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WEIGHTED BOUNDEDNESS OF THE FRACTIONAL MAXIMAL OPERATOR

AND RIESZ POTENTIAL GENERATED BY GEGENBAUER DIFFERENTIAL

OPERATOR

ELMAN J. IBRAHIMOV1∗, VAGIF S. GULIYEV1,2, AND SAADAT A. JAFAROVA3

Abstract. In the paper we study the weighted
(
Lp,ω,λ, Lq,ω,λ

)
-boundedness of the fractional max-

imal operator Mα
G (G is a fractional maximal operator) and the Riesz potential (G is the Riesz

potential) generated by the Gegenbauer differential operator

Gλ ≡ G =
(
x2 − 1

) 1
2
−λ d

dx

(
x2 − 1

)λ+ 1
2
d

dx
, x ∈ (1,∞), λ ∈

(
0,

1

2

)
.

1. Introduction

1.1. As is known the maximal functions, singular integrals and potentials generated by different
differential operators are of importance in applications and in different questions of harmonic analysis
and therefore their study is very topical. Non-accidentally, there exists extensive literature devoted
to difference properties of the afore-mentioned object of harmonic analysis. We cite only those works
that relate to the question considered in the paper: D. Adams [1], I. A. Aliev [2], A. P. Calderon [4], R.
R. Coifman and C. Fefferman [5], C. Fefferman and E. Stein [8], A. I. Gadjiev [9], V. S. Guliev [11–13],
G. H. Hardy and J. E. Littlewood [14], V. M. Kokilashvili, A. Kufner [20], V. M. Kokilashvili and S.
Samko [21], I. A. Kipriyanov, M. N. Klyuchancev [16–19], L. N. Lyakhov [25,26], G. Welland [30] and
other.

In [12] E. V. Guliyev introduced analogous to Muckenhoupt classes generated by Gegenbauer dif-
ferential operator and for the fractional maximal function and fractional integrals associated with
the Bessel differential operator. He obtained some weighted inequalities, analogous to those given in
Propositions 1.5 and 1.6 from [30].

We note that the measure of the homogeneous space satisfies the doubling properties µE(x, 2r) ≤
cµE(x, r), where the constant c is independent of x and r, and these properties are essentially used
in proving many facts.

1.2. Based on our investigation, we introduce the Gegenbauer differential operator Gλ (see [7]). The
shift operator Aλch t, generated by Gλ is given as follows (see [15]):

Aλch tf(chx) ≡ Ach t f(chx) = Cλ

π∫
0

f (chx ch t− shx sh t cosϕ) (sinϕ)2λ−1dϕ,

where Cλ =
Γ
(
λ+ 1

2

)
Γ(λ)Γ

(
1
2

) =

(
π∫
0

(sinϕ)2λ−1dϕ

)−1

and possess all properties of the generalized shift

operator from B.M. Levitan’s monograph [22,23].
Let H(x, r) = (x− r, x+ r) ∩ [0,∞), r ∈ (0,∞), x ∈ R+ = [0,∞) . In this way,

H(x, r) =

{
(0, x+ r), 0 ≤ x < r,

(x− r, x+ r), x ≥ r.
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For any set E ⊂ R+, µE = |E|λ =
∫
E

sh2λ tdt. The maximal functions (G-maximal functions)
generated by the Gegenbauer differential operator [15] are defined as follows:

MG f(chx) = sup
r>0

1

|H(0, r)|λ

r∫
0

Ach t

∣∣f(chx)
∣∣dµλ(t),

and

Mµ f(chx) = sup
x∈R+,r>0

1

|H(x, r)|λ

∫
H(x,r)

∣∣f(ch t)
∣∣dµλ(t),

where

dµλ(t) = sh2λ t dt,
∣∣H(x, r)

∣∣
λ

=

∫
H(x,r)

sh2λ t dt,
∣∣H(0, r)

∣∣
λ

=

r∫
0

sh2λ t dt.

The symbol A . B denotes that there exists a constant C such that 0 < A ≤ CB, and C may depend
on some parameters. If A . B and B . A, then we write A ≈ B.

In [15], it is proved that
MG f(chx) .Mµf(chx).

For any locally integrable function f(chx), x ∈ R+, we denote the fractional maximal function
(G-fractional maximal function) Mα

G generated by the Gegenbauer differential operator as follows:

Mα
G f(chx) = sup

r>0

∣∣H(0, r)
∣∣ α
2λ+1−1

λ

r∫
0

Ach t

∣∣f(ch t)
∣∣dµλ(t), 0 ≤ α < 2λ+ 1.

If α = 0, then M0
Gf ≡MGf.

We consider the Riezs potential (G-Riezs potential) generated by the Gegenbauer differential op-
erator introduced in [15]

IαGf(chx) =
1

Γ
(
α
2

) ∞∫
0

( ∞∫
0

r
α
2−1hr(ch t)dr

)
Ach tf(chx)dµλ(t), (1.1)

where

hr(ch t) =

∞∫
1

e−ν(ν+2λ)rPλν (ch t)(ν2 − 1)λ−
1
2 dν

and Pλν (ch t) is an eigenfunction of the operator G.
We denote by Lp (R+, G) ≡ Lp,λ (R+), 1 ≤ p ≤ ∞, the space of functions measurable on R+ with

the finite norm

‖f‖Lp,λ(R+) =

( ∫
R+

∣∣f(ch t)
∣∣pdµλ(t)

) 1
p

, 1 ≤ p <∞,

‖f‖∞,λ = ‖f‖∞ = ess sup
t∈R+

∣∣f(ch t)
∣∣, p =∞.

We also denote by WLp,λ(R+) the weak space defined as a set of locally integrable functions on
R+ with the finite norm

‖f‖WLp,λ(R+) = sup
t>0

t
(∣∣∣{x ∈ R+ : |f(chx)| > t

}∣∣∣
λ

) 1
p

.

The main objective of this paper is to obtain the results in [12], [29] and [30] for the opera-
tors Mα

G and IαG. The paper is organized as follows. In Section 2 we present some auxiliary re-
sults. We establish the equivalence of the G-fractional maximal functions Mα

G and Mα
µ in the form

Mα
G f(chx) ≈ Mα

µ f(chx). We obtain the Calderon–Zygmund decomposition of R+. In Section 3,
we obtain the weighted analogue of the Fefferman-Stein inequality for the maximal function Mα

µ and
give the Chebyshev-type inequality. We also introduce the Muckenhoupt-type class and obtain some
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properties of weights in order to use them in proving the inverse Hölder’s inequality. We prove the
weighted (Lp,w,λ, Lq,w,λ)- boundedness of the G-fractional maximal operator. In Section 4, we prove
the weighted (Lp,w,λ, Lq,w,λ)- boundedness of the G-Riezs potential.

2. Auxiliary Results

In this section we will drive and prove some necessary fact, which we will need in the sequel.

Lemma 2.1 ([15]). For 0 < λ < 1
2 , the following relation

∣∣H(0, r)
∣∣
λ
≈


(

sh
r

2

)2λ+1

, 0 < r < 2,(
ch
r

2

)4λ

, 2 ≤ r <∞,

is valid. Note that this measure does not possess the doubling properties of the homogeneous space,
i.e., µE(x, 2r) ≤ cµE(x, r). In this case, we have

∣∣H(0, 2r)
∣∣
λ
≈


(

sh 2 · r
2

)2λ+1

≥ 22λ+1
(

sh
r

2

)2λ+1

≥ cλ
∣∣H(0, r)

∣∣
λ
, 0 < r < 2,(

ch 2 · r
2

)4λ

≥
(

sh 2 · r
2

)4λ

≥ 24λ
(

sh
r

2

)4λ

≥ cλ
∣∣H(0, r)

∣∣
λ
, 2 ≤ r <∞,

where cλ depends on the parameter λ > 0.

Lemma 2.2 ([15]). Let 0 < λ < 1
2 , 0 ≤ x <∞ and 0 < r <∞. Then for 0 < r < 2,

∣∣H(x, r)
∣∣
λ
.


(

sh
r

2

)2λ+1

, 0 ≤ x < r,(
sh

r

2

)
(sh x)

2λ
, r ≤ x <∞,

and for 2 ≤ r <∞, we have

∣∣H(x, r)
∣∣
λ
.

{
(ch r)

2λ
, 0 ≤ x < r,

(chx)
2λ

(ch r)2λ, 2 ≤ r <∞.

Lemma 2.3. Let 0 ≤ x <∞ and 0 < r <∞. For any γ > 0, the following relation

∣∣H(x, r)
∣∣
γ
2

≈


(

sh
x+ r

2

)γ+1

, 0 < x+ r < 2,(
sh

x+ r

2

)2γ

, 2 ≤ x+ r <∞,

holds.

Proof. Let 0 ≤ x < r. We consider the case where 0 < x+ r < 2. Let 0 < γ ≤ 1. Then

|H(x, r)| γ
2

=

x+r∫
0

(sh t)γdt =

x+r∫
0

(sh t)γ−1d(ch t) =

x+r∫
0

(
ch2 t− 1

) γ−1
2 d(ch t)

=

x+r∫
0

(ch t− 1)
γ−1
2

(ch t+ 1)
1−γ
2

d(ch t) ≥ (ch(x+ r) + 1)
γ−1
2

x+r∫
0

(ch t− 1)
γ−1
2 d(ch t)

≥ 2

γ + 1
(1 + ch 2)

γ−1
2 (ch(x+ r)− 1)

γ+1
2

=
2

γ + 1

(
2 ch2 1

) γ−1
2

(
2 sh2 x+ r

2

) γ+1
2

=
2γ+1

γ + 1
(ch 1)γ−1

(
sh
x+ r

2

)γ+1

. (2.1)
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Let γ > 1. Then

x+r∫
0

(sh t)γdt =

x+r∫
0

(ch t− 1)
γ−1
2 (ch t+ 1)

γ−1
2 d(ch t)

≥ 2
γ−1
2

x+r∫
0

(ch t− 1)
γ−1
2 d(ch t)

=
2
γ+1
2

γ + 1
(ch(x+ r)− 1)

γ+1
2

2
γ+1
2

γ + 1

(
2 sh2 x+ r

2

) γ+1
2

=
2γ+1

γ + 1

(
sh
x+ r

2

)γ+1

. (2.2)

On the other hand, for 0 < γ ≤ 1 and 0 < x+ r < 2, we have

x+r∫
0

(sh t)γdt =

x+r∫
0

(ch t− 1)
γ−1
2

(ch t+ 1)
1−γ
2

d(ch t) ≤ 2
γ−1
2

x+r∫
0

(ch t− 1)
γ−1
2 d(ch t)

=
2
γ+1
2

γ + 1
(ch(x+ r)− 1)

γ+1
2 =

2γ+1

γ + 1

(
sh
x+ r

2

)γ+1

. (2.3)

For γ > 1,

x+r∫
0

(sh t)γdt

x+r∫
0

(ch t− 1)
γ−1
2 (ch t+ 1)

γ−1
2 d(ch t)

≤ 2

γ + 1
(ch(x+ r) + 1)

γ−1
2 (ch(x+ r)− 1)

γ+1
2

≤ 2

γ + 1
(ch 2 + 1)

γ−1
2

(
2 sh2 x+ r

2

) γ+1
2

=
2

γ + 1

(
2 ch2 1

) γ−1
2

(
sh
x+ r

2

)γ+1

=
2γ+1

γ + 1

(
sh
x+ r

2

)γ+1

. (2.4)

Combining (2.1)–(2.4), we obtain

∣∣H(x, r)
∣∣
γ
2

≈
(

sh
x+ r

2

)γ+1

, γ > 0, 0 < x+ r < 2. (2.5)

Consider now the case where 2 ≤ x+ r <∞ and 0 ≤ x < r.
Let 0 < γ ≤ 1. Then we get

x+r∫
0

(sh t)γdt =

x+r∫
0

(ch t− 1)
γ−1
2 (ch t+ 1)

γ−1
2 d(ch t)

≥
(

ch(x+ r) + 1
) γ−1

2

x+r∫
0

(ch t− 1)
γ−1
2 d(ch t)

=
2

γ + 1

(
2 ch2 x+ r

2

) γ−1
2

(ch(x+ r)− 1)
γ+1
2 =

2

γ + 1

(
2 sh2 x+r

2

) γ+1
2(

2 ch2 x+r
2

) 1−γ
2

=
2γ+1

γ + 1

(
sh x+r

2

)γ+1(
ch x+r

2

)1−γ ≥ 22γ

γ + 1

(
sh
x+ r

2

)2γ

, (2.6)

since ch t
2 ≤ 2 sh t

2 for t ≥ 2.
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On the other hand, for 0 < γ ≤ 1,

x+r∫
0

(sh t)γdt =

x+r∫
0

(
2 sh

t

2
ch

t

2

)γ
dt = 2γ+1

x+r∫
0

(
sh

t

2

)γ (
ch

t

2

)γ−1

d

(
sh

t

2

)

≤ 2γ+1

x+r∫
0

(
sh

t

2

)2γ−1

d

(
sh

t

2

)
=

2γ

γ

(
sh
x+ r

2

)2γ

. (2.7)

Let γ > 1. Then

x+r∫
0

(sh t)γdt = 2γ+1

x+r∫
0

(
sh

t

2

)γ (
ch

t

2

)γ−1

d

(
sh

t

2

)

≥ 2γ+1

x+r∫
0

(
sh

t

2

)2γ−1

d

(
sh

t

2

)
=

2γ

γ

(
sh
x+ r

2

)2γ

, (2.8)

and also

x+r∫
0

(sh t)γdt = 2γ+1

x+r∫
0

(
sh

t

2

)γ (
ch

t

2

)γ−1

d

(
sh

t

2

)

≤ 2γ+1

x+r∫
0

(
sh

t

2

)2γ−1

d

(
sh

t

2

)
=

2γ

γ

(
sh
x+ r

2

)2γ

. (2.9)

Combining (2.6)–(2.9), we obtain∣∣H(x, r)
∣∣
γ
2

≈
(

sh
x+ r

2

)2γ

, γ > 0, 2 ≤ x+ r <∞. (2.10)

Now, from (2.5) and (2.10), for 0 ≤ x < r, we have

∣∣H(x, r)
∣∣
γ
2

=

x+r∫
0

(sh t)γdt ≈


(

sh
x+ r

2

)γ+1

, 0 < x+ r < 2,(
sh

x+ r

2

)2γ

, 2 ≤ x+ r <∞.
(2.11)

Now, let x ≥ r. Then from (2.3), (2.4), (2.7) and (2.9), for γ > 0, we get

∣∣H(x, r)
∣∣
γ
2

=

x+r∫
x−r

(sh t)γdt ≤
x+r∫
0

(sh t)γdt .


(

sh
x+ r

2

)γ+1

, 0 < x+ r < 2,(
sh

x+ r

2

)2γ

, 2 ≤ x+ r <∞.
(2.12)

Now, let γ > 0 and 0 < x+ r < 2. Then

∣∣H(x, r)
∣∣
λ

=

x+r∫
x−r

(sh t)γdt ≥
x+r∫
x+r
2

(sh t)γdt ≥ x+ r

2

(
sh
x+ r

2

)γ
≈
(

sh
x+ r

2

)γ+1

,

since sh t ≈ t for 0 < t < 1.
On the other hand, from (2.3) and (2.4), for γ > 0, we have

∣∣H(x, r)
∣∣
γ

=

x+r∫
x−r

(sh t)γdt ≤
x+r∫
0

(sh t)γdt ≤ 2γ+1

γ + 1

(
sh

x+ r

r

)γ+1

.
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In this way, by any γ > 0 and 0 < x+ r < 2,

∣∣H(x, r)
∣∣
γ
2

=

x+r∫
x−r

(sh t)γdt ≈
(

sh
x+ r

2

)γ+1

. (2.13)

Consider now the case where 2 ≤ x+ r <∞. Let γ > 0, then

∣∣H(x, r)
∣∣
γ
2

=

x+r∫
x−r

(sh t)γdt ≥
x+r∫
x+r
2

(sh t)γdt =

x+r∫
x+r
2

(sh t)γ

ch t
d(sh t)

≥ 1

2

x+r∫
x+r
2

(sh t)γ−1d(sh t) =
1

2γ

(
shγ(x+ r)− shγ

(
x+ r

2

))

≥ 1

2γ

(
shγ(x+ r)− 1

2γ
shγ(x+ r)

)
=

1

2γ

(
1− 1

2γ

)
shγ(x+ r)

=
2γ − 1

2γ

(
shγ

x+ r

2
chγ

x+ r

2

)
≥ 2γ − 1

2γ

(
sh
x+ r

2

)2γ

. (2.14)

On the other hand, we can get from (2.7) and (2.9) for γ > 0

∣∣H(x, r)
∣∣
γ
2

=

x+r∫
x−r

(sh t)γdt ≤
x+r∫
0

(sh t)γdt ≤ 2γ

γ

(
sh
x+ r

2

)2γ

. (2.15)

Thus from (2.14) and (2.15), for x ≥ r, we obtain

∣∣H(x, r)
∣∣
γ
2

=

x+r∫
x−r

(sh t)γdt ≈


(

sh
x+ r

2

)γ+1

, 0 < x+ r < 2,(
sh

x+ r

2

)2γ

, 2 ≤ x+ r <∞.
(2.16)

The assertion of Lemma 2.1 follows from (2.11)–(2.16). �

Supposing γ = 2λ in Lemma 2.3, we obtain

∣∣H(x, r)
∣∣
λ
≈


(

sh
x+ r

2

)2λ+1

, 0 < x+ r < 2,(
sh

x+ r

2

)4λ

, 2 ≤ x+ r <∞.
(2.17)

Since sh t ≈ ch t for t ≥ 1, then from this for x = 0 we, in particular, get Lemma 2.1.

Lemma 2.4. For a nonnegative function f(chx), x ∈ R+, the following relation
r∫

0

Aλch t f(ch x) sh2λ t dt ≈
∫

H(x,r)

f(chu) sh2λ u du

holds.

Proof. In [15], it is proved that

J(x, r) =

r∫
0

Aλch t f(chx) sh2λ t dt = Cλ

ch(x+r)∫
ch(x−r)

f(z)(z2 − 1)λ−
1
2

1∫
ϕ(z,x,r)

(1− u2)λ−1du dz,

where

ϕ(z, x, r) =
z ch x− ch r√
z2 − 1 sh x

, −1 ≤ ϕ(z, x, r) ≤ 1, Cλ =
Γ
(
λ+ 1

2

)
Γ (λ) Γ

(
1
2

) .
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Then

A(z, x, r) = Cλ

1∫
ϕ(z,x,r)

(1− u2)λ−1du ≤ Cλ

1∫
−1

(1− u2)λ−1du = 1.

We now estimate the integral A(z, x, r) from below. Let −1 ≤ ϕ(z, x, r) ≤ 0. Then

A(z, x, r) = Cλ

1∫
ϕ(z,x,r)

(1− u2)λ−1du ≥ Cλ

1∫
0

(1− u2)λ−1du

≥ 2λ−1Cλ

1∫
0

(1− u)λ−1du =
2λ−1

λ
Cλ.

Now, let 0 ≤ ϕ(z, x, r) ≤ 1, then

A(z, x, r) = Cλ

1∫
ϕ(z,x,r)

(1− u)λ−1(1 + u)λ−1du

= Cλ

1−ϕ(z,x,r)∫
0

uλ−1(2− u)λ−1du = Cλ

∞∫
1

1−ϕ(z,x,r)

u−λ−1

(
2− 1

u

)λ−1

du

= Cλ

∞∫
1

1−ϕ(z,x,r)

u−2λ(2u− 1)λ−1du = 22λ−1Cλ

∞∫
2

1−ϕ(z,x,r)

u−2λ(u− 1)λ−1du

= 22λ−1Cλ

∞∫
1−ϕ(z,x,r)
1+ϕ(z,x,r)

(u+ 1)−2λuλ−1du = 22λ−1 · Cλ

1+ϕ(z,x,r)
1−ϕ(z,x,r)∫

0

(1 + u)−2λuλ−1du

≥ 22λ−1Cλ

1∫
0

(1 + u)−2λuλ−1du ≥ 22λ−1Cλ

1∫
0

uλ−1

(1 + u)2λ
du ≥ Cλ

2

1∫
0

uλ−1du =
Cλ
2λ

.

Consequently,

A(z, x, r) =

1∫
ϕ(z,x,r)

(1− u2)λ−1du ≈ 1

and

J(x, r) ≈
ch(x+r)∫

ch(x−r)

f(z)(z2 − 1)λ−
1
2 dz =

∫
H(x,r)

f (chu) sh2λ u du. �

Theorem 2.1. For 0 ≤ x <∞ and 0 < r <∞, the relation

Mα
G f(chx) ≈Mα

µ f(chx)

is valid.

Proof. First, we prove that

Mα
G f(chx) .Mα

µ f(chx).

We consider

Ach tχ(0,r)(chx) = Cλ

π∫
0

χ(0,r)(x, t)ϕ(sinϕ)2λ−1dϕ,
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where (x, t)ϕ = chx ch t−shx sh t cosϕ, and χ(0,r) is the characteristic function on the interval (0, r),
i.e.,

χ(0,r)(x, t)ϕ =

{
1, (x, t)ϕ ≤ r,
0, (x, t)ϕ > r.

Since

x− t < ch(x− t) ≤ (x, t)ϕ ≤ ch(x+ t),

we have x− t > r =⇒ (x, t)ϕ > r.
From the inequality |x− t| > r it follows that Ach tχ(0,r)(chx) = 0. This shows that the carrier at

the function Ach tχ(0,r) belongs to H(x, r).
More generally, x, t ∈ R+

Ach tχ(0,r)(chx) = Cλ

π∫
0

χ(0,r)(x, t)ϕ(sh ϕ)2λ−1dϕ ≤ Cλ

π∫
0

(sinϕ)2λ−1dϕ = 1.

We estimate Ach tχ(0,r)(chx):

Ach tχ(0,r)(chx) = Cλ

∫
{ϕ∈[0,π]:(x,t)ϕ<r}

(sinϕ)2λ−1dϕ = A(x, t, r).

Making the substitution cosϕ = y, we obtain

A(x, t, r) = Cλ

1∫
max{−1, ch x ch t−r

sh x sh t }

(1− y2)λ−1dy.

For any x, t ∈ R+, we have

chx ch t− r
shx sh t

≥ −1⇔ chx ch t+ shx sh t ≥ r ⇔ ch(x+ t) ≥ r.

Then in the case for ch(x− t) < r < ch(x+ t), we obtain

A(x, t, r) .

1∫
ch x ch t−r
sh x sh t

(1− y2)λ−1dy .

1∫
ch x ch t−r
sh x sh t

(1− y)λ−1dy

.

(
r − ch(x− t)

shx sh t

)λ
.

(
ch(x+ t)− ch(x− t)

shx sh t

)λ
=

(
2 shx sh t

shx sh t

)λ
= 2λ. (2.18)

On the other hand,

A(x, t, r) .

(
r − ch(x− t)

shx sh t

)λ
.

(
ch 2r − 1

shx sh t

)λ
=

(
2 sh2 r

shx sh t

)λ
.

From this, for t ≥ x, we have

A(x, t, r) .

(
sh r

sh x

)2λ

. (2.19)

We consider the case 0 < t < x:

A(x, t, r) .

1∫
ch x ch t−r
sh x sh t

(1− y2)λ−1dy .

1∫
ch x ch t−ch r

sh x sh t

(1− y)λ−1dy

.

(
1− chx ch t− ch r

shx sh t

)λ
.

(
1−

(
chx ch t− ch r

shx sh t

)2
)λ

. (2.20)
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We find the extremum of the function

f(ch t) = 1−
(

chx ch t− ch r

shx sh t

)2

,

(sh t)f ′(ch t) = −2

(
chx ch t− ch r

shx sh t

)
sh2 t chx shx− shx ch t · (chx ch t− ch r)

(shx sh t)2

= −2

(
chx ch t− ch r

sh t

)(
chx sh2 t− ch2 t chx+ ch t ch r)

sh2 x sh2 t

)
=

2(chx ch t− ch r)(chx− ch t ch r)

sh3 t sh2 x
.

Then it follows that

f ′(ch t) =
2(chx ch t− ch r)(chx− ch t ch r)

sh4 t sh2 x
.

From this, for x > r, we have

fmax

(
chx

ch r

)
= 1−

(
ch2 x− ch2 r√

ch2 x− ch2 r shx

)2

= 1− ch2 x− ch2 r

sh2 x
=

ch2 r − 1

sh2 x
=

(
sh r

shx

)2

.

From this and (2.20), we obtain

A(x, t, r) .

(
sh r

shx

)2λ

, 0 < t < x, x > r. (2.21)

Thus from (2.18)–(2.21), we get

A(x, t, r) . min

{
1,

(
sh r

shx

)2λ
}
.

Consequently, for any t ∈ H(x, r),

Ach tχ(0,r)(chx) . min

{
1,

(
sh r

shx

)2λ
}
, x > r. (2.22)

We now have

Mα
G f(chx) ≤Mα

G.1 f(chx) +Mα
G.2 f(chx)

= sup
0≤x<r<2

∣∣H(0, r)
∣∣ α
2λ+1−1

λ

∫
H(x,r)

∣∣f(ch t)
∣∣Ach tχ(0,r)(ch t)dµλ(t)

+ sup
r≤x<2

∣∣H(0, r)
∣∣ α
2λ+1−1

λ

∫
H(x,r)

∣∣f(ch t)
∣∣Ach tχ(0,r)dµλ(t). (2.23)
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Let 0 ≤ x < r < 2. From (2.22), it follows that Ach tχ(0,r)(chx) ≤ 1. From Lemmas 2.1 and 2.2,
we obtain

Mα
G.1f(chx) ≤ sup

0≤x<r<2
|H(0, r)|

α
2λ+1

λ

∫
H(x,r)

∣∣f(ch t)
∣∣dµλ(t)

≤ sup
0≤x<r<2

|H(0, r)|
α

2λ+1−1

λ |H(x, r)|
α

2λ+1−1

λ

|H(x, r)|
α

2λ+1−1

λ

∫
H(x,r)

|f(ch t)|dµλ(t)

. sup
0≤x<r<2

(
sh r

2

sh r
2

)2λ+1−α

|H(x, r)|
α

2λ+1−1

λ

∫
H(x,r)

∣∣f(ch t)
∣∣dµλ(t)

.Mα
µ f(chx). (2.24)

From Lemmas 2.1 and 2.2, and also (2.21), for r < x < 2. we have

Mα
G.2 f(chx) . sup

r<x<2

(
sh r

2 sh2λ x(
sh r

2

)2λ+1

)1− α
2λ+1 (

sh r

sh x

)2λ

Mα
µ f(chx)

. sup
r<x<2

(
sh x

sh r
2

)2λ− 2λα
2λ+1

(
sh r

sh x

)2λ

Mα
µ f(chx)

. sup
r<x<2

(
sh r

2

sh x

) 2λα
2λ+1 (

2 ch
r

2

)2λ

Mα
µ f(chx)

.

(
sh r

2

sh r

) 2λα
2λ+1 (

2 ch
r

2

)2λ

Mα
µ f(chx) .

(
2 ch

r

2

)2λ(1− α
2λ+1 )

Mα
µ f(chx)

. (2 ch 1)
2λ(1− α

2λ+1 )Mα
µ f(chx) .Mα

µ f(chx). (2.25)

Taking into account (2.24) and (2.25) in (2.23), we obtain

Mα
G f(chx) .Mα

µ f(chx), 0 ≤ x < 2, 0 < r < 2.

Now, let 0 ≤ x < r and 2 ≤ r <∞. Then

Mα
Gf(chx) ≤Mα

G.1f(chx) +Mα
G.2f(chx)

= sup
0≤x<r

|H(0, r)|
α

2λ+1−1

λ

∫
H(x,r)

|f(ch t)|Ach tχ(0,r)(ch t)dµλ(t)

+ sup
x≥r
|H(0, r)|

α
2λ+1−1

λ

∫
H(x,r)

|f(ch t)|Ach tχ(0,r)(ch t)dµλ(t). (2.26)

Using Lemmas 2.1 and 2.2, for 2 ≤ r <∞, we get

Mα
G.1 f(chx) .

(
|H(0, r)|λ
|H(x, r)|λ

) α
2λ+1−1

|H(x, r)|
α

2λ+1−1

λ

∫
H(x,r)

|f(ch t)| dµλ(t)

.

(
ch2λ r

ch4λ r
2

)1− α
2λ+1

Mα
µ f(chx) =

(
4λ ch2λ r

(1 + ch r)
2λ

)1− α
2λ+1

Mα
µ f(chx)

. 4λ(1− α
2λ+1 )Mα

µ f(chx) .Mα
µ f(chx).

Thus for 0 ≤ x < r and 2 ≤ r <∞,

Mα
G.1 f(chx) .Mα

µ f(chx). (2.27)
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We consider the cases r ≤ x <∞ and 2 ≤ r <∞. We investigate the function

f(chx) =
chx ch t− ch r

shx sh t
=

chx ch t− ch r√
ch2 t− 1 shx

.

Putting u = cht, we obtain

f(u) =
u chx− ch r√
u2 − 1 shx

.

We will now find extremum of the function

f ′(u) =

√
u2 − 1 chx shx− u(u2 − 1)−

1
2 shx (u chx− ch r)

(u2 − 1) sh2 x

=
(u2 − 1) chx shx− u2 shx chx+ u ch r shx

(u2 − 1)
3
2 sh2 x

=
u ch r − chx

(u2 − 1)
3
2 shx

= 0 ⇔ u =
chx

ch r
.

By u = ch x
ch r , the function f(u) has minimum

fmin

(
chx

ch r

)
=

ch2 x− ch2 r√
ch2 x− ch2 r shx

√
ch2 x− ch2 r

shx
=

chx

√
1−

(
ch r
ch x

)2
shx

∼ shx

chx
,

as x→∞.
From this, by x > r ≥ 2, we have

A(x, t, r) .

1∫
ch x ch t−ch r

sh x sh t

(1− y2)λ−1dy .

1∫
sh x
ch x

(1− y)λ−1dy

.

(
1− shx

chx

)λ
.

(
1− sh2 x

ch2 x

)λ
= (chx)−2λ.

Then by Lemmas 2.1 and 2.2, we obtain

Mα
G.2f(chx) . sup

r≥2

(
ch2λ x ch2λ r

ch4λ r
2

)1− α
2λ+1

(chx)−2λMµf(chx)

. (ch r)−
2λα
2λ+1Mα

µ f(chx) .Mα
µ f(chx), 2 ≤ r < x <∞. (2.28)

Taking into account (2.27) and (2.28) on (2.26), we have

Mα
G f(chx) .Mα

µ f(chx), 0 ≤ x <∞, 2 ≤ r <∞. (2.29)

Combining (2.27) and (2.29), we obtain

Mα
G f(chx) .Mα

µ f(chx), 0 ≤ x <∞, 0 < r <∞. (2.30)

Now we are going to prove that

Mα
µ f(chx) .Mα

Gf(chx). (2.31)

From (2.17), it follows that ‖H(x, r)|λ ≥ |H(0, r)|λ, then by Lemma 2.4, we have

∣∣H(x, r)
∣∣ α
2λ+1−1

λ

∫
H(x,r)

∣∣f(chu)
∣∣dµλ(u) .

∣∣H(0, r)
∣∣ α
2λ+1−1

λ

r∫
0

Ach tf(chx)dµλ(t),

from which we get (2.31).
The assertion of Theorem 2.1 follows from (2.30) and (2.31). �

Theorem 2.2 (Lebesgue differentiation theorem). Let f be a nonnegative monotone nondecreasing
function and let f ∈ Llocp,λ(R+), 1 ≤ p <∞. Then

lim
r→0

1

|H(x, r)|λ

∫
H(x,r)

f(ch y)p sh2λ y dy = f(chx)p
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for almost every x ∈ R+.

Proof. By the locality of the problem, we may assume that f ∈ L1,λ(R+). In a general case, one
can multiply f by a characteristic function of the interval [0, r) and obtain the required convergence
almost everywhere interior of this interval. Then by tending r to infinity, one can obtain it for the
whole interval [0,∞). Suppose for any r > 0 and for any x ∈ [0,∞),

fr(chx) =
1

|H(x, r)|λ

∫
H(x,r)

f(ch y)p sh2λ y dy

and

Ωf (chx) =
∣∣∣ lim
r→0

fr(chx)− lim
r→0

fr (chx)
∣∣∣.

Then we have

Ωf (chx) ≤ 2 sup
r>0

∣∣fr(chx)
∣∣ = 2MG f(chx).

First we show that for any β > 0,

∣∣x ∈ R+ : Ωf (chx) > β
∣∣
λ

= 0. (2.32)

In fact, as is known, the set of all continuous functions with compact support in R+ is dense in
Lp,λ(R+) (see [21], Theorem 4.2).

Therefore for any number ε > 0, there exists a continuous function h with a compact support in
R+ such that ∥∥f − h∥∥

Lp,λ(R+)
< ε.

Suppose g = f − h, then g ∈ Lp,λ(R+) and

∥∥g∥∥
Lp,λ(R+)

< ε.

Thus, if f ∈ Lp,λ(R+), then for any ε > 0, there exist a continuous function h with a compact
support and a function g ∈ Lp,λ(R)+, with the condition

∥∥g∥∥
Lp,λ(R+)

< ε such that f = h + g. But

Ωf ≤ Ωh + Ωg. If g is a continuous function with a compact support on R+, then gr converges to g
and, consequently, in this case we get Ωg(chx) ≡ 0. Therefore, for any β > 0 (see [15], Theorem 2.2),

∣∣x ∈ R+ : Ωg(chx) > β
∣∣
λ
.

1

β

∥∥g∥∥
L1,λ(R+)

.
ε

β
.

Since ε is arbitrarily small, we get (2.32), from which it follows that lim
r→0

fr(chx) exists for almost

everywhere on R+. Further, we have

lim
r→0

∥∥fr − f∥∥Lp,λ = lim
r→0

( ∫
R+

∣∣∣∣ 1

|H(x, r)|λ

∫
H(x,r)

f(ch y) sh2λ y dy − f(chx)

∣∣∣∣p sh2λ x dx

) 1
p

.
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By Lemma 2.3, we have |H(x, r)|λ ≥ |H(0, r)|λ and therefore, we find

lim
r→0

∥∥fr − f∥∥Lp,λ . lim
r→0

{∫
R+

[
1∣∣H(x, r)
∣∣
λ

x+r∫
x−r

∣∣f(ch y)− f(chx)
∣∣ sh2λ y dy

]p
sh2λ x dx

} 1
p

. lim
r→0

{∫
R+

[
1∣∣H(0, r)
∣∣
λ

r∫
−r

∣∣f(ch(x− y))− f(chx)
∣∣ sh2λ(x− y)dy

]p
sh2λ x dx

} 1
p

. lim
r→0

{∫
R+

[
sh2λ r∣∣H(0, r)

∣∣
λ

r∫
−r

∣∣f(ch(x− y))− f(chx)
∣∣dy]p sh2λ x dx

} 1
p

. lim
r→0

sh2λ r

|H(0, r)|λ

r∫
−r

{∫
R+

|f(ch(x− y))− f(chx)|p sh2λ x dx

} 1
p

dy

. lim
r→0

sh2λ r
2 ch2λ r

2

(sh r
2 )2λ+1

r∫
−r

{∫
R+

|f(ch(x− y))− f(chx)|p sh2λ x dx

} 1
p

dy

(since by Lemma 2.1, sh r ≈ r)

. lim
r→0

1

2r

r∫
−r

{∫
R+

∣∣f(ch(x− y))− f(chx)
∣∣p sh2λ x dx

} 1
p

dy = 0. (2.33)

Further, by the monotonicity of the function f, we have

f(ch(x− y)) = f(chx ch y − shx sh y) =
Γ
(
λ+ 1

2

)
Γ(λ)Γ

(
1
2

) π∫
0

f(chx ch y − shx sh y)(sinϕ)2λ−1dϕ

≤
Γ
(
λ+ 1

2

)
Γ(λ)Γ

(
1
2

) π∫
0

f
(

chx ch y − shx sh y cosϕ
)
(sinϕ)2λ−1dϕ = Ach yf(chx).

Then we have

lim
r→0
‖fr − f‖Lp,λ . lim

r→0

1

2r

r∫
−r

{∫
R+

|Ach yf(chx)− f(chx)|p sh2λ x

} 1
p

dy

. lim
r→0

1

2r

r∫
−r

‖Ach yf − f‖Lp,λ dy = 0,

since sup
0<y≤r

∥∥Aλch yf − f∥∥Lp,λ = ωf (r) as r → 0 (see [15], proof of Corollary 2.1).

From (2.33), it follows that there exists a subsequence rk satisfying rk → 0 as k →∞ such that

lim
k→∞

frk(chx) = f(chx)

for a.e. x ∈ R+. Because lim
r→0

fr(chx) exists for a.e. x ∈ R+, thus

lim
r→0

1

|H(x, r)|λ

∫
H(x,r)

f(ch y)p sh2λ y dy = f(chx)p,

which is the desired conclusion. �

Applying the Lebesgue differentiation theorem, we may give a decomposition of R+, called as
Calderon–Zygmund decomposition, which is extremely useful in harmonic analysis.
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Theorem 2.3. Suppose that f is a nonnegative integrable function on R+. Then for any fixed number
β > 0, there exists a sequence {Hj(xj , rj)} = {Hj} of disjoint intervals such that

(1) f(chx) ≤ β, x /∈
⋃
j

Hj ;

(2)
∣∣⋃
j

Hj

∣∣
λ
≤ 1

β

∥∥f∥∥
1,λ

;

(3) β <
1

|Hj |λ

∫
Hj

f(ch y) sh2λ y dy . 2(2λ+1)nβ, n = 1, 2, . . . .

Proof. Since f ∈ L1,λ(R+), we may decompose R+ into a net of equal intervals (by the Lindelof
covering theorem this is possible (see [24])) such that for every H, from the net

1

|H|λ

∫
H

f(ch y) sh2λ y dy ≤ β. (2.34)

In fact, for any β > 0, ∃δ = δ(β) > 0 and for every Hj with measure |Hj |λ = |H|λ < δ, we have∫
Hj

f(ch y) sh2λ y dy < β, j = 1, 2, . . . ,

where Hj = (xj − r, xj + r) and |H|λ = |Hj |λ =
xj+r∫
xj−r

sh2λ y dy, (j = 1, 2, . . . ).

First, we prove (3).
Let H1 = (x1 − r, x1 + r) be a fixed interval in the net. Then by (2.33), we can write

1

|H1|λ

∫
H1

f(ch y) sh2λ y dy ≤ β. (2.35)

We divide the interval H1 into 2n equal intervals and let H ′1 =

(
x1 − r

2n
,
x1 + r

2n

)
be one of those

intervals. By (2.17), we have

|H ′1|λ =

x1+r
2n∫

x1−r
2n

sh2λ y dy ≈
(

sh
x1 + r

2n+1

)2λ+1

, 0 <
x1 + r

2n
< 2.

Since for 0 < t < 1, sh t ≈ t, we obtain

|H ′1|λ ≈
(

sh
x1 + r

2n+1

)2λ+1

≈
(
x1 + r

2n+1

)2λ+1

≈
(

1

2n
sh
x1 + r

2

)2λ+1

= 2−(2λ+1)n
∣∣tH1

∣∣
λ
. (2.36)

There exist possibly two cases concerning H ′1:

(A)
1

|H ′1|λ

∫
H′1

f(ch y) sh2λ y dy > β,

(B)
1

|H ′1|λ

∫
H′1

f(ch y) sh2λ y dy ≤ β.

In case (A), from (2.35) and (2.36), we obtain

β <
1

|H ′1|λ

∫
H′1

f(ch y) sh2λ y dy ≈ 2n

|H1|λ

∫
H′1

f(ch y) sh2λ y dy

.
2n

|H1|λ

∫
H1

f(ch y) sh2λ y dy . 2(2λ+1)nβ.

Now, for H ′1, we choose a sequence {Hj} .
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We consider case (B). Suppose H ′1 = H2(x2− r, x2 + r). Dividing this interval into 2n equal parts,
we obtain

β <
1

|H ′2|λ

∫
H′2

f(ch y) sh2λ y dy .
2n

|H ′1|λ

∫
H′1

f(ch y) sh2λ y dy ≤ 2(2λ+1)nβ,

where for H ′2, we choose a sequence {Hj}. Continuing this process, we obtain a sequence of disjoint
intervals {Hj} such that

β <
1

|Hj |λ

∫
Hj

f(ch y) sh2λ y dy . 2(2λ+1)nβ, (j = 1, 2, . . . ).

Proof of (1). Taking into account (2.34), from Theorem 2.2, we have

f(chx) = lim
r→0

1

|H(x, r)|λ

∫
H(x,r)

f(ch y) sh2λ y dy ≤ β

for a.e. x /∈
⋃
j

Hj .

Proof of (2). Passing to the limit by n→∞ in the inequality∣∣∣ ⋃
j=1,2,...,n

Hj(xj , rj)
∣∣∣
λ
≤

n∑
j=1

∣∣Hj(xj , rj)
∣∣
λ
≤ 1

β

n∑
j=1

∫
Hj(xj ,3rj)

f(ch y) sh2λ y dy,

which is contained in the proof of Theorem 2.2, from [15], we obtain approval (2). �

Remark 2.1. The Caldeon-Zygmund decomposition stay valid if we replace R+ by a fixed interval
H0(x0, r0) for f ∈ Lp,λ(H0).

3. Weighted (Lp,ω,λ, Lq,ω,λ)-Boundedness of the Fractional Maximal Operator
Generated by Gegenbauer Differential Operator

In this section, we prove the weighted (Lp,ω,λ, Lq,ω,λ)-boundedness of the fractional maximal oper-
ator Mα

G (G-fractional maximal operator) generated by the Gegenbauer differential operator.
We need the following theorem.

Theorem (Marcinkiewicz interpolation theorem, [3, n.3.2., p. 43]). Let (R+, ϕ) and (R+, ν) be two
measure spaces and let the sublinear operator T be both of weak type (p0, p0) and of weak type (p1, p1)
for 1 ≤ p0 < p1 ≤ ∞, that is, there exists a constant C0 > 0 such that for any α > 0,

(a) ν
({
x ∈ R+ : |Tf(chx)| > α

})
≤
(C0

α

∥∥f∥∥
p0,ϕ

)p0
,

(b) ν
({
x ∈ R+ : |Tf(chx)| > α

})
≤
(C0

α

∥∥f∥∥
p1,ϕ

)p1
, p1 <∞.

If p1 =∞, then the weak type and strong type coincide by the definition∥∥Tf∥∥∞,ν . ∥∥f∥∥∞,ϕ.
Then T is also of the type (p, p) for all p0 < p < p1, i.e., for any f ∈ Lp(R+, ϕ),∫

R+

∣∣Tf(chx)
∣∣pdν(x) .

∫
R+

|f(chx)|pdϕ(x).

Denote by Lp,ω,λ(R+, G) the set of measurable functions on R+ with a finite norm

∥∥f∥∥
Lp,ω,λ(R+,G)

=

( ∫
R+

|f(chx)|p dωλ(x)

) 1
p

<∞, 1 ≤ p <∞,

where dωλ(x) = ω(chx)dµλ(x).
The following theorem is a version of the Fefferman-Stein inequality.
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Theorem 3.1. Let 1 ≤ p < ∞ and g be a nonnegative function such that g ∈ Lloc1,ω,λ(R+, G). Then

for any function f ∈ Lp,ω,λ(R+, G), the following inequality∫
R+

(Mµf(chx))
p
g(chx)dµλ(x) ≤

∫
R+

|f(chx)|pMµg(chx)dµλ(x)

is valid.

Proof. Without loss of generality, we may assume that Mµg(chx)<∞, a.e. x ∈ R+ and Mµg(chx)>0.
If we denote dνλ(x) = g(chx)dµλ(x) and dϕλ(x) = Mµg(chx)dµλ(x), then by the Marcinkiewicz
interpolation theorem for the validity of our assertion it suffices to prove that Mµ is both of type
(L∞,ϕ, L∞,ν) and of weak type (L1,ϕ,λ, L1,ν,λ).

Let us first show that Mµ is one of the type (L∞,ϕ, L∞,ν). In fact, if
∥∥f∥∥∞,ϕ ≤ a <∞, then∫

{x∈R+:|f(ch x)|>a}

Mµg(chx)dµλ(x) =
∣∣∣{x ∈ R+ :

∣∣f(chx)
∣∣ > a

}∣∣∣
µλ

= 0.

Since Mµg(chx) > 0 for any x ∈ R+, we get
∣∣{x ∈ R+ : |f(chx)| > a

}∣∣
µλ

= 0, equivalently,∣∣f(chx)
∣∣ ≤ a, a.e. x ∈ R+. Thus Mµf(chx) ≤ a, a.e. x ∈ R+, and thus it follows that ‖Mµf‖∞,νλ≤a.

Therefore
∥∥Mµf

∥∥
∞,νλ

≤ ‖f‖∞,ϕλ .

Now we can show that Mµ has weak type (L1,ϕ,λ, L1,ν,λ). For this we need to prove that for any
α > 0 and f ∈ L1,ϕ,λ(R+)∫

{x∈R+:Mµf(ch x)>α}

g(chx) dµλ(x) .
1

α

∫
R+

f(chx)Mµg(chx)dµλ(x).

By Theorem 2.3 (3), we have∫
Hi

f(chx)Mµg(chx)dµλ(x) ≥
∫
Hi

f(chx)

(
1

|Hi|λ

∫
Hi

g(ch t)dµλ(t)

)
dµλ(x)

≈ α
∫
Hi

g(chu)dµλ(u).

Summing over i, we obtain∫
R+

f(chx)Mµg(chx)dµλ(x) ≥ α
∫
R+

g(chu)dµλ(u)

≥ α
∫

{u∈R+:Mµf(chu)>α}

g(chu) dµλ(u).

Thus Mµ has weak type (L1,ϕ,λ, L1,ν,λ) and the Fefferman-Stein inequality follows from the Mar-
cinkiewicz interpolation theorem by p0 = 1 and p1 =∞. �

Theorem 3.2. The Chebychev type inequality∣∣∣{x ∈ R+ : Mµf(chx) > α
}∣∣∣
ω
≤ 1

α

∫
R+

Mµf(chx) dωλ(x)

is valid for all α > 0 and t > 0.

Proof. Since

Mµf(chx) ≥ αχ{Mµf(ch x)>α}(chx),
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we have∫
R+

Mµf(chx) dωλ(x) ≥ α
∫
R+

χ{Mµf(ch x)>α}(chx)dωλ(x) = α
∣∣∣{x ∈ R+ : Mµf(chx) > α

}∣∣∣
ω
.

Thus our assertion is proved. �

Definition 3.1. The weight function ω belongs to the class Aλp(R+) for 1 < p <∞ if

sup
x∈R+,r>0

(
1

|H(x, r)|λ

∫
H(x,r)

ω(chu) sh2λ u du

)

×

(
1

|H(x, r)|λ

∫
H(x,r)

ω(chu)−
1
p−1 sh2λ u du

)p−1

<∞ (3.1)

and ω belongs to Aλ1 (R+) if there exists a positive constant C such that for any x ∈ R+ and r > 0

MG ω(chx) ≤ Cω(chx). (3.2)

Remark 3.1. Inequality (3.2) is equivalent to the inequality

1

|H(x, r)|λ

∫
H(x,r)

ω(ch y) sh2λ y dy ≤ C ess inf
y∈H(x,r)

ω(ch y). (3.3)

Remark 3.2. In inequalities (3.2) and (3.3), for C ≥ 1, by Hölder’s inequalility, we have

1 =
1

|H(x, r)|λ

∫
H(x,r)

ω(ch y)
1
pω(ch y)−

1
p sh2λ y dy

≤

{(
1

|H(x, r)|λ

∫
H(x,r)

ω(ch y) sh2λ y dy

)

×

(
1

|H(x, r)|λ

∫
H(x,r)

ω(ch y)−
1
p−1 sh2λ y dy

)p−1} 1
p

≤ C
1
p .

We show that shα u ∈ Aλp (R+), 1 < p < ∞, if and only if − (2λ+ 1) < α < (2λ+ 1) (p − 1) and

shα u ∈ Aλ1 (R+) if and only if −(2λ+ 1) < α ≤ 0.
By using Lemma 2.3, for γ = 2λ− α

p−1 and (2.17) for 0 < x+ r < 2, we obtain(
1

|H(x, r)|λ

∫
H(x,r)

(shu)2λ− α
p−1 du

)p−1

≈

((
sh x+r

2

)2λ+1− α
p−1(

sh x+r
2

)2λ+1

)p−1

=

(
sh
x+ r

2

)−α
, α < (2λ+ 1)(p− 1),

and also for γ = α+ 2λ and (2.18),

1

|H(x, r)|λ

∫
H(x,r)

(shu)α+2λ ≈
(

sh
x+ r

2

)−α
, α > −2λ− 1.

Taking into account the relation in (3.1), we obtain that for

−(2λ+ 1) < α < (2λ+ 1)(p− 1)

shα u ∈ Aλp(R+).
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Now, let 2 ≤ x+ r <∞. Then assuming γ = 2λ− α

p− 1
in Lemma 2.3 and using (2.18), we obtain(

1

|H(x, r)|λ

∫
H(x,r)

(shu)2λ− α
p−1 du

)p−1

≈
(

sh
x+ r

2

)−2α

, α < (2λ+ 1)(p− 1).

and also for γ = α+ 2λ,

1

|H(x, r)|λ

∫
H(x,r)

(shu)α+2λdu ≈
(

sh
x+ r

2

)2α

, −(2λ+ 1) < α ≤ 0.

That is, for 2 ≤ x+ r <∞, −(2λ+ 1) < α < (2λ+ 1)(p− 1) (shu)
α ∈ Aλp (R+) with 1 < p <∞.

Let p = 1, then for 0 < x+ r < 2 and γ = α+ 2λ, we have

1

|H(x, r)|λ

∫
H(x,r)

(shu)α+2λdu ≈
(

sh
x+ r

2

)α
, − (2λ+ 1) < α ≤ 0,

and for 2 ≤ x+ r <∞ and γ = α+ 2λ

1

|H(x, r)|λ

∫
H(x,r)

(shu)α+2λdu ≈
(

sh
x+ r

2

)α
.

(
sh
x+ r

2

)α
, (2λ+ 1) < α ≤ 0.

Thus, for any 0 < x+ r <∞,

(shu)
α ∈ Aλ1 (R+) , −(2λ+ 1) < α ≤ 0.

We are going to prove some properties of Aλ1 (R+), which we will need later. Note that in proving
these properties and Theorem 3.3, we use the outline from [23].

Proposition 3.1. If 1 ≤ p < q < ∞, then Aλp (R+) $ Aλ1 (R+). In fact, by Hölder’s inequality, we
have ∫

H(x,r)

ω−
1
q−1 (ch y) sh2λ y dy ≤

( ∫
H(x,r)

ω−
k
q−1 (ch y) sh2λ y dy

) 1
k
( ∫
H(x,r)

sh2λ y dy

) k−1
k

.

Supposing here k = q−1
p−1 , we obtain

∫
H(x,r)

ω−
1
q−1 (ch y) sh2λ y dy ≤

( ∫
H(x,r)

ω−
1
q−1 (ch y) sh2λ y dy

) p−1
q−1
( ∫
H(x,r)

sh2λ y dy

) q−p
q−1

,

whence we have(
1

|H(x, r)|λ

∫
H(x,r)

ω−
1
q−1 (ch y) sh2λ y dy

)q−1

≤ 1

|H(x, r)|q−1
λ

( ∫
H(x,r)

ω−
1
q−1 (ch y) sh2λ y dy

)p−1( ∫
H(x,r)

sh2λ y dy

)q−p

=
|H(x, r)|q−pλ

|H(x, r)|q−1
λ

( ∫
H(x,r)

ω−
1
q−1 (ch y) sh2λ y dy

)p−1

=

(
1

|H(x, r)|λ

∫
H(x,r)

ω−
1
q−1 (ch y) sh2λ y dy

)p−1

.
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If p = 1, then by (3.3), we have(
1

|H(x, r)|λ

∫
H(x,r)

ω−
1
q−1 (ch y) sh2λ y dy

)q−1

≤ ess sup
y∈H(x,r)

ω−1(ch y) =

(
ess inf
y∈H(x,r)

ω(ch y)

)−1

≤ C

(
1

|H(x, r)|λ

∫
H(x,r)

ω(ch y) sh2λ y dy

)−1

.

Thus, if ω ∈ Aλp (R+), then ω ∈ Aλq (R+) for q > p. On the other hand, (shu)α ∈ Aλp (R+) , if and only

if −(2λ+ 1) < α < (2λ+ 1)(p− 1), therefore Aλp (R+) 6= Aλq (R+) .

Proposition 3.2. If ω ∈ Aλp (R+) (1 ≤ p < ∞), then for any α ∈ (0, 1), there exists β ∈ (0, 1)
such that for any measurable set E ⊂ H, |E|λ ≤ α |H|λ and ω(E) ≤ β ω (H), where ω(A) =∫
A
ω(chx) sh2λ x dx.

Proof. In fact, let S = H\E and f(chx) = χs(chx). Then(
|S(x, r)|λ
|H(x, r)|λ

)p
ω(H) ≤ C

∫
S(x,r)

ω(ch y) sh2λ y dy

≤ C

( ∫
H(x,r)

ω(ch y) sh2λ y dy −
∫

E(x,r)

ω(ch y) sh2λ y dy

)
= C (ω(H)− ω(E)) .

Further, ∣∣E(x, r)
∣∣
λ
≤ α

∣∣H(x, r)
∣∣
λ
⇔
|E(x, r)|λ
|H(x, r)|λ

≤ α

⇔ −
|E(x, r)|λ
|H(x, r)|λ

≥ −α⇔ 1− α ≤ 1−
|E(x, r)|λ
|H(x, r)|λ

⇔ (1− α)pω(H) ≤
(

1−
|E(x, r)|λ
|H(x, r)|λ

)p
ω(H) ≤ C

(
ω(H)− ω(E)

)
.

Taking into account that C ≥ 1, we obtain

(1− α)
p
ω(H) ≤ C ω(H)− C ω(E)⇔ C ω(E) ≤

(
1− (1− α)p

)
ω(H)

⇔ ω(E) ≤ C − (1− α)
p

C
ω(H).

Thus, we get our assertion with β = C−(1−α)p

C . �

Further, we need the reverse of Hölder’s inequality.

Theorem 3.3. Let ω ∈ Aλp (R+), 1 ≤ p <∞. Then there exist a constant C > 0 and ε > 0 depending
only on p such that for any interval H(x, r), the inequality(

1

|H(x, r)|λ

∫
H(x,r)

ω1+ε(ch y) sh2λ y dy

) 1
1ε

≤ C

|H(x, r)|λ

∫
H(x,r)

ω(ch y) sh2λ y dy

is valid.

Proof. Fix an interval H0 (x0, r0) . By Remark 3.1, we apply inequality (3) from Theorem 2.3 with
respect to H0 for ω, and the increasing sequence {βk}, k = 0, 1, . . . , we can write{

ω(H)

|H|λ
= β0 < β1 < · · · < βk < · · ·

}
.
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For each βk, by property (1), we can get a disjoint sequence {Hk,i} such that ω(chx) ≤ βk for
x /∈ Λk =

⋃
i

Hk,i, and by property (3),

βk <
1

|Hk,i|λ

∫
Hk,i

ω(ch y) sh2λ y dy ≤ 2(2λ+1)nβk.

Since βk+1 > βk, for every interval Hk+1,j , it is either equal to Hk,i or a subinterval of Hk,i for some
i, therefore

|Hk+1,j |λ <
1

βk+1

∫
Hk+1,j

ω(ch y) sh2λ y dy =
|Hk,i|λ
βk+1

· 1

|Hk,i|λ

∫
Hk+1,j

ω(ch y) sh2λ y dy

≤
|Hk,i|λ
βk+1

· 1

|Hk,i|λ

∫
Hk,j

ω(ch y) sh2λ y dy ≤ 2(2λ+1)n · βk
βk+1

|Hk,i|λ .

From this, we get ∣∣Hk,i ∩ Λk+1

∣∣
λ
≤ 2(2λ+1)n βk

βk+1
|Hk,i|λ .

For fixed α < 1 we choose a sequence {βk} such that

2(2λ+1)nβk
βk+1

= α⇔ βk =

(
2(2λ+1)n

α

)k
β0,

where β0 =
(

α
2(2λ+1)n

)k+1
βk+1. Thus,∣∣Hk,i ∩ Λk+1

∣∣
λ
≤ α |Hk,i|λ .

From Property 2 of class Aλp (R+) , there exists γ ∈ (0, 1) such that

ω
(
Hk,i ∩ Λk+1

)
≤ γω (Hk,i) .

From this, we have

∪
i
ω
(
Hk,i ∩ Λk+1

)
≤ γ ∪

i
ω (Hk,i) ,

that equivalently

ω (Λk+1) ≤ γω (Λk) ,

from which it follows that

ω (Λk+1) ≤ γkω (Λ0) .

Analogously, we have |Λk+1|λ ≤ α |Λk|λ and |Λk+1|λ ≤ αk |Λ0|λ . Consequently,∣∣ ∞∩
k=0

Λk
∣∣
λ

= lim
k→∞

|Λk| = 0.

Thus, ∫
H

ω1+ε(ch y) sh2λ y dy =

∫
H\Λ0

ω1+ε(ch y) sh2λ y dy +

∞∑
k=0

∫
Λk\Λk+1

ω1+ε(ch y) sh2λ y dy

≤ βε0ω (H\Λ0) +

∞∑
k=0

βεk+1ω (Λk\Λk+1)

≤ βε0

(
ω (H\Λ0) +

∞∑
k=0

(
2(2λ+1)n

α

)(k+1)ε

γkω (Λ0)

)

≤ βε0

([
ω (H\Λ0) +

(
2(2λ+1)n

α

)ε ∞∑
k=0

(
2(2λ+1)n

α

)ε
γ

]k
ω (Λ0)

)
.
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Let ε > 0 be small enough such that
(

2(2λ+1)n

α

)ε
γ < 1. Then the series converges. Therefore we

have∫
H

ω1+ε(ch y) sh2λ y dy ≤ Cβε0 (ω (H\Λ0) + ω (Λ0)) = Cβε0ω(H)

= C
ωε(H)

|H|ελ
· ω(H) = C

ω1+ε(H)

|H|1+ε
λ

|H|λ = C

(
1

|H|λ

∫
H

ω(ch y) sh2λ y dy

)1+ε

|H|λ,

thus there follows the assertion of theorem. �

Proposition 3.3. Let ω ∈ Aλp (R+), 1 < p <∞. Then there exists an ε > 0 such that p− ε > 1 and

ω ∈ Aλp−ε (R+).

Proof. If ω ∈ Aλp (R+), then by Property 2, ω−
1
p−1 ∈ Aλ

1+ 1
p−1

(R+). Applying Theorem 3.3, we obtain

(
1

|H(x, r)|λ

∫
H(x,r)

ω(ch y)
1+θ
1−p sh2λ y dy

) p−1
1+θ

≤ Cp−1

(
1

|H(x, r)|λ

∫
H(x,r)

ω(ch y)−
1

1−p sh2λ y dy

)p−1

,

where θ > 0. Multiplying both sides of the inequality by

1

|H(x, r)|λ

∫
H(x,r)

ω(ch y) sh2λ y dy,

we have (
1

|H(x, r)|λ

∫
H(x,r)

ω(ch y) sh2λ y dy

)
×

(
1

|H(x, r)|λ

∫
H(x,r)

ω(ch y)−
1+θ
1−p sh2λ y dy

) p−1
1+θ

≤ Cp−1

(
1

|H(x, r)|λ

∫
H(x,r)

ω(ch y) sh2λ y dy

)

×

(
1

|H(x, r)|λ

∫
H(x,r)

ω(ch y)−
1

1−p sh2λ y dy

)p−1

≤ C1.

Suppose 1+θ
p−1 = 1

q−1 ⇔ (q − 1)(1 + θ) = p − 1 ⇔ p − q = θ(q − 1) > 0 ⇔ p > q, then p > q > 1 and

ω ∈ Aλq (R+). Thus we get Property 3 with ε = p− q. �

The following theorems are the analogues of the corresponding Theorems 2 and 3 from [29].

Theorem 3.4. Let 0 ≤ α < 2λ + 1, 1 ≤ p < 2λ+1
α , 1

p −
1
q = α

2λ+1 , β > 0,

Eβ = {x ∈ R+ : Mα
Gf(chx) > β} and V (chx) is a nonnegative function on R+ such that for every

interval H ⊂ R+, the inequality(
1

|H|λ

∫
H

V (chx)q sh2λ x, dx

) 1
q
(

1

|H|λ

∫
H

V (chx)−p
′
sh2λ x dx

) 1
p′

≤ K (3.4)

holds with K, independent of H, then there is a C, independent of f such that(∫
Eβ

V (chx)q sh2λ x, dx

) 1
q

≤ C

β

( ∫
R+

|f(chx)V (chx)|p sh2λ x dx

) 1
p

. (3.5)
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Proof. Fix M > 0 and let Eβ,M , an interval of radius M , be the intersection of the set Eβ . For each
x ∈ Eβ,M , there is an interval H centered at x such that

|H|
α

2λ+1−1

λ

∫
H

|f(chx)| sh2λ x dx > β. (3.6)

By the Lindelof covering theorem (see [24]), there is a sequence {Hk} such that Eβ,M ⊂ ∪ Hk, then
we can write ( ∫

Eβ,M

V (chx)q sh2λ x dx

) p
q

≤

(∑
k

∫
Hk

V (chx)q sh2λ x dx

) p
q

≤
∑
k

( ∫
Hk

V (chx)q sh2λ x dx

) p
q

, (3.7)

so, p
q ≤ 1.

Since interval Hk satisfies (3.6), from (3.7), we have

∑
k

( ∫
Hk

V (chx)q sh2λ x, dx

) p
q

≤
∑
k

( ∫
Hk

V (chx)q sh2λ x, dx

) p
q

×

(
1

β
|Hk|

α
2λ+1−1

∫
Hk

∣∣f(chx)
∣∣ sh2λ x, dx

)p

=
∑
k

( ∫
Hk

V (chx)q sh2λ x, dx

) p
q

1

βp
|Hk|1−p−

p
q

×

( ∫
Hk

|f(chx)|V (chx)V (chx)−1 sh2λ x, dx

)p
.

By Hölder’s inequality,( ∫
Hk

∣∣f(chx)
∣∣V (chx)V (chx)−1 sh2λ x, dx

)p

≤

( ∫
Hk

∣∣f(chx)V (chx)
∣∣p sh2λ x, dx

)( ∫
Hk

V (chx)−p
′
sh2λ x, dx

) p
p′

.

Thus we obtain

∑
k

( ∫
Hk

V (chx)q sh2λ x, dx

) p
q

≤
∑
k

(
1

|Hk|λ

∫
Hk

V (chx)q sh2λ x, dx

) p
q

×

(
1

βp

∫
Hk

∣∣f(chx)V (chx)
∣∣p sh2λ x, dx

)(
1

|Hk|λ

∫
Hk

V (chx)−p
′
sh2λ x, dx

) p
p′

.

Taking into account (3.4), we have

∑
k

( ∫
Hk

V (chx)q sh2λ x, dx

) p
q

≤ Cβ−p
( ∫
Hk

∣∣f(chx)V (chx)
∣∣p sh2λ x, dx

)
.
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From this and (3.7), it follows that( ∫
Eβ,M

V (chx)q sh2λ x, dx

) 1
q

≤ C

β

( ∫
Hk

|f(chx)V (chx)|p sh2λ xdx

) 1
p

≤ C

β

(∫
R+

|f(chx)V (chx)|p sh2λ x, dx

) 1
p

.

So, (3.5) follows from the monotone convergence theorem. �

Theorem 3.5. Let 0 < α < 2λ + 1, 1 < p < 2λ+1
α , 1

p −
1
q = α

2λ+1 and V (chx) be a nonnegative

function on R+ such that for every interval H, (3.4) holds with K, independent of H. Then there is
a constant C, independent of ϕ such that( ∫

R+

[
Mα
Gϕ(chx)V (chx)

]q
sh2λ x, dx

) 1
q

≤ C

( ∫
R+

∣∣ϕ(chx)V (chx)
∣∣p sh2λ x, dx

) 1
p

. (3.8)

Proof. Suppose W (chx) = V (chx)q and note that the condition (3.4) is equivalent to(
1

|H|λ

∫
H

W (chx) sh2λ x, dx

)(
1

|H|λ

∫
H

W (chx)−
1
r−1 sh2λ x, dx

)r−1

≤ C,

where r = 1+ q
p′ . That is, W (chx) belongs to class Aλr (R+). Then by Properties 1 and 3, there exists

an ε > 0 such that r2(ε) < r < r1(ε) and simultaneously, W ∈ Aλr1(ε) (R+) and W ∈ Aλr2(ε) (R+) . Let

0 < ε < min (α, 2λ+ 1− α).
Suppose

1

p1
=

1

p
− ε

2λ+ 1
<

1

p
<

1

p
+

ε

2λ+ 1
=

1

p2
=⇒ p2 < p < p1,

1

q1
=

1

p
− α+ ε

2λ+ 1
=
p
− ε

2λ+ 1
− α

2λ+ 1
=

1

p1
− α

2λ+ 1
,

1

q2
=

1

p
− α− ε

2λ+ 1
=

1

p
+

ε

2λ+ 1
− α

2λ+ 1
=

1

p2
− α

2λ+ 1
.

From this it follows that simultaneously 1
q1

= 1
p1
− α

2λ+1 and 1
q2

= 1
p2
− α

2λ+1 , and then suppose

r1 (ε) = 1 +
p1(2λ+ 1)

p′1 (2λ+ 1− (α+ ε)p1)

= 1 +
p1(2λ+ 1)

p′1(2λ+ 1− αp1)
= r1 = 1 +

q1

p′1
, p1p

′
1 = p1 + p′1,

r2 (ε) = 1 +
p2(2λ+ 1)

p′2 (2λ+ 1− (α+ ε)p2)

= 1 +
p2(2λ+ 1)

p′2(2λ+ 1− αp2)
= r2 = 1 +

q2

p′2
, p2p

′
2 = p2 + p′2.

We obtain for r2 < r < r1, from p2 < p < p1 it follows that p′1 < p′ < p′2, but then simultaneously
W ∈ Aα

1+
q1
p′1

(R+) and W ∈ Aα
1+

q2
p′2

(R+).

By Theorem 3.4, there exists a constant C such that(∫
Eβ

W (chx) sh2λ x, dx

) pi
qi

≤ Cβ−pi
∫
R+

∣∣ϕ(chx)
∣∣piW (chx)

pi
qi sh2λ x, dx, i = 1, 2. (3.9)
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Now define a sublinear operator T by

Tg(chx) = Mα
G

[
g(chx)W (chx)

α
2λ+1

]
.

Then with ϕ(chx) = g(chx)W (chx)
α

2λ+1 , (3.9) can be written in the form∫
{x∈Eβ :Tg(ch x)>β}

W (chx) sh2λ x, dx ≤ Cβ−qi
( ∫

R+

|g(chx)|piW (chx) sh2λ x, dx

) qi
pi

, i = 1, 2.

From this it follows that the operator T has simultaneously weak type (p1, q1) and (p2, q2).( ∫
R+

[Tg(chx)]
q
W (chx) sh2λ x, dx

) 1
q

≤ C

( ∫
R+

[g(chx)]
p
W (chx) sh2λ x, dx

) 1
p

.

Supposing here g(chx) = ϕ(chx)W (chx)−
α

2λ+1 and W (chx) = V (chx)q, we obtain the assertion
of the theorem. �

4. Main Results

4.1. Weighted (Lp,ω,λ, Lq,ω,λ) Boundedness Gegenbauer Fractional Maximal Operator.
Next two theorems are analogues of works [12] and [30].

Theorem 4.1. Let 1 < p < 2λ+1
α , 1

p −
1
q = α

2λ+1 . Then the next two conditions are equivalent:

(i) ∃C > 0 such that ∀f ∈ Lp,ω,λ (R+, G) the following inequality{∫
R+

[
Mα
G

(
fω

α
2λ+1

)
(chx)

]q
ω(chx) sh2λ x, dx

} 1
q

≤ C

( ∫
R+

|f(chx)|p ω(chx) sh2λ x, dx

) 1
p

is valid,

(4.1)

(ii) ω ∈ A1+ q
p′

(R+) , p p′ = p+ p′,

sup
H

(
1

|H|λ

∫
H

ω(ch y) sh2λ y dy

)(
1

|H|λ

∫
H

ω(ch y)−
p′
q sh2λ y dy

) q
p′

<∞. (4.2)

Proof. We show that from (4.1), (4.2) we have the following. For every fixing interval H ⊂ [0,∞), we
can write

Mα
G

(
fω

α
2λ+1

)
(chx) = sup

H

(
|H|

α
2λ+1−1

λ

∫
H

∣∣(fω α
2λ+1

)
(ch y)

∣∣ sh2λ y dy

)

≥

(
|H|

α
2λ+1−1

λ

∫
H

∣∣(fω α
2λ+1

)
(ch y)

∣∣ sh2λ y dy

)
χH(chx).

Taking into account (4.1), we obtain(∫
H

ω(chx) sh2λ x dx

) 1
q
(∣∣H∣∣ α

2λ+1−1

λ

∫
H

∣∣(fω α
2λ+1

)
(ch y)

∣∣ sh2λ y dy

)

≤ C

(∫
H

|f(chx)|p ω(chx) sh2λ x dx

) 1
p

.
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Thus,

|H|
α

2λ+1−1

λ

∫
H

∣∣(fω α
2λ+1

)
(ch y)

∣∣ sh2λ y dy

≤ C

(∫
H

ω(chx) sh2λ x dx

)− 1
q
(∫
H

|f(chx)|p ω(chx) sh2λ x dx

) 1
p

.

Supposing f(chx) = ω(chx)
− 1
p

(
1+ p′

q

)
, we obtain

|H|
α

2λ+1−1

λ

∫
H

ω(chx)−
p′
q sh2λ x dx ≤ C

(∫
H

ω(chx) sh2λ x dx

)− 1
q
(∫
H

ω(chx)−
p′
q sh2λ x dx

) 1
p

.

From this it follows that

|H|(
α

2λ+1−1)q
λ

(∫
H

ω(chx)−
p′
q sh2λ x dx

) q
p′

≤ Cq
(∫
H

ω(chx) sh2λ x dx

)−1

.

So, 1
p −

1
q = α

2λ+1 ⇔
1
q −

1
p + 1 = 1 − α

2λ+1 ⇔
1
q + 1

p′ = 1 − α
2λ+1 ⇔ 1 + q

p′ =
(

1− α
2λ+1

)
q,

then (4.2) is provided. We show that from inequality (4.2) follows inequality (4.1). Suppose in (3.8)

ϕ(chx) = f(chx) ω(chx)
α

2λ+1 and V (chx)q = ω(chx), we obtain( ∫
R+

[
Mα
G

(
fω

α
2λ+1

)
(chx)

]q
ω(chx) sh2λ x dx

) 1
q

≤ C

( ∫
R+

[f(chx)]
p

[ω(chx)]
pα

2λ+1 + p
q sh2λ x dx

) 1
p

= C

( ∫
R+

[f(chx)]
p
ω(chx) sh2λ x dx

) 1
p

,

since p
(

α
2λ+1 + 1

q

)
= 1⇔ 1

p −
1
q = α

2λ+1 . �

Theorem 4.2. Let q = 2λ+1
2λ+1−α . Then the next two conditions are equivalent:

(i)

∫
{
x∈R+:Mα

G

(
fω

α
2λ+1

)
(ch x)>β

} ≤ C
(

1

β

∫
R+

|f(chx)|ω(chx) sh2λ x dx

)q
,

where the constant C does not depend on f and β > 0.

(ii) ω ∈ Aλ1 (R+), i.e., Mω(chx) ≤ Cω(chx).

Proof. Let H1 ⊂ H. Suppose fω
α

2λ+1 = |H|
α

2λ+1

λ χH1 , where χH1 is the characteristic function of H1.
From this we have

Mα
µ

(
fω

α
2λ+1

)
(chx) = |H|

α
2λ+1

λ MµχH1
(chx). (4.3)

But for any x ∈ H,

MGχH1(chx) = sup
r>0

|H1 ∩H|λ
|H|λ

≥
|H1|λ
|H|λ

. (4.4)

From (4.3) and (4.4), for any x ∈ H, we have

M
(
fω

α
2λ+1

)
(chx) ≥ |H|

α
2λ+1

λ

|H1|λ
|H|λ

> β > 0,

from this it follows that
H ⊂

{
x ∈ R : M

(
fω

α
2λ+1

)
(chx) > β

}
for every 0 < β < |H|

α
2λ+1

λ
|H1|λ
|H|λ

.
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By (i) and Hölder’s inequality, we obtain

βq
∫

H(x,r)

ω(ch y) sh2λ y dy ≤ βq
∫

{
y∈R+:Mα

G

(
fω

α
2λ+1

)
(ch y)>β

} ω(ch y) sh2λ y dy

≤

( ∫
H1(x,r1)

ω1− α
2λ+1 (ch y) sh2λ y dy

)q
= C

( ∫
H1(x,r1)

[
ω(ch y) sh2λ y

] 1
q

(sh2λ y)1− 1
q dy

)q

≤ C

( ∫
H1(x,r1)

ω(ch y) sh2λ y dy

)( ∫
H1(x,r1)

sh2λ y dy

)q−1

= C |H1(x, r1)|qλ

(
1

|H1(x, r1)|λ

∫
H1(x,r1)

ω(ch y) sh2λ y dy

)
.

From this it follows that

|H1(x, r1)|qλ
|H(x, r)|qλ

|H(x, r)|q−1
λ

∫
H(x,r)

ω(ch y) sh2λ y dy

≤ C |H1(x, r1)|qλ

(
1

|H1(x, r1)|λ

∫
H1(x,r1)

ω(ch y) sh2λ y dy

)
,

which is equivalent to

1

|H(x, r)|λ

∫
H(x,r)

ω(ch y) sh2λ y dy ≤ C 1

|H1(x, r1)|λ

∫
H1(x,r1)

ω(ch y) sh2λ y dy.

Applying the Lebesgue differentiation theorem, we obtain

1

|H(x, r)|λ

∫
H(x,r)

ω(ch y) sh2λ y dy ≤ Cω(chx)

for a.e. x ∈ R+.
Thus, ω ∈ Aλ1 (R+).
Now we show that from (ii) (i) we have the following. Applying Hölder’s inequality, we obtain

Mα
G

(
fω

α
2λ+1

)
(chx) = sup

r>0

1

|H(x, r)|1−
α

2λ+1

λ

∫
H(x,r)

|f(ch t)|ω(ch t)
α

2λ+1 sh2λ t dt

= sup
r>0

1

|H(x, r)|1−
α

2λ+1

λ

∫
H(x,r)

[
(fω) (ch t) sh2λ t

] α
2λ+1

[
f(ch t) sh2λ t

]1− α
2λ+1

dt

≤ sup
r>0

1

|H(x, r)|1−
α

2λ+1

λ

( ∫
H(x,r)

f(ch t)ω(ch t) sh2λ t dt

) α
2λ+1

( ∫
H(x,r)

f(ch t) sh2λ t dt

)1− α
2λ+1

≤
(
Mµf(chx)

) 1
q
(
‖f‖Lλ1,ω,λ

)1− 1
q .

From this it follows that

Mµf(chx) ≥Mα
G

(
fω

α
2λ+1

)q ‖f‖1−qL1,ω,λ
.
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Then taking into account Theorem 3.2, we obtain∫
{
y∈H(x,r):Mα

G

(
fω

α
2λ+1

)
(ch y)>β

} ω(ch y) sh2λ y dy ≤
∫

{
y∈R+:Mα

G

(
fω

α
2λ+1

)
(ch y)>β

} ω(ch y) sh2λ y dy

≤
∫

{
y∈R+:Mµf(ch y)>βq‖f‖1−qL1,ω,λ

} ω(ch y) sh2λ y dy ≤ Cβ−q ‖f‖1−qL1,ω,λ

∫
R+

Mµf(ch y)ω(ch y) sh2λ y dy.

Using Theorem 3.1, for p = 1, and also condition (ii), we get

∫
{
y∈R+:Mα

G

(
fω

α
2λ+1

)
(ch y)>β

} ω(ch y) sh2λ y dy ≤ Cβ−q ‖f‖q−1
L1,ω,λ

∫
R+

f(ch y)Mµω(ch y) sh2λ y dy

≤ Cβ−q ‖f‖q−1
L1,ω,λ

∫
R+

f(ch y)ω(ch y) sh2λ y dy = C

(
1

β
‖f‖L1,ω,λ

)q
. �

4.2. Weighted (Lp,ω,λ, Lq,ω,λ) Boundedness of G-Riesz Potential. In this section we obtain
some results for the G-Riesz potential (1.1), which are analogous to the corresponding results obtained
in [12] for the B-Riesz potential.

Lemma 4.1. Let 0 < α < 2λ+ 1, 1 ≤ p < β
α . Then there is a positive constant C such that for any

r > 0 and x ∈ R+, we have

|IαGf(chx)| ≤ C
(

(sh r)αMGf(chx) + (sh r)α−
β
pM

β
p

G f(chx)
)
. (4.5)

Proof. From (1.1), we have

IαGf(chx) =

( r∫
0

+

∞∫
r

)( ∞∫
0

r
α
2−1hr(ch t)dr

)
Aλch tf(chx) sh2λ t dt = A1(x, r) +A2(x, r). (4.6)

We consider A1(x, r). Let 0 < r < 2. Then from Lemma 3.2 and Corollary 3.1 [15], we have

|A1(x, r)| ≤
r∫

0

Aλch t |f(chx)| (sh t)2λ(sh t)α−2λ−1dt ≤
∞∑
k=0

r

2k∫
r

2k+1

Aλch t |f(chx)| sh2λ t dt

(sh t)2λ+1−α

≤
∞∑
k=0

(
sh

r

2k+1

)α (
sh

r

2k+1

)−2λ−1

r

2k∫
0

Ach t |f(chx)| sh2λ t dt

.MGf(chx)

∞∑
k=0

(
1

2k+1
sh r

)α
. (sh r)αMGf(chx)

∞∑
k=0

1

2(k+1)α

. (sh r)αMGf(chx), (4.7)

since sh t
a ≤

1
a sh t for a ≥ 1.
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Now let 2 ≤ r <∞ and 0 < α < 4λ. Then from the proof of Corollary 3.1 in [15], we have

|A1(x, r)| ≤
r∫

0

Aλch t |f(chx)| sh2λ tdt

(ch t)2λ+1−α ≤
r∫

0

Aλch t |f(chx)| sh2λ t dt

(ch t)4λ−α

≤
r∫

0

Aλch t |f(chx)| sh2λ tdt

(sh t)4λ−α ≤
∞∑
k=0

r

2k∫
r

2k+1

Aλch t |f(chx)| sh2λ tdt

(sh t)4λ−α

≤
∞∑
k=0

(
sh

r

2k+1

)α (
sh

r

2k+1

)−4λ

r

2k∫
0

Aλch t |f(chx)| sh2λ tdt

≤MGf(chx)

∞∑
k=0

(
sh

r

2k+1

)α
≤ (sh r)αMGf(chx), 0 < α < 4λ. (4.8)

Now let 4λ ≤ α < 2λ+1. From the proof of Corollary 3.1 in [15], it follows that
∫∞

0
r
α
2−1h2(ch t)dr . 1,

then

|A1(x, r)| ≤
r∫

0

Aλch t |f(chx)| sh2λ t

(ch t)2λ+1−α dt

≤
r∫

0

Aλch t |f(chx)| sh2λ tdt =

(
sh r

2

)4λ(
sh r

2

)4λ
r∫

0

Aλch t |f(chx)| sh2λ t dt

≤
(

sh
r

2

)4λ

MG f(chx) ≤ (sh r)αMGf(chx), 4λ < α < 2λ+ 1. (4.9)

Thus from (4.7)–(4.9), it follows that for every 0 < r <∞ and 0 < α < 2λ+ 1,

|A1(x, r)| . (sh r)αMGf(chx). (4.10)

We estimate A2(x, r). Let 0 < r < 2. Then

|A2(x, r)| ≤
∞∫
r

Aλch t|f(chx)| sh2λ t

(sh t)2λ+1−α dt =

∞∑
k=0

2k+1r∫
2kr

Aλcht |f(chx)| sh2λ t

(sh t)2λ+1−α dt

≤
∞∑
k=0

(
sh 2kr

)α−2λ−1

2k+1r∫
0

Aλch t |f(chx)| sh2λ tdt

=

∞∑
k=0

(
sh 2kr

)α− βp (sh 2kr
) β
p−2λ−1

2k+1r∫
0

Aλch t |f(chx)| sh2λ t dt

≤M
β
p

G f(chx)

∞∑
k=0

(
sh 2kr

)α− βp ≤ (sh r)
α− βp M

β
p

G f(chx)

∞∑
k=0

2k(α−
β
p )

. (sh r)
α− βp M

β
p

G f(chx), (4.11)

by the condition α− β
p < 0.
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Now let 2 ≤ r <∞. Then for 0 < α < 4λ, we have

A2(x, r) ≤
∞∫
r

Aλch t |f(chx)| sh2λ t

(sh t)
4λ−α dt ≤

∞∑
k=0

2k+1r∫
2kr

Aλch t |f(chx)| sh2λ t

(sh t)4λ−α dt

≤
∞∑
k=0

(sh 2kr)α−4λ

2k+1r∫
0

Aλch t |f(chx)| sh2λ tdt

=

∞∑
k=0

(sh 2kr)α−
β
p (sh 2kr)

β
p−4λ

2kr∫
0

Aλch t |f(chx)| sh 2λtdt

≤M
β
p

G f(chx)

∞∑
k=0

(sh 2kr)α−
β
p ≤ (sh r)α−

β
pM

β
p

G f(chx). (4.12)

We consider the case 4λ < α < 2λ+ 1. Then

|A2(x, r)| .
∞∑
k=0

2k+1r∫
2kr

Aλch t |f(chx)| sh2λ t

(sh t)2λ+1−α dt ≤
∞∑
k=0

(sh 2kr)α−2λ−1

2k+1r∫
2kr

Aλch t |f(chx)| sh2λ t dt

=

∞∑
k=0

(sh 2kr)α−
β
p (sh 2kr)

β
p−4λ(sh 2kr)2λ−1

2k+1r∫
2kr

Aλch t |f(chx)| sh2λ tdt

.
∞∑
k=0

(sh 2kr)α−
β
p (sh 2kr)

β
p−4λ

2k+1r∫
2kr

Aλch t |f(chx)| sh2λ tdt

. (sh r)α−
β
pM

β
p

G f(chx). (4.13)

From (4.11)–(4.13) it follows that for any 0 < r <∞ and 0 < α < 2λ+ 1, the inequality

A2(x, r) . (sh r)α−
β
pM

β
p

G f(chx) (4.14)

is valid. Taking into account (4.10) and (4.14) in (4.6), we obtain the statement of Lemma 4.1. �

Theorem 4.3. Let 0 < α < β ≤ 2λ + 1, 1 < p < β
α , 1 ≤ r ≤ ∞, 1

q = 1
p −

α
β + αp

βr . Then for any

function f ∈ Lp,λ (R+) and M
β
p

G f ∈ Lr,λ (R+) the estimate∥∥∥IαGf∥∥∥
Lq,λ(R+)

.
∥∥∥M β

p

G f
∥∥∥αββ
Lr,λ(R+)

·
∥∥∥f∥∥∥1−αββ

Lp,λ(R+)

is valid.

Proof. From (4.5), for

sh r = sh r(chx) =

(
M

β
p

G f(chx)

MGf(chx)

) p
β

,

we obtain ∣∣IαGf(chx)
∣∣ . (M β

p

G f(chx)
)αp
β (
MGf(chx)

)1−αpβ
for each x ∈ R+.
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Considering both sides of inequality (4.1) to the power of q, integrate by x and using Hölder’s
inequality, we have∫

R+

∣∣IαGf(chx)
∣∣q sh2λ x dx .

∫
R+

(
M

β
p

G f(chx)
)αpq

β
(
MGf(chx)

)q−αpqβ sh2λ x dx

.

( ∫
R+

(
M

β
p

G f(chx)
)αpq

β s′

sh2λ x dx

) 1
s′
( ∫

R+

(
MGf(chx)

)(q−αpqβ )s sh2λ x dx

) 1
s

,

where (
q − αpq

β

)
s = p, s′ =

s

s− 1
=

βr

αpq
,

1

q
=

1

p
− α

β
+
αp

βr
.

Therefore,( ∫
R+

|IαGf(chx)|q dµλ(x)

) 1
q

.

( ∫
R+

(
MGf(chx)

)p
dµλ(x)

) 1
sq
( ∫

R+

(
M

β
p

G f(chx)
)r
dµλ(x)

)αp
βr

.

( ∫
R+

|f(chx)|p dµλ(x)

) 1
sq
( ∫

R+

(
M

β
p

G f(chx)

)r
dµλ(x)

)αp
βr

,

which is equivalent to ∥∥IαGf∥∥Lq,λ(R+)
.
∥∥f∥∥1−αpβ

Lp,λ(R+) ·
∥∥M β

p

G f
∥∥αpβ
Lr,λ(R+).

The theorem is proved. �

Lemma 4.2. Let 0 < ε < min (α, 2λ+ 1− α). Then there is the constant Cε > 0 such that for any
nonnegative function ϕ : R+ −→ R and for every point x ∈ R+, the inequality

IαGϕ(chx) ≤ Cε
√
Mα−ε
G ϕ(chx)Mα+ε

G ϕ(chx) (4.15)

is valid.

Proof. Let r be an arbitrary positive number. Using the scheme of the proof of Lemma 4.1, we have

IαGϕ(chx) .

( r∫
0

+

∞∫
r

)
Ach tϕ(chx) (sh t)α−2λ−1 sh2λ t dt = J1 + J2. (4.16)

Let 0 < ε < α, then

J1 =

r∫
0

Ach tϕ(chx) sh2λ t

(sh t)2λ+1−α dt =

∞∑
k=0

2−kr∫
2−k−1r

Ach tϕ(chx) sh2λ t

(sh t)2λ+1−α dt

≤
∞∑
k=0

(
sh

r

2k+1

)α−2λ−1
2−kr∫
0

Ach tϕ(chx) sh2λ t dt

≤
∞∑
k=0

(
sh

r

2k+1

)ε (
sh

r

2k+1

)α−2λ−1−ε
2−kr∫
0

Ach tϕ(chx) sh2λ t dt

≤ (sh r)ε
∞∑
k=0

2−(k+1)ε
(

sh
r

2k+1

)α−2λ−1−ε
2−kr∫
0

Ach tϕ(chx) sh2λ t dt

≤ Cε(sh r)εMα−ε
G ϕ(chx). (4.17)
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Now let 0 < ε < 2λ+ 1− α. Then

J2 =

∞∫
r

Ach tϕ(chx) sh2λ t

(sh t)2λ+1−α dt =

∞∑
k=0

2k+1r∫
2kr

Ach tϕ(chx) sh2λ t

(sh t)2λ+1−α dt

≤
∞∑
k=0

(
sh 2kr

)α−2λ−1

2k+1r∫
0

Ach tϕ(chx) sh2λ t dt

≤
∞∑
k=0

(
sh 2kr

)−ε (
sh 2kr

)α+ε−2λ−1

2k+1r∫
0

Ach tϕ(chx) sh2λ t dt

≤ (sh r)−ε
∞∑
k=0

(
2−kε

) (
sh 2kr

)α+ε−2λ−1

2k+1r∫
0

Ach tϕ(chx) sh2λ t dt

≤ Cε(sh r)−εMα+ε
G ϕ(chx). (4.18)

Taking into account (4.17) and (4.18) in (4.16), we get that for any ε > 0 with 0 < ε < min(α, 2λ+
1 − α), there exists Cε > 0 such that for every nonnegative function ϕ, for any point x ∈ R+ and
r > 0, the following inequality

IαGϕ(chx) ≤ Cε
(
(sh r)

ε
Mα−ε
G ϕ(chx) + (sh r)−εMα+ε

G ϕ(chx)
)

(4.19)

holds.
Assuming in (4.19)

(sh r)
ε

=

(
Mα+ε
G ϕ(chx)

Mα−ε
G ϕ(chx)

) 1
q

,

we obtain inequality (4.15). �

Theorem 4.4. Let 1 < p < 2λ+1
α and 1

q = 1
p −

α
2λ+1 . Then for ensuring the inequality( ∫

R+

|IαG (fωα) (chx)|q ω(chx) sh2λ x dx

) 1
q

.

( ∫
R+

|f(chx)|p ω(chx) sh2λ x dx

) 1
p

the necessary and sufficient condition is

ω ∈ Aλβ(R+), β = 1 +
q

p′
, pp′ = p+ p′

for any f ∈ Lp,ω,λ(R+).

Proof. Sufficiency. Let ω ∈ Aλβ(R+), then ω ∈ Aλβ−µ(R+) for any µ > 0 sufficiently small. Therefore,

for 0 < ε < min (α, 2λ+ 1− α), we have ω ∈ Aλβ1
(R+) with β1 = 1+ p(2λ+1)

p′(2λ+1−(α+ε)p) and ω ∈ Aλβ2
(R+)

with β2 = 1 + p(2λ+1)
p′(2λ+1−(α−ε)p) . Now, if we take

1

qε
=

1

p
− α+ ε

2λ+ 1
,

1

qε
=

1

p
− α− ε

2λ+ 1
,

then we find that ω ∈ Aλ1+ qε
p′

(R+) and ω ∈ Aλ
1+

qε
p′

(R+).

In view of p1 = 2qε
q and p2 = 2qε

q , we will have

1

p1
+

1

p2
=
q

2

(
1

qε
+

1

qε

)
=
q

2

(
1

p
− α+ ε

2λ+ 1
+

1

p
− α− ε

2λ+ 1

)
= q

(
1

p
− α

2λ+ 1

)
= 1⇐⇒ 1

q
=

1

p
− α

2λ+ 1
.
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Suppose

F1(chx) =
(
Mα+ε
G (fωα) (chx)

) q
2 ω(chx)

1
p1

and

F2(chx) =
(
Mα−ε
G (fωα) (chx)

) q
2 ω(chx)

1
p2 .

From (4.12), by Ḧolder’s inequality, we have∫
R+

∣∣IαG (fωα) (chx)
∣∣qω(chx) sh2λ x dx ≤ Cε

∫
R+

F1(chx)F2(chx) sh2λ x dx

≤ Cε

( ∫
R+

(
Mα+ε
G (fωα)(chx)

) qp1
2 ω(chx) sh2λ x dx

) 1
p1

×

( ∫
R+

(
Mα−ε
G (fωα)(chx)

) qp2
2 ω(chx) sh2λ x dx

) 1
p2

= Cε

( ∫
R+

(
Mα+ε
G (fωα)(chx)

)qε
ω(chx) sh2λ x dx

) 1
p1

×

( ∫
R+

(
Mα−ε
G (fωα)(chx)

)qε ω(chx) sh2λ x dx

) 1
p2

.

Finally, using Theorem 4.1, we obtain∥∥IαG (fωα)
∥∥
Lq,ω,λ(R+)

. ‖f‖Lp,ω,λ(R+) .

Necessity. We show that

Mα
G (fωα) (chx) . IαG (|f |ωα) (chx). (4.20)

In fact, ∫
H(0,r)

Ach t (fωα) (chx) sh2λ t dt =

r∫
0

Ach t (fωα) (chx) sh2λ t dt

=

r∫
0

Ach t (fωα) (chx)(sh t)2λ+1−α sh2λ t dt

(sh t)2λ+1−α

=

∞∑
k=0

r

2k∫
r

2k+1

Ach t (fωα) (chx)(sh t)2λ+1−α sh2λ t dt

(sh t)2λ+1−α

≤
∞∑
k=0

(
sh

r

2k

)2λ+1−α

r

2k∫
r

2k+1

Ach t (|f |ωα) (chx) sh2λ t dt

(sh t)2λ+1−α

≤
(

sh
r

2

)2λ+1−α ∞∑
k=0

1

2(k−1)(2λ+1−α)
×
∞∫

0

Ach t (|f |ωα) (chx) sh2λ t dt

(sh t)2λ+1−α

.
(

sh
r

2

)2λ+1−α
IαG (|f |ωα) (chx). (4.21)
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Taking into account Lemma 2.1, by 0 < r < 2 and (4.21), we have

Mα
G (fωα) (chx) = sup

r>0
|H(0, r)|

α
2λ+1−1

∫
H(0,r)

Ach t (fωα) (chx) sh2λ t dt

. sup
r>0

(
sh
r

2

)(2λ+1)( α
2λ+1−1) (

sh
r

2

)2λ+1−α
IαG (|f |ωα) (chx) . IαG (|f |ωα) (chx). (4.22)

On the other hand,

r∫
0

Ach t (fωα)(chx) sh2λ tdt ≤
∞∑
k=0

( r

2k
)

4λ
2λ+1∫

( r

2k+1 )
4λ

2λ+1

Ach t (fωα) (chx)(sh t)2λ+1−α sh2λ t dt

(sh t)2λ+1−α

≤
∞∑
k=0

(
sh

r

2k

) 4λ
2λ+1 (2λ+1−α)

∞∫
0

Ach t (|f |ωα) (chx) sh2λ t dt

(sh t)2λ+1−α

≤
(

sh
r

2

) 4λ
2λ+1 (2λ+1−α)

IαG (|f |ωα) (chx)

∞∑
k=0

2(1−k) 4λ
2λ+1 (2λ+1−α)

.
(

sh
r

2

) 4λ
2λ+1 (2λ+1−α)

IαG (|f |ωα) (chx). (4.23)

Applying Lemma 2.1, for 2 ≤ r <∞ and (4.23), we obtain

Mα
G (fωα) (chx) . sup

r>0

(
sh
r

2

)4λ( α
2λ+1−1) (

sh
r

2

)4λ(1− α
2λ+1 )

IαG (|f |ωα) (chx)

. IαG (|f |ωα) (chx). (4.24)

Inequality (4.20) follows from inequalities (4.22) and (4.24). �

Theorem 4.5. Let q = 2λ+1
2λ+1−α . Then the following two conditions are equivalent:

(i)

∫
{
x∈R: IαG

(
fω

α
2λ+1

)
(ch x)>β

} ω(chx) sh2λ x dx ≤ C

(
1

β

∫
R+

|f(chx)|ω(chx) sh2λ x dx

)q

with a constant C, independent of f and λ > 0,
(ii) ω ∈ Aλ1 (R+) .

The assertion of the Theorem follows from inequality (4.20) and Theorem 4.2.
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