (X,,, W,,) or £((—=1)""1X,,, (=1)"W,,)
for some n € Z by Theorem 3.1. If (v,u) = F (X, W,,), then it follows that y = v = +X,, and
z=((P*+4)u+Pv)/2==((P?+4) W, + PX,) /2
=4 (Xpy1 + Xn_1 + PX,) /2
=+ Xnn1

by (1.3). Similarly, it can be seen that (z,y) = £((=1)"X,,_1, (=1)""1X,,) if (v,u) = £((-1)" 71X,
(=1)"W,). O

and v =y,

We can give the following corollaries from the above theorem and (2.4).

Corollary 7. Let P? + 4 be square free. Then all integer solutions of the equation x> — Pxy — 3% =
(P? + 4)A are given by (z,y) = +(Xopio, Xont1) or £(—Xan, Xony1) with n € Z.

Corollary 8. Let P? + 4 be square free. Then all integer solutions of the equation x> — Pxy — y> =
—(P?+4)A are given by (z,y) = £(Xont1, Xon) or £(Xon_1, —Xon) with n € Z.

Theorem 3.4. Let x and y be integers. Then x? — (P? + 4)y? = +4A? if and only if (z,y) = +
(X3, WE), 2((=1)" 71X (=1)"W)), or £(AV,,, AU,,) for some n € Z.
Proof. If (z,y) = £(X}, W), £((=1)"1X* (=1)"W;), or £(AV,,, AU,,), then it follows that z? —
(P? + 4)y? = +£4A? by (2.1) and (2.8). Let 2% — (P% + 4)y?® = +4A2. Now we divide the proof into
two cases:
Case I: Assume that A {y.
It is obvious that 4A = (2b — Pa)? — (P? + 4)a®. Thus
Al[(20 — Pa)? — (P? + 4)a?] (3.10)

and

Al[z? — (P? + 4)y). (3.11)
From (3.10) and (3.11), we get

Alla® (2* — (P? +4)y?) — y* ((2b — Pa)® — (P* 4 4)a®)],
ie.,
Allax + y(2b — Pa)|[ax — y(2b — Pa)].

Since |A| is a prime number, it follows that

Allaz + y(2b — Pa))
or

Allaz — y(2b — Pa)].
Also, from (3.10) and (3.11), we get

Alla®(P? +4) (2* — (P* + 4)y°) + 2* ((2b — Pa)® — (P* 4+ 4)a®)],
ie.,
A|[(2b — Pa)z — ay(P? + 4)][(2b — Pa)z + ay(P? + 4)].
This implies that
Al[(2b — Pa)z — ay(P? + 4))]
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A|[(2b — Pa)z + ay(P? + 4)].

Hence, we have

Allaz +y(2b — Pa)] and A|[(2b — Pa)x — ay(P? + 4)] (3.12)
" Allaz — y(2b — Pa)] and A|[(2b — Pa)z + ay(P? + 4)] (3.13)
e Allaz — y(2b— Pa)] and A[[(2b — Pa)x — ay(P? + 4)] (3.14)
" Allaz +y(2b — Pa)] and A|[(2b — Pa)z + ay(P? +4)]. (3.15)

Now assume that (3.12) is satisfied. Then we get
Al[z (az + y(2b — Pa)) — y ((2b — Pa)z — ay(P? + 4))],
ie.,
A az® + (P? +4)y?).
This implies that Ala or Al (z? + (P? +4)y?). Assume that Ala. Then A|b, since A = b? — Pab — a®.
Thus A%|A and this shows that A|1, which is impossible. Therefore Al (22 + (P? + 4)y?) . Then we
see that A|2(P? + 4)y? since A| (xQ —(P?+ 4)y2) . Hence A|2(P? + 4) since A {y. Then it follows
that
A [(P2 +4)2ay + (2b — Pa)x — ay(P* + 4)] ,
ie.,
A|[(2b — Pa)z + ay(P? + 4)].
In this case, (3.12) coincides with (3.15). Similarly, it is seen that (3.13) coincides with (3.14).

It can be seen that 2|[(2b — Pa)z + ay(P? + 4)] and 2|[az + y(2b — Pa)].
Consequently, we should examine two cases

2A[(2b — Pa)x — ay(P? +4)] and 2A|[ax — y(2b — Pa)] (3.16)
and
2A|[(2b — Pa)x + ay(P? +4)] and 2A|[azx + y(2b — Pa)). (3.17)
Assume that (3.16) is satisfied. Let
_ (2b— Pa)z — ay(P? +4) ~ [(2b— Pa)y — ax]
u = 9A and v = N .
Then it follows that
w] _ 1 [20—Pa —a(P?+4) x
v | 2A —a 2b — Pa y
and so a simple computation shows that
20 — Pa  a(P? +4) u | | 2z
[ a 2b — Pa ][v]_{Qy] (3.18)

By using the equalties
22 — (P? +4)y* = +4A? and 4A = (2b— Pa)* — (P? +4)d?,
it is seen that
u? — (P +4)0? = +4A.
Thus we have (u,v) = £(X,,,W,) or £((—1)""1X,, (—1)"W,,) for some n € Z by Theorem 3.1. If
(u,v) = +(X,, Wy,), then 2z = £((2b — Pa) X,, + a(P? + 4)W,,) and 2y = +(aX,, + (2b — Pa) W,,)
by (3.18). By using (1.2), (1.3), and (2.6), we get
z == ((2b — Pa) X,, + a(P? + YW,,) /2 = £ (2bX,, — PaX, + aXpi1 + aX,_1) /2
=+ (bXp + aXp_1) = £X7
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and
y==(aX, + (2b— Pa)W,,) /2 = £ (aWp41 + aW,—1 + 20W,, — PaW,,) /2
=+ (bW, +aW,_1) =W,
Assume that (u,v) = £ ((—=1)""1X,, (=1)"W,,). Then from (3.18) and (2.7), we get
y == (a(-1)""'X, + (2b — Pa) (—1)"W,,) /2

==+ (-1)" (—aWp41 — aWp_1 + 20W,, — PaW,,) /2

=+ (=1)" (bW,, — aW,,11) = £(-1)"AU,,.
However, this is impossible since A 1 y.

Now assume that (3.17) is satisfied. Let
(20 — Pa)x + ay(P? + 4) [(2b — Pa)y + ax]

u= 9A and v = 9A .

Then we can see by a simple computation that

vl

and
u? — (P? + 4)0? = +4A.
Thus we have (u,v) = £(X,,W,) or £((-1)""1X,, (—1)"W,,) for some n € Z by Theorem 3.1.
Similarly, it can be shown that (z,y) = +((—1)""1 X}, (—=1)"W}).
Case II. Assume that Aly. Then Alz and therefore
(x/A)? = (P? 4+ 4)(y/A)* = +4.
Thus we get (z,y) = £(AV,, AU,,) for some integer n by Theorem 2.1. O

Now, we can give the following results by using (2.8) and Theorem 3.4.

Corollary 9. All integer solutions of the equation x> — (P? + 4)y? = 4A? are given by (x,y) = +
(X35, Ws), £(=X5,, W3, or £(AVay,, AUs,) with n € Z.

Corollary 10. All integer solutions of the equation x> — (P? 4+ 4)y* = —4A? are given by (x,y) = +
(Xoni1s Winp1)s £(X541: —Waga), or £(AVapi, AUspt1) with n € Z.

Theorem 3.5. Let © and y be integers. Then 2> — Paxy — y? = +A? if and only if (z,y) =
(W, W), (1) Wiy, (=1)" W), or £(AUn1, AU,,) for some n € Z.

Proof. If (z,y) = £(W), 1, W), £((=1)"'Wi_ 1, (—1)"W;), or £(AUp+1, AU,), then it follows that
22 — Pry —y?> = £A? by (2.2) and (2.9). Assume that 22 — Pry — y? = £A? for some integers x and
y. Then
(22 — Py)? — (P? + 4)y* = +4A%

Taking

u=2x—Py and v=y, (3.19)
we get

u? — (P? + 4)v* = +£4A%
Hence, (u,v) = & (X}, W), £((-=1)" 71X}, (=1)"W}), or £(AV,,,AU,,) for some n € Z by The-
orem 3.4. If (u,v) = £ (X, W), then we get (x,y) = £(W;,,W;) by (3.19) and (1.2). If
(u,v) = £((=1)" 71X, (=1)"W;}), then it is seen that (z,y) = £((—=1)" W _,, (=1)"W;}). If (u,v) =
+(AV,, AU,), it can be shown that (z,y) = £(AU,41, AU,). O

From (2.9) and Theorem 3.5, we have the following immediate corollaries.

Corollary 11. All integer solutions of the equation z* — Pxy — y?> = A? are given by (v,y) =
+(Wa 1, Wa), £(=Wa, 1, W3y, or £(AUzpy1, AUsy) with n € Z.
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Corollary 12. All integer solutions of the equation x> — Pxy — y? = —A?

(W30, Wa 1), £(Ws,, =W3 1), or £(AUzpq2, AUzpy1) with n € Z.

Theorem 3.6. Let P2 + 4 be square free. Then 2% — Pxy — y? = +(P? + 4)A? for some integers
and y Zf and only Zf (:c,y) = :l:(X:L—l-le:L)a i((_l)nX;:—lv (_1)n71X;;)7 or i(AVnJrlvAVn) fOT some
n € Z.

PT’OOf. If (I,y) = :l:(X:L_,'_l,X:;),:l:((*l)nX*

are given by (x,y) =

L (=) EXE) or £(AV,41, AV,,), then it follows that
22— Pry—y* = £(P?+4)A% by (2.4) and (2.10). Assume that P?+4 is square free, and 22— Pry—y? =
+(P? 4+ 4)A? for some integers x and y. Then
(22 — Py)? — (P? + 4)y* = +4(P? + 4)A%.
Since P? + 4 is square free, we get (P? + 4)|(2z — Py). Let
2x — Py
= m and v = y. (320)

Then it can be seen that
v? = (P? 4 4) u® = £4A%
This implies that (v,u) = £ (X2, W), £((=1)" 71X, (=1)"W}), or £(AV,,, AU,,) for some n € Z
by Theorem 3.4. The result follows from (1.3). O
We can give the following results from (2.5) and the above theorem.

Corollary 13. Let P? 44 be square free. Then all integer solutions of the equation x> — Pxy —y% =
(P% 4 4)A?% are given by (z,y) = £(X3,, X5,_1), £(—=X3,, X5,41), or £(AVay, AVay_1) with n € Z.

Corollary 14. Let P? + 4 be square free. Then all integer solutions of the equation x> — Pxy —y% =
—(P?+4)A? are given by (z,y) = (X341, X3,), £(X5,_1, —X3,), or £(AVapy1, AVsy,) withn € Z.

3.2. Solutions of some Diophantine equations for () = —1. In this subsection, we will assume
that P >3, Q = —1, and A = b*> — Pab + a? such that |A] > 2 and |A| is prime.

Theorem 3.7. All integer solutions of the equation x> — (P? — 4)y?> = 4A are given by (z,y) =
+(zp, wp) or £(—xp,wy) with n € Z.

Proof. If (x,y) = *(xpn,wy) or £(—z,,w,), it follows that 22 — (P? — 4)y? = 4A by (2.1). Now let
22 — (P? — 4)y?® = 4A for some integers x and y. It can be shown that A ty.
It is obvious that 4A = (2b — Pa)? — (P? — 4)a®. Thus
Al[(2b — Pa)* — (P? — 4)a?] (3.21)

and

Al[z? — (P? — 4)y?). (3.22)
From (3.21) and (3.22), we get

Al[a? (:L'2 —(P? - 4)y2) — 92 ((26— Pa)? — (P? - 4)a2)],
ie.,
Allax + y(2b — Pa)]|[ax — y(2b — Pa)].

Since |A| is prime, it follows that

Allaz + y(2b — Pa))
or

Allaxz — y(2b — Pa)].
Also, from (3.21) and (3.22), we get

Alla*(P? — 4) (2* — (P? — 4)y°) + 2* ((2b — Pa)? — (P* — 4)a®)],
ie.,
Al[(2b — Pa)x — ay(P? — 4)][(2b — Pa)x + ay(P? — 4)].
This implies that
Al[(2b — Pa)x — ay(P? — 4))
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or
Al[(2b — Pa)z + ay(P? — 4)).
Hence, we have

Al[az + y(2b — Pa)] and A|[(2b — Pa)x — ay(P? — 4)) (3.23)
. Al[ax — y(2b — Pa)] and A|[(2b — Pa)z + ay(P? — 4)] (3.24)
. Al[az — y(2b — Pa)] and A|[(2b — Pa)x — ay(P? — 4)] (3.25)
" Allaz + y(2b — Pa)] and A|[(2b — Pa)z + ay(P? — 4)]. (3.26)

Now assume that (3.23) is satisfied. Then we get
Al[z (az + y(2b — Pa)) — y ((2b — Pa)z — ay(P* — 4))],
ie.,
A | a[2z® + (P? — 4)y?).
This implies that Ala or Al (22 + (P? — 4)y?). Assume that Ala. Then A|b, since A = b? — Pab+ a®.
Thus A?|A and this shows that A|1, which is impossible. Therefore A| (22 + (P? — 4)y?) . Then we
see that A[2(P? — 4)y? since Al (z? — (P? — 4)y?) . Hence, A|2(P? —4), since A {y. Then it follows
that
Al [(P? - 4)2ay + (2b — Pa)z — ay(P? — 4)],
ie.,
A|[(2b — Pa)z + ay(P? — 4)].
In this case, (3.23) coincides with (3.26). Similarly, it is seen that (3.24) coincides with (3.25).

Now, let us show that 2|[(2b— Pa)z +ay(P? —4)] and 2|[ax +y(2b— Pa)]. It is seen that 2% = (Py)?
(mod4) from the equation 22 — (P? — 4)y? = 4A. This implies that x and Py have the same parity.
Therefore, we see that 2|[(2b — Pa)z + ay(P? — 4)] and 2|[ax 4+ y(2b — Pa)].

Consequently, we should examine two cases

2A[[(2b — Pa)x — ay(P* —4)] and 2A|[az — y(2b — Pa)] (3.27)
and

2A[[(2b — Pa)x + ay(P? —4)] and 2A|[ax + y(2b — Pa)). (3.28)
Assume that (3.27) is satisfied. Let

- (2b — Pa)x — ay(P? — 4) and v — [(2b — Pa)y — az].

2A 2A

][ )

and so a simple computation shows that

[Qb—Pa a(P2—4)HU]:{233] (3.29)

Then it follows that

a 2b — Pa v 2y
Since 2% — (P? — 4)y? = 4A, using the equalty
4A = (2b — Pa)? — (P? — 4)a?,
it is seen that
u? — (P? — 4)* = 4.
Thus we have (u,v) = F(v,,u,) for some n € Z by Theorem 2.2. Then 2x = +((2b — Pa) v,, +a(P?—
4)u,) and 2y = +(av, + (20 — Pa) u,,) by (3.29). By using (1.2), (1.3), and (1.4), we get

r ==+ ((2b — Pa)v, + CL(P2 — 4)un) /2 = £ (2bv,, — Pav, + avp41 — av,—1) /2
=+ (bu, — avp_1) = £z,
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and
y == (av, + (2b — Pa) uy) /2 = + (aUny1 — atip—1 + 2bu, — Pauy,) /2
== (buy, — aty—1) = Tw,.
Now assume that (3.28) is satisfied. Let
- (2b — Pa)ﬂUQ—l—Aay(P2 —4) and v — [(2b— I;Z)y + ax]
Then we can see by a simple computation that

)]

and

u? — (P? — 4)v* = 4,
since 22 — (P?—4)y? = 4A. Thus we have (u,v) = F(v,, u,) for some n € Z by Theorem 2.2. Similarly,
it can be shown that (z,y) = £(x_,, —w_,). O

Since the equation z2 — (P? — 4)y? = —4 has no integer solutions by Theorem 2.3, using the same
argument in the proof of the above theorem, we can give the following theorem.

Theorem 3.8. The equation 2% — (P? — 4)y? = —4A has no integer solutions.
Corollary 15. The equation x> — Pxy + y?> = —A has no integer solutions.

Proof. Assume that 22 — Pxy + 3> = —A for some integers = and y. Completing the square gives
(2z — Py)? — (P? — 4)y?> = —4A, which is impossible by Theorem 3.8. O

We can give the following corollaries from Theorem 3.8.
Corollary 16. The equation z? — (P? — 4)y* = —A has no integer solutions.
Corollary 17. Let P be odd. Then the equation x> — (P? — 4)y?> = —16A has no integer solutions.

Proof. Assume that P is odd and 22 — (P? — 4)y? = —16A for some integers z and y. Then it is seen
that z and y are even and this implies that (x/2)? — (P? — 4)(y/2)? = —4A, which is impossible by
Theorem 3.8. O

Corollary 18. Let P be odd. Then the equation 2 — Pxy + y> = —4A has no integer solutions.
Proof. Since x? — Pry+y? = —4A if and only if (22— Py)? — (P?—4)y? = —16A, the proof follows. [

Theorem 3.9. All integer solutions of the equation x> — Pxy + y*> = A are given by (x,y) =
+(Wnt1, W) with n € Z.

Proof. If (z,y) = £(wny1,wy), then it follows that 22 — Pzy + y?> = A by (2.2). Assume that
2?2 — Pay + y? = A. Completing the square gives (2x — Py)? — (P? — 4)y?> = 4A. This implies that
(2x — Py,y) = £(xy, wy,) or £(xy,, —wy,) for some n € Z by Theorem 3.7. Hence, (x,y) = £(wn41,wn)
or +(wp—1,wy). Since the role of x and y is symmetric, the proof follows. O

Theorem 3.10. Let P2 —4 be square free. Then all integer solutions of the equation x> — Pxy +y® =
—(P? —4)A are given by (z,y) = &(Tpt1,n) with n € Z.

Proof. If (x,y) = £(2p11,%,), then it follows that 22 — Pay + y*> = —(P? — 4)A by (2.4). Now

assume that P% — 4 is square free and z? — Pxy + y? = —(P? — 4)A for some integers x and y. Then

(2 — Py)? — (P? —4)y? = —4(P? —4)A. Since P% —4 is square free, it is seen that (P? —4)|(2z — Py).
Therefore, taking

_ 2z — Py

R

we get v2— (P? —4) u* = 4A. This implies that (v, u) = £(zp, wy,) or £(—ay, wy,) for some n € Z by

Theorem 3.7. Hence, the proof follows from (1.2) and (1.3). O

and v =y,
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From Theorem 3.8, we can give the following corollary.

Corollary 19. Let P? — 4 be square free. Then the equation x*> — Pxy + y* = (P? —4)A  has no
integer solutions.

Since the proof of the following theorem is similar to that of Theorem 3.4, we omit it.

Theorem 3.11. All integer solutions of the equation x? — (P? — 4)y? = 4A? are given by (z,y) = +
(xh,wk), £(—ak, wk), or £(Avy, Auy,) with n € Z.

Corollary 20. All integer solutions of the equation x?> — Pxy + y? = A? are given by (x,y) =
+(w) 1, wy) or £(Aupi1, Auy,) with n € Z.
Theorem 3.12. The equation 2% — (P? — 4)y? = —4A? has no integer solutions.

Proof. If we follow the way as in the proof of Theorem 3.4, then we have the equation u? — (P? —
4)v? = —4A, where u = [(2b— Pa)z + ay(P? — 4)] /2A and v = [(2b — Pa)y + az] /2A or u =
[(2b — Pa)z — ay(P? — 4)] /2A and v = [(2b — Pa)y — ax] /2. Since the equation u? — (P? — 4)v? =
—4A is impossible by Theorem 3.8, the equation z? — (P? —4)y? = —4A? has no integer solutions. [

Corollary 21. Let P? — 4 be square free. Then all integer solutions of the equation x> — Pxy + 4% =
—(P? — 4)A? are given by (z,y) = £(zi 1, 2}) or £(Avyq1, Avy) with n € Z.

Corollary 22. The equation x> — Pxy + y?> = —A? has no integer solutions.

Corollary 23. The equation z? — (P? — 4)y? = —A? has no integer solutions.

Corollary 24. Let P be odd. Then the equation x> — (P? — 4)y?> = —16A? has no integer solutions.
Corollary 25. Let P be odd. Then the equation 2 — Pxy + vy = —4A? has no integer solutions.

Corollary 26. Suppose that |b> — ba — a?| is prime. Then all integer solutions of the equation
2?2 —3xy+y? = b2 —ba—a? are given by (x,y) = =(Wapi2, Way,) with n € Z, where W,, = W, (a,b;1,1).

Proof. Suppose that (z,y) = £(Wap42, Way,). Then it is easy to see that
W22n+2 — 3W2n+2W2n + W22n :(W2n+2 - W2n>2 - (W2n+2 - WQn)WQn - W22’I’L
=W3i1 — Wanpi W — W3, = b* — ba — a®

by (2.2). Now suppose that 2 — 32y + y?> = b? — ba — a? for some integers x and y. Then (x —
y)? —y(x —y) — y? = b? — ba — a® and therefore (z — y,y) = £(Wapni1, Way) or & (=Wapi1, Wapni2)
for some n € Z by Corollary 3, where W,, = W, (a,b;1,1). If (x — y,y) = £(Wapn41, Wayp), then
(x, y) = ﬂ:(Wgn+2, Wgn) If (33 -, y) == (—Wgn_;,_l, W2n+2) s then (ZE, y) = :|:(W2n+2, Wgn). Since the
role of z and y is symmetric, the proof follows. O

The following corollary can be proved in a similar way.

Corollary 27. Suppose that |b> — ba — a?| is prime. Then all integer solutions of the equation
22 — 3zy + y? = —(b® — ba — a®) are given by (v,y) = x(Wapi1, Won_1) with n € Z, where W,, =
Wy (a,b;1,1).

Corollary 28. Suppose that |b*> — 3ba + a?| is prime. Then all integer solutions of the equation
22 — 3zy +y? = b® — 3ba + a® are given by (v,y) = £(Wanio, Way,) with n € Z, where W,, =
Wh(a,b—a;1,1).

Proof. Suppose that (z,y) = £(Wapt2, Way,) with W,, = W, (a,b — a;1,1). Then it can be seen that
Winia = 3WanaWap + W3, =(Wanga — Wan)? — (Waniz — Wan)Wa, — Wi,
=W3, 11 — Woni1 Way — W3,
=(b—a)? - (b—a)a — a?
=b% — 3ba + a*
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by (2.2). Now suppose that 22 — 3zy + y* = b*> — 3ba + a® for some integers z and y. Then (z —y)? —

y(z —y) —y* = (b — a)? — a(b — a) — a® and therefore (z — y,y) = £(Wapy1, Way) or (z —y,y) =
+ (—Wapt1, Wany2) for some n € Z by Corollary 3, where W,, = W, (a,b—a;1,1). Let (x — y,y) =
+(Wapt1, Wap). Then y = £Ws,, and  — y = £Wa,, 11, which implies that x = £(Way 11 + Wa,) =
:|:W2n+2. Let (a: — y,y) = =4 (—Wgn_;,_l, W2n+2) . Then Yy = :|:W2n+2 and © — Yy = :|:(—W2n+1). Thus
x = t(—Wapt1 + Wapga) = £Wa,. This completes the proof. O

Corollary 29. Suppose that |b®> — 3ba + a?| is prime. Then all integer solutions of the equation
22 — 32y + 3% = —(b* — 3ba + a®) are given by (x,y) = £(Wani1, Won_1) with n € Z, where W,, =
Wy(a,b—a;1,1).

By using Corollaries 1 and 2, we can give the following corollaries.

Corollary 30. Suppose that |b®> — 3ba + a?| is prime. Then all integer solutions of the equation
2?2 — 5y? = 4(b* — 3ba + a?) are given by (z,y) = £(Xon, Way) or £(—Xopn, Way,) with n € Z, where
Wy, =Wy(a,b—a;1,1) and X,, = Xp(a,b—a;1,1).

Corollary 31. Suppose that |b*> — 3ba + a?| is prime. Then all integer solutions of the equation
22 — 5y? = —4(b? — 3ba + a?) are given by (z,y) = £(Xon_1, Wan_1) or £(Xon_1,—Wan_1) with
n € Z, where W, = Wy, (a,b —a;1,1) and X,, = X,,(a,b —a;1,1).
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