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WEIGHTED BOUNDEDNESS OF THE FRACTIONAL MAXIMAL OPERATOR
AND RIESZ POTENTIAL GENERATED BY GEGENBAUER DIFFERENTIAL
OPERATOR

ELMAN J. IBRAHIMOV!*, VAGIF S. GULIYEV!2, AND SAADAT A. JAFAROVA3

Abstract. In the paper we study the weighted (prw)\, Lq,w,)\)—boundedness of the fractional max-
imal operator M& (G is a fractional maximal operator) and the Riesz potential (G is the Riesz
potential) generated by the Gegenbauer differential operator

o (2_nsad o A+l d 1
Gr=G=(" 1) = (@ -1 = we (00, ae(03).

1. INTRODUCTION

1.1. As is known the maximal functions, singular integrals and potentials generated by different
differential operators are of importance in applications and in different questions of harmonic analysis
and therefore their study is very topical. Non-accidentally, there exists extensive literature devoted
to difference properties of the afore-mentioned object of harmonic analysis. We cite only those works
that relate to the question considered in the paper: D. Adams [1], I. A. Aliev [2], A. P. Calderon [4], R.
R. Coifman and C. Fefferman [5], C. Fefferman and E. Stein [8], A. I. Gadjiev [9], V. S. Guliev [11-13],
G. H. Hardy and J. E. Littlewood [14], V. M. Kokilashvili, A. Kufner [20], V. M. Kokilashvili and S.
Samko [21], I. A. Kipriyanov, M. N. Klyuchancev [16-19], L. N. Lyakhov [25,26], G. Welland [30] and
other.

In [12] E. V. Guliyev introduced analogous to Muckenhoupt classes generated by Gegenbauer dif-
ferential operator and for the fractional maximal function and fractional integrals associated with
the Bessel differential operator. He obtained some weighted inequalities, analogous to those given in
Propositions 1.5 and 1.6 from [30].

We note that the measure of the homogeneous space satisfies the doubling properties pE(z,2r) <
cuE(z, 1), where the constant c¢ is independent of x and r, and these properties are essentially used
in proving many facts.

1.2. Based on our investigation, we introduce the Gegenbauer differential operator G (see [7]). The
shift operator A2 ,, generated by G, is given as follows (see [15]):

AX f(chz) = Agy¢ f(cha) = CA/f (chz cht —shaz sht cosyp) (sing)**Ldp,
0

T (A+3 ﬂ -t
(721) = ( [ (sin @)2’\_1dg0) and possess all properties of the generalized shift
LT (3) 0
operator from B.M. Levitan’s monograph [22,23].

Let H(z,r) = (x —r,x +7r)N[0,00), r € (0,00), x € Ry = [0,00) . In this way,

<
H($7T):{(O,x—|—r)7 0<z<r,

where C =

(x—r, z+71), xz>T

2010 Mathematics Subject Classification. 26A33, 33C45, 33C60, 33C70.
Key words and phrases. Gegenbauer differential operator; G-Fractional maximal operator; G-Riesz potential;
Weighted inequalities.



46 E. J. IBRAHIMOV, V. S. GULIYEV, AND S. A. JAFAROVA

For any set E C Ry, uE = |E|, = [, sh® tdt. The maximal functions (G-maximal functions)
generated by the Gegenbauer differential operator [15] are defined as follows:

1 r
Mg f(chz) = A, h)|ds (1),
G f(chaz) ig%IH(O,r)AO/ ne|f(chz)|dux(t)
and )
M, f(chx)= sup ———— / chit)|duy(t),
ul(che) xeR+B>O|H(x7T)|)\ [ (e D]dran(®)
H(z,r)
where r
dux(t) = sh*t dt, |H(z,7)|, = / sh® ¢ dt, |H(O,7’)|)\:/sh2’\t dt.
H(z,r) 0

The symbol A < B denotes that there exists a constant C such that 0 < A < CB, and C' may depend
on some parameters. If A < B and B < A, then we write A ~ B.
In [15], it is proved that
Mg f(chz) S M, f(chz).
For any locally integrable function f(chz), x € R, we denote the fractional maximal function
(G-fractional maximal function) M& generated by the Gegenbauer differential operator as follows:

Mg f(chz) = sup| H(0,r)| > /Acht|f(cht)|dm(t), 0<a<2A+1.
r>0 5
If a =0, then M2f = Mg f.
We consider the Riezs potential (G-Riezs potential) generated by the Gegenbauer differential op-
erator introduced in [15]

I&f(chz) = (1a) / (/7~(5—1fLT((:ht)d7ﬂ>ACM]”(ch:E)d,u)\(t)7 (1.1)
2 0
where

o
he(cht) = / eV WET P (cht) (2 — 1) Fdy
1

and P (cht) is an eigenfunction of the operator G.
We denote by L, (Ry,G) = Ly A (Ry), 1 < p < oo, the space of functions measurable on Ry with
the finite norm

Wiy = ([ 15680Pa0) 1200
R

I £llsox = Il = ess sup|f(cht)], p=co.
teRy
We also denote by WL, »(R+) the weak space defined as a set of locally integrable functions on
R, with the finite norm

||f||WLp,A(R+) = ig}gt(‘{x €Ry ¢ |f(cha)| > t}‘)\) P

The main objective of this paper is to obtain the results in [12], [29] and [30] for the opera-
tors M& and I&. The paper is organized as follows. In Section 2 we present some auxiliary re-
sults. We establish the equivalence of the G-fractional maximal functions Mg and M} in the form
Mg f(chz) ~ M f(chz). We obtain the Calderon—Zygmund decomposition of R. In Section 3,
we obtain the weighted analogue of the Fefferman-Stein inequality for the maximal function M and
give the Chebyshev-type inequality. We also introduce the Muckenhoupt-type class and obtain some
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properties of weights in order to use them in proving the inverse Holder’s inequality. We prove the
weighted (Lp,w,x, Lgw,x)- boundedness of the G-fractional maximal operator. In Section 4, we prove

the weighted (L w,x, Lqw,x)- boundedness of the G-Riezs potential.

2. AUXILIARY RESULTS

In this section we will drive and prove some necessary fact, which we will need in the sequel.

Lemma 2.1 ([15]). For 0 < X < 3, the following relation

7y 2241
(sh 5) , O0<r<2,

’H(O,T‘)’AN A\ 4A
(Chi) , 2 <r<oo,

is valid. Note that this measure does not possess the doubling properties of the homogeneous space,

e, pE(x,2r) < cuE(x,r). In this case, we have

22+1 At 1 22+1
(sh2 5) 2 (h§) > cy|H(0,7),. 0<r<2,

>
|H(0,2r)|, = n A
(Ch2 ) ( 7) > 24X (Shi) ZC)\|H(O,T)|)\, 2 <r < oo,

where ¢y depends on the parameter X > 0.

Lemma 2.2 ([15]). Let 0 <A< 3, 0< 2 < o0 and 0 <r < co. Then for 0 <r <2,

N 221
(sh 5) , 0<z <,
}H(IE,T)‘A r 22\
(sh 5) (sh )™, r<z<oo,
and for 2 <r < oo, we have

|H(:z:,r)’ <{(chr)2)‘, 0<z<r,

A~ (cha)* (chr)?,  2<7r < .

Lemma 2.3. Let 0 <z < oo and 0 <1 < 0o. For any v > 0, the following relation

7+l
<th—2kr> , O<z+r<2,

ol 2y
’ (th;rr> , 2<z+r<oo,

holds.

Proof. Let 0 < x < r. We consider the case where 0 < x +r < 2. Let 0 <y < 1. Then

|H (z,7)|; = 7T(Sh t)dt = 7T(sh )" Yd(ch t) = 7T(ch2t— 1)77 d(ch )
0 0 0
_ I/HWd(ch £) > (ch(z+r) +1)°7 7r(ch 1) d(ch 1)
(ch t+1)= "
> ——(l+ch 9)*T (ch(zw +1) —1)F

41

2 T gl T+
- (en1) T (202 T00) T = (e (sh )
7+1 2 7+ 2

(2.1)



48

Let v > 1. Then

x4r T4r
/(sh £Yrdt = /(ch £—1)*7 (ch ¢+ 1) d(ch ©)
0 0
T+r
> 97 /(ch t— 1) d(ch t)
0
241 241 at 1
2 a1 2 > il R
= Jil(ch(as—H")—l) # +21 (25h2xgr) = (shx—gr) :
v v g
On the other hand, for 0 <y <1 and 0 < x +r < 2, we have
x+r x+r h ¢ 1 yo1 x+r
—_ 2 — _
tdt= [ LT geh t) <27 [ (ch t—1)"F d(ch ¢t
sh t)7d ( )7 ek 27 h t—1)"2 d(ch
(ch t+1)="
0 0 0
2% ap 2vFl 7
=2 () -1 = ( x+r> |
v+1 v+1 2
For v > 1,
x4 x4
/(sh 1Ydt /(cht_l)%’l(ch £+ 1) d(ch 1)

0 0

E. J. IBRAHIMOV, V. S. GULIYEV, AND S. A. JAFAROVA

1 v+l
2

<75 (ch(z +7)+1)" % (ch(z+7)—1)

a+1

o o
(ch 24+ 1) 7 (25}12 x;”")

<
v+1

-2 ary T (sh

2

Combining (2.1)—(2.4), we obtain

|H(x,7“)|

(N8

2

Consider now the case where 2 <z +r<ocand 0 <z < r.
Let 0 < v < 1. Then we get

x+r T+

T+r vl v+l h;z:—l—r Lk
) 7+1<b 2 ) '

y+1
z(shm+r) , v>0, O0<zxz+r<2.

/(sh £)Vdt = /(ch t—1)" (ch t+1)"= d(ch t)

0 0
x+r

y—1

> (ch(z+7)+1) 2 /(ch t—1)"2 d(ch t)

0
-1

5
2 R EES}
=31 (2ch2x;rr> (ch(:chr)fl)w;l
1 (gh axr) Y+ 2y 2y
2t (s ) o2 (sh x+ r) ’

2
Y1 (chzg)' ™7 Tyl 2

since ch% < QSh% for t > 2.

y+1

IO

v+l (2en? z3m) =
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On the other hand, for 0 < v <1,

T+r

o t ot N ! t
v _ v v _ ~y+1 _ _ —
/(sh t)dt /(2sh20h2> dt =2 / (shQ) (ch2> d(sh2>
0 0 0
T4 2y—1 2
t\" t 27 z4+r\"
< vt = == )
s [(wg) ()= (05)
0

x+r x+r

/(sh £y dt = 20+ 0/ (sh ;)7 (ch ;)Hd (sh ;)

0

Let v > 1. Then

T+r

2y—1 ~ 2~
227+1/ shE d shE :2— th—i—r ,
2 2 ~ 2
0

T4r T+T

/(sh t)vdt = 27! / (sh ;)7 (ch ;)H d (sh ;)
0 0

z4r 2y—1 2y
2’)’
§27+1/ sh . d(snl) =2 (sn®E0)
2 2) 75 2
0

Combining (2.6)—(2.9), we obtain

and also

T+

2y
|H(x,r)|w%<sh ) , v>0, 2<x+7r < o0
2

Now, from (2.5) and (2.10), for 0 < = < r, we have

y+1
zdr (hx;r , O<z+r<2,
|H(z,7)|, = /(sh t)Vdt = 2y
2 T+
0 sh > ) , 2<x+r <.

Now, let 2 > r. Then from (2.3), (2.4), (2.7) and (2.9), for v > 0, we get

y+1
Tt Tt (sh 332—|—r) , O<az+r<?2,
|H(z,7)|, = /(sh t)7dt < /(sh t)7dt < A
2
z—r 0 <Sh$2r> , 2<x+7r <o
Now, let v >0 and 0 < z 4+ r < 2. Then
r+r x+r

v 7+1
|H(x,r)|/\:/(sh £)dt > /(sh t)”dtzT(shx;ﬂ> z(shxgr) :

r—r z+r
2

since sht ~ ¢ for 0 <t < 1.
On the other hand, from (2.3) and (2.4), for v > 0, we have

x+r +r

97+1 7+l
|Ha,r)|, = /(sh e < /(sh < S (sh f””) .
5

r
T—7 0

49

(2.9)

(2.10)

(2.11)

(2.12)
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In this way, by any v >0 and 0 < x +r < 2,
x+r
= /(Sh t)7dt ~ <sh

r—T

9:+7’>7+1

|H (z,r)| (2.13)

ol
2

Consider now the case where 2 < z 4+ r < co. Let v > 0, then

x+r x+r T+

|H ()|, = /(sh t)7dt > /(sh £yt = / (Sgltt)yd(sh £)

=T ztr ztr
2 2

x+r

% /(Sh )7 d(sh t) = % (Sh'y(x—f—r) Can (x;rr>)

4T
2

% (ShW(HT) _ lesm(xw)) = (1 - ;) shY(z + 7)

27 —1 27 — 27
- (shvx;TChWCC;LT) > = <shx;”"> : (2.14)
vy y

On the other hand, we can get from (2.7) and (2.9) for v > 0

Y

v

z4r 4T

[H ()], = /(sh dt < /(Sh £)7dt < % (sh ”3"2”)27. (2.15)

r—r 0

Thus from (2.14) and (2.15), for = > r, we obtain

1
x+r LAl

2 )
x+r
2

The assertion of Lemma 2.1 follows from (2.11)—(2.16). O

o (sh
|H(z,7)|, = /(sh t)7dt =
r—r (Sh

O<z+4+r<2,
(2.16)

2y
) , 2<zx+r <.

Supposing v = 2\ in Lemma 2.3, we obtain

2241
(th;—r) , O<z+4+r<2,

A~ ax
(shx;r) , 2<z+r <oo.

Since sh ¢ ~ cht for ¢ > 1, then from this for x = 0 we, in particular, get Lemma 2.1.

|H (z,7)] (2.17)

Lemma 2.4. For a nonnegative function f(chzx), x € Ry, the following relation

/ AN, f(ch z)sh®  tdt ~ / f(chu)sh® u du
0 H(z,r)

holds.

Proof. In [15], it is proved that

r ch(z+r) 1
J(x,r) = /Aé‘h75 f(cha)sh® ¢ dt = C) / f(2)(z* = )2 / (1 —u®)*du dz,
0 ch(z—r) p(z,z,r)
where ( 1)
zchxz—chr rx+s
2, L, 1) = —F/——, —1< 2,2, S]_’ Cy = 2 )
Aann) = —m e S *TTOOr (L)
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Then
1 1
Az, z,1m) = Cy / (1 —u*)*tdu < Oy, /(1 —u?)  du = 1.
o(z,2,) -1
We now estimate the integral A(z,z,r) from below. Let —1 < ¢(z,z,7) < 0. Then
1 1
A(z,z,r) = C)y / (1 —u?)*ldu > C) /(1 —u?)* du
p(z,z,m) 0
1
2)\—1
> 2)\_10)\ /(1 — u)’\_ldu = 3 Cly.
0
Now, let 0 < ¢(z,z,7) < 1, then
1
A(z,z,r) = C)y / (1 —u)* 11+ u)*tdu
p(z,z,m)
1—¢(z,z,7) 0o ) A—1
= C, / w2 —u) rdu = Cy, / T (2 — u> du

0 =Rt
oo (o)

1 2
T=p(za.7) T=p(z.a.7)

1+e(z,z,7m)
oo 1—¢(z,2,7)

= 22710y / (u+1)"Purdu = 22271 . 0, / (14 u)"2urtdu

1—p(z,z,7) 0
1+e(z,z,7)

1

1
o
> 92\~ 10/1 A1 gy > 923 10/ >7/
A Aru =73
0 0

Consequently,
1
A(z,z,1) = / (1—u?)* ldu=~1
@(z,z,r)
and
ch(z+r)
J(@,r) ~ / FE)E = 1) bde = / £ (chu) sh® u du,
ch(z—r) H(z,r)

Theorem 2.1. For 0 <z < oo and 0 < r < 0o, the relation
Mg f(chz) ~ M f(chx)
18 valid.

Proof. First, we prove that
Mg f(chz) S My f(chz).

We consider

AcheX(0,r)(chx) = C)\/X(O,r) (2,1)(sin ) Ldep,
0
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where (z,t), = cha cht—shx shtcosp, and x(,) is the characteristic function on the interval (0,7),
ie.,

X0, (2, t)p = {

0, (z,t)y>r

Since
z—t<ch(x—1t) <(z,t), <ch(z+1),
we have x —t > r = (z,t), > 7.
From the inequality |2 — ¢| > r it follows that Ach¢X(0,r)(ch2) = 0. This shows that the carrier at
the function Acy¢x (0, belongs to H(x,r).
More generally, z,t € Ry

™ K

AcheX(0,r)(chz) = CA/X(o,r)(fU7t)<p(Sh ©)P ldp < Oy /(Sin(p)Q)‘_ld(p -1
0 0
We estimate Achx(o,r)(chx):
AcheX(0,r)(chz) = Cy / (sin )2 dp = A(x, t,r).

{p€0,7]:(z,t),<T}

Making the substitution cos ¢ = y, we obtain

[

Az, t,r) = Cy / (1—y2)*ldy.
max{fl, chz cht—r

sha sht

For any z,t € R, we have

hx cht—
N > —1<cha cht+shx sht>r < ch(z+1¢) >
shx sht
Then in the case for ch(z —t) < r < ch(x + t), we obtain
1 1
Awtn)s [ a-pP s [oa-pt i
chz cht—r chz cht—r
sha sht shx sht
A A A
r —ch(z —t) ch(z +t) — ch(z —t) 2 sha sht N
< (V) < = — =2 (2.18)
~ shx sht ~ shx sht sha sht
On the other hand,
A
r —ch(x —t) A ch 2r — 1\ 2 sh?r
Az tr) < (=270 (2227 0) (222 0
(@67) 3 < sha sht ) ~ ( sha sht) sha sht
From this, for ¢ > x, we have
A, t,r) < (ST - (2.19)
Y ~Y Sh x * *
We consider the case 0 < t < z:
1 1
Awtns [ a-pP s [ a-pt i
chxz cht—r chax cht—chr

shax sht shax sht

A 2\ A
chz cht—chr chz cht—chr
<({1-—— <(1-({——m— . 2.20
~ ( shz sht ) ~ ( ( shx sht ) > (2.20)
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We find the extremum of the function

chz cht—chr

fleht) =1~ ( shx sht >

, chz cht —chr\ sh’t cha shx —shx cht-(chz cht —chr)
(sht)f(cht) = =2 < sha sht ) (shz sht)?

_ (chx cht—chr) <chx sh?t —ch®t chz +cht chr) >
sht sh®z sh®t
2(chz cht —chr)(cha —cht chr)
sh®t sh®z

Then it follows that

2(chx cht—chr)(chax —cht chr)
sh*t sh?x

J(eht) =

From this, for > r, we have

2 2 2
s (chx)_l_ ch“z —ch”r
T\ chr Veh?z —ch®r shz

ch?z —ch?r Ch2r—1_<shr)2

:1— =

sh? z sh? z shx
From this and (2.20), we obtain
Az, t,r) S Sh—rz/\ O<t<z, z>r (2.21)
Yy ~ th ) ) M .

Thus from (2.18)—(2.21), we get

Az, t,r) Sminq 1 shr ”
BT "\ shz '

Consequently, for any ¢t € H(x,r),

b\ 22
AcheX(0,r)(chz) < min {1, (sr> } , x> (2.22)

shz

We now have

Mg f(chx) < Mg, f(cha) + Mg, f(chz)

= sup |H(0, |3 R / | f(cht)| Aen ex(0,r) (ch t)dpix(t)
0<z<r<2 H o)

| f(cht)| Ach ex(0,r)dpir(t). (2.23)
H(z,r)

+ sup |H0r el

r<e<2
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Let 0 < 2 <7 < 2. From (2.22), it follows that Ac¢x (0, (chz) < 1. From Lemmas 2.1 and 2.2,
we obtain

Mg f(cha) < swp [HONTT [ feht)|dun(e)

0<r<r<2
H(z,r)
-1
HOET 07T
= o<ilgr)<2 |H (x,7)|} EREs it |Fleht)ldpn(?)

H(z,r)

gh £\ 2Mtl-a e

< 0<Sgp<2 (shi> [H (z,m)| / | f(cht)|du(t)
<z<lr 3

H(z,r)

S My f(chz). (2.24)

From Lemmas 2.1 and 2.2, and also (2.21), for r < z < 2. we have

|
sh Zsh® x P shor 22
2
Mg 5 f(chz) S sup <)2>\+1> (sh z) Mﬁ‘ f(chx)

r<z<2 (sh%
2\ — 2\
sh = AT sh r
< il M f(ch
<o (7)) (G) M
2 o
Sh r 22+1 r 2\
< 2 2¢h =) MY f(ch
< s (52)7 (2en ) s s
- sh £ Ra . 2,\Ma ) . A(1- MH)MO‘f N
~ \sh r <C§> #f(cx) (C ) (chz)
< (2¢h 127550 M9 f(cha) S MO f(cha). (2.25)

Taking into account (2.24) and (2.25) in (2.23), we obtain
Mg f(chz) S M f(chz), 0<z<2 0<r7r<2
Now, let 0 < x <r and 2 <7 < oco. Then
Mg f(ch) < M3, f(ch) + Mg, f(chz)

—1
= sup |H(0,r)|P / |F(cht)] Aen X (0. (ch £)dpix ()

0<z<r

H(x,r)
-1
s HO.0FT [ e Ao (eh (), (2.20
x>r
H(z,r)

Using Lemmas 2.1 and 2.2, for 2 < r < oo, we get

H(O,r ! -1
Mg sena) (oD )™ e [ i)
A H(xz,r)
1— 58—~ 1— &
ch? r e 4> ch? r e
S| oo MZf(chz) = | ———« M f(chzx
(ChMS) uflche) (1+ chr)* pfche)

< A0-57) M2 f(cha) S MG f(cha).
Thus for 0 <z < rand 2 <r < oo,
Mg, f(chz) S M f(chz). (2.27)
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We consider the cases r <z < 0o and 2 < r < co. We investigate the function

f(ch ) chz cht—chr chx cht—chr
r) = = .
shz sht Vch?t —1shz

Putting u = cht, we obtain
u chx —chr

s

We will now find extremum of the function
VuZ —1chz shz —u(u? —1)"2shz (u chz —chr)

!
filu) = (u? —1)sh?
(u? —1)chz shz —u?shx chx+wu chr shz  w chr —cha chx
- (u2 —1)3sh’z B (uQ—I)%shx: T
By u = <2 the function f(u) has minimum

cnr 2
o chix B ch?z —ch?r \/chQ:r—chQT_Chx 1_(c}l:z) Shi

"\ chr Veh?z —ch?rshz sha a sh cha’
as T — 00.

From this, by z > r > 2, we have

—

Awtn)s [ 0@ tas [a-pt i
cha cht—chr sha
shx sht chax

A 2 A
shz sh” zx
<(1-Z==2) < (1= = (chz)™ 2.
N( Chx) N( ch2m> (cha)

Then by Lemmas 2.1 and 2.2, we obtain

1-5x7
Mg 5 f(chz) < sup r) (ch x)_z’\MMf(ch x)

r>2 ch** r
< (chr) "R MO f(char) S MS f(cha), 2<r <z < oc. (2.28)
Taking into account (2.27) and (2.28) on (2.26), we have
Mg f(chz) S My f(chz), 0<z<oo, 2<r<oo. (2.29)
Combining (2.27) and (2.29), we obtain
Mg f(chz) S My f(chz), 0 <z <oo, 0<7<o0. (2.30)

Now we are going to prove that
My f(chz) < Mg f(chz). (2.31)
From (2.17), it follows that ||H (x,r)|x > |H(0,7)|x, then by Lemma 2.4, we have
) FT [ @ < [HON[FT [ Awfhadn ),
H(z,r) 0
from which we get (2.31).
The assertion of Theorem 2.1 follows from (2.30) and (2.31). O

Theorem 2.2 (Lebesgue differentiation theorem). Let f be a nonnegative monotone nondecreasing
function and let f € Lé‘fﬁ\(RQ, 1<p<oo. Then

1

. D 2A _ p
liy / f(chy)Psh y dy = f(ch)
H(z,r)
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for almost every x € R.

Proof. By the locality of the problem, we may assume that f € Ly x(R4). In a general case, one
can multiply f by a characteristic function of the interval [0,r) and obtain the required convergence
almost everywhere interior of this interval. Then by tending r to infinity, one can obtain it for the
whole interval [0, 00). Suppose for any r > 0 and for any z € [0, ),

1
r(chy) = ———— hy)? sh?*
fr(chx) ], / f(chy)?sh™ y dy
H(z,r)
and

Qf(chz) = }ﬁfr(chx) — lim f, (chz)|.

r—0

Then we have

Qf(chz) < 2sup|f,(cha)| = 2Mg f(chz).
r>0

First we show that for any 8 > 0,
|z € Ry : Qf(chz) > B|, =0. (2.32)

In fact, as is known, the set of all continuous functions with compact support in R, is dense in
Ly A(R4) (see [21], Theorem 4.2).

Therefore for any number £ > 0, there exists a continuous function h with a compact support in
R such that

1f - hHLP,A(RJr) <é&
Suppose g = f — h, then g € L, »(Ry) and

||g||Lp7A(R+) <&

Thus, if f € L, x(R4), then for any € > 0, there exist a continuous function h with a compact
support and a function g € L, »(R)4, with the condition HgHL A(Ry) < € such that f = h+ ¢g. But
P,

Qp < Qp + Q. If g is a continuous function with a compact support on Ry, then g, converges to g
and, consequently, in this case we get Q,(chz) = 0. Therefore, for any 5 > 0 (see [15], Theorem 2.2),

€

1
z € Ry : Qy(chz) > ﬂ|>\ S BHQHLM(RH N B

Since ¢ is arbitrarily small, we get (2.32), from which it follows that 111% fr(chz) exists for almost
r—

everywhere on R . Further, we have

P ¥
shP zdx | .

1
}iE})HfT'_fHLM :Tllg%)(/‘W(%TM / f(chy)sh* ydy — f(chx)
Ry

H(z,r)
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By Lemma 2.3, we have |H (z,7)[x > |H(0,7)|» and therefore, we find
x4+

P
}%Hfr fHLMSJ}iL%{/ Hiwr |/\ / ‘f chy) — chm)|sh2)‘ydy] shz)‘xdx}

R+

1 ) e
<Th_r>%{/ -M_/‘f(ch(xy))f(chxﬂsh A(xy)dy] sh)‘a:da:}

P

P

R+
[ Shz,\ p v
< lim / /‘f (ch(z —y f(chx)‘dy sh®* z da
r—0 e |/\
—_ P gh2A ’
71‘1—I>% |H ) )\/{/f (ch(z — f(chz)[?sh :vd:c} dy
h2)\'rch2)\'r " P
<7 _ P 2\
N}li% Gh Ly / /\f (ch(z — f(chz)Psh** xdx p dy

(since by Lemma 2.1, shr & r)

< lim — / { / | f(ch(z — f(chx)|psh2/\xd:c}pdy = 0. (2.33)

r—0 2r

Further, by the monotonicity of the function f, we have

1 s
flch(z —y)) = f(chzchy —shashy) = ;“(()3;_(21)) /f(chﬂcchy — shashy)(sing)?tdp
270

l
/\721/]‘ ch:vchy—shavshycosgp)(smap)2A 'dp = Acny f(chz).
5

Then we have

lim (£, = £, S lim 5 / { [ e stcha) - seha) sh”x} dy

1
sgggfuflchyf—fu% dy =0,

since sup ||Achyf - fHL = wy(r) as v — 0 (see [15], proof of Corollary 2.1).
0<y v

From (2 33), it follows that there exists a subsequence 1y satisfying rp — 0 as k — oo such that
lim f,, (chz) = f(chz)
k— o0

for a.e. z € Ry. Because lin%) fr(chx) exists for a.e. € Ry, thus
r—

ll_{%'H(T / f(chy)? hz)‘ydyff(chx)
H(xz,r)
which is the desired conclusion. O

Applying the Lebesgue differentiation theorem, we may give a decomposition of R, called as
Calderon—Zygmund decomposition, which is extremely useful in harmonic analysis.
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Theorem 2.3. Suppose that f is a nonnegative integrable function on Ry. Then for any fized number
B > 0, there exists a sequence {H;(x;,r;)} = {H;} of disjoint intervals such that
(1) f(chz) < B,z ¢ UH;;
J

1
(UH; [y = 51715

(3) B< ffchy ysh?*y dy <2 Dng =12, ...

1
[H,l 1,
Proof. Since f € Ly x(Ry), we may decompose R into a net of equal intervals (by the Lindelof
covering theorem this is possible (see [24])) such that for every H, from the net

1 20
f(chy)sh™y dy < B. (2.34)
|H |
H
In fact, for any 8 > 0, 30 = §(5) > 0 and for every H; with measure |H;|, = |[H|, < J, we have

[ ety sy dy <5 j=12
H;
Tji+r
where H; = (z; —r,x; +r) and |H|, = |H;|, = [ sh?y dy, (j=1,2,...).
First, we prove (3). '
Let H; = (x1 — 7, 1 + 1) be a fixed interval in the net. Then by (2.33), we can write

A /f(chy) sh* y dy < 8. (2.35)
A
We divide the interval H; into 2™ equal intervals and let H] = <x12; T, x12: T) be one of those
intervals. By (2.17), we have
wé«#r
K 2241
0o 2\ N xr1+r x4+
|Hi|, = /sh ydy~<sh 2n+1> , 0< on <2

x]—T
i

Since for 0 <t < 1, sht ~ ¢, we obtain

22+1 22+1 2241
b T+ (Tt (L Tt —(2A+1)n
[Hil\ = (ShQn-&-l) ~ (2n+1> <2n sh— ) =27 @, (2:36)

There exist possibly two cases concerning Hi:

(4) ‘M|/f®y%”ww>&
11X

(B) |H,/f(chy) sh? y dy < 8.
1IN ,

In case (A), from (2.35) and (2.36), we obtain

8 < /f(chy)sh”y dy ~

/ f(chy)sh*y dy

1 on
[Hl |Hl

<

)\

Now, for Hj, we choose a sequence {H]} .
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We consider case (B). Suppose Hj = Ha(xa —r, 22 +r). Dividing this interval into 2™ equal parts,
we obtain

B <

/ f(chy) sh?y dy <

1 n
EA / flehy)sh®y dy < 23+,
21X
H, !

[Hily
Hy

where for Hj, we choose a sequence {H;}. Continuing this process, we obtain a sequence of disjoint
intervals {H,} such that

b <

‘H| /fchy ysh? y dy < 2@ Ung - (j=1,2,...).
VADN

Proof of (1). Taking into account (2.34), from Theorem 2.2, we have

22X
= R <
f(chz) = }%H[:cr /fchy )sh™y dy <
H(acr)

for a.e. x ¢ |JHj.
J
Proof of (2). Passing to the limit by n — oo in the inequality
’ U Hj(xjvrj)hﬁzmj(%ﬁ BZ / f(chy)sh*y dy,
j=1,2,...,n j=1 I=g (a0 30)
which is contained in the proof of Theorem 2.2, from [15], we obtain approval (2). O
Remark 2.1. The Caldeon-Zygmund decomposition stay valid if we replace Ry by a fixed interval
Hy(xo,r0) for f € L, x(Hp).
3. WEIGHTED (L, x, Lgw,x)-BOUNDEDNESS OF THE FRACTIONAL MAXIMAL OPERATOR
GENERATED BY GEGENBAUER DIFFERENTIAL OPERATOR

In this section, we prove the weighted (Ly , x, Lg.w,x)-boundedness of the fractional maximal oper-
ator Mg (G-fractional maximal operator) generated by the Gegenbauer differential operator.
We need the following theorem.

Theorem (Marcinkiewicz interpolation theorem, [3, n.3.2., p. 43]). Let (Ry,¢) and (Ry,v) be two
measure spaces and let the sublinear operator T' be both of weak type (po,po) and of weak type (p1,p1)
for 1 <py < p1 < o0, that s, there exists a constant Cy > 0 such that for any a > 0,

@ v({rermiea)>a}) < (L,,)"

(b) ({x eRy : |Tf(chz)| > a}) < ( Hprl 50) , p1<oo.
If p1 = o0, then the weak type and strong type coincide by the definition

HTfHoo,l/ S HfHoo,gp
Then T is also of the type (p,p) for all po < p < p1, i.e., for any f € L,(R4,p),

[Irs@af i@ s [ Ifcha)rdpa).
Ry R,

Denote by L, A(Ry, G) the set of measurable functions on Ry with a finite norm

1

HfHLPYw,A(RJr,G) = < /|f(Chx)|pde(x)> <oo, 1<p<oo,
R+

where dwy () = w(chx)duy ().
The following theorem is a version of the Fefferman-Stein inequality.
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Theorem 3.1. Let 1 < p < o0 and g be a nonnegative function such that g € LZIO’Z)A(RJF, G). Then
for any function f € L, , A(R4, G), the following inequality

/ (M, f(ch 2))? g(ch z)dpux (z / | (chz)? Myg(chx)dpn ()
Ry Ry

is valid.

Proof. Without loss of generality, we may assume that M, g(chz) <oo, a.e. € R} and M,g(chz)>0.
If we denote dvy(z) = g(cha)dux(xz) and dpx(x) = Mug(chx)dpy(z), then by the Marcinkiewicz
interpolation theorem for the validity of our assertion it suffices to prove that M,, is both of type
(Loo,ps Loo,) and of weak type (L1, x, L1,u.2).

Let us first show that M, is one of the type (Loo,; Loo,v). In fact, if Hf||oo,¢ < a < oo, then

=0.

22N

/ M, g(chx)dpy(z) = Hx eR,y: ’f(cha:)| > a}

{zeRi:|f(chz)|>a}

Since M,g(chz) > 0 for any = € Ry, we get |{z € Ry : |f(chz)| > a}|M = 0, equivalently,
|f(chz)| < a,ae xRy Thus M, f(chz) < a,ae. x € Ry, and thus it follows that || M, f| s, <a.
Therefore ||M“f||oo,u>\ < flloon -

Now we can show that M, has weak type (L1, x, L1,,,1). For this we need to prove that for any
a>0and f € Ly, a(R4)

1
gleha) dus(@) S = [ Flcha) Myg(chadpa ()
{z€R4: M, f(chz)>a} Ry

By Theorem 2.3 (3), we have

/ F(ch ) Myg(ch )dua (@ / f(cha) <| i / g(cht)dm(t)>dm($)

Summing over i, we obtain

[ feha)Myg(ch)dns(@) = o [ glchudus (o)
Ry

>« / g(chu) duy(u).
{u€R;: M, f(chu)>a}
Thus M,, has weak type (L1, x,L1,,,») and the Fefferman-Stein inequality follows from the Mar-

cinkiewicz interpolation theorem by pg = 1 and p; = oo. O

Theorem 3.2. The Chebychev type inequality
1
‘{x eRy : M, f(chz) > a}’ < E/Muf(chx) dwy (x)
w R+
is valid for all o > 0 and t > 0.

Proof. Since

M, f(chz) (chx),

2 aX{]W;,,f(chw)>a}
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we have
/Muf(chx) dwy(z) > a/X{M“f(chx)>a}(chx)dw)\(x) = a‘{x eRy: M, f(chz) > a}‘ .
Ry Ry
Thus our assertion is proved. O

Definition 3.1. The weight function w belongs to the class Ai; (Ry) for 1 < p < oo if

1 / 23
sup _ w(chu)sh® u du
xER+,T>o<H<x,r>|A (ehe )

H(z,r)
1 -
1
X | =—=—— w(chu) ™77 sh® u du < 00 (3.1)
<|H<x, o/
H(z,r)
and w belongs to A} (R, ) if there exists a positive constant C such that for any 2 € R, and r > 0
Mg w(chz) < Cw(chx). (3.2)
Remark 3.1. Inequality (3.2) is equivalent to the inequality
1 / o .
—_— w(chy)sh dy < C ess inf w(chy). 3.3
\H(ﬂcar)lAH( | (chy)sh™y dy < C ess infe(chy) (3.3)

Remark 3.2. In inequalities (3.2) and (3.3), for C' > 1, by Holder’s inequalility, we have

1 1 1
1= ——— / w(chy)rw(chy) 7 sh* y dy
[ H (,7)]
H(z,r)
< _ / w(chy)sh® y dy
[H (,7)]
H(z,r)
1 P
X | =—=— w(chy)_ﬁ sh® y dy <C%.
<|H($7T)|)\H(/)

We show that sh®u € A} (Ry), 1 < p < oo, if and only if —(2A+1) < a < (2A+1)(p — 1) and
sh®u € A} (Ry) if and only if —(2A+ 1) < a < 0.
By using Lemma 2.3, for v = 2\ — po‘j and (2.17) for 0 < z + r < 2, we obtain

p—1 2A41——2\ p~1
1 2A— o ~ (sh #5*) T
<|H(x,r)|,\ / (shu)™ du) - ( (sh x+r)2f\+1

H(z,r) 2

_ (sth;LT)_a, a< @A+ 1)(p-1),

and also for v = a + 2\ and (2.18),

1 —
W / (Shu)a+2)\ ~ <Sh x —2i_ r) , > —2X — 1.
’ A

H(z,r)

Taking into account the relation in (3.1), we obtain that for
—2A+ ) <a< X +1)(p-1)
sh®u € A)(Ry).
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Now, let 2 < z +r < co. Then assuming v = 2\ — in Lemma 2.3 and using (2.18), we obtain

p=l —2«
# u 223249 w ~ xr+r N B
<|H<w,r>|A | b d) (Sh > ) S a< @)

H(z,r)

and also for v = a + 2,

1 / I\ x4\
_ (shu)*t duz<sh ) , —2x+D) <ax<o.
|H($,T)|)\ 2
H(xz,r)
That is, for 2 <z +r < oo, =2A+1) <a < (2A+1)(p—1) (shu)® € A) (Ry) with 1 < p < oo.
Let p=1, then for 0 < z +r < 2 and 7 = o + 2\, we have
1

|H (2, 7)]

/ (shu)* T2 du ~ <sh x;”) L —(2A+1)<a<o0,
H(z,r)

and for 2 <z 47 < oo and v = a + 2\
1 o «
/(shu)‘””‘duz(shx;r) §<shx;rr) . 2 +1) <a<o.

[H (z,7)]
H(x,r)

Thus, for any 0 < z 4+ r < 00,
(shu)® € A} (Ry), —(2A+1)<a<0.

We are going to prove some properties of A3 (R, ), which we will need later. Note that in proving
these properties and Theorem 3.3, we use the outline from [23].

Proposition 3.1. If 1 < p < ¢ < o0, then A;} Ry) & A} (Ry). In fact, by Hélder’s inequality, we

have
1 k=1
) N k k
/ w™ a1 (chy)sh® y dy < ( / w™ a1 (chy)sh*y dy) ( / sh* y dy)
H(z,r) H(z,r) H(z,r)
Supposing here k = %, we obtain
p=1 a=p
1 1 -t !
/ w™ 71 (chy)sh® y dy < < / w~ a1 (chy)sh®y dy) < / sh? y dy) ,
H(z,r) H(z,r) H(z,r)
whence we have
1 !
1
_— w™ 71 (chy)sh® y dy
(IH(%T)IA /
H(z,r)
1 -1 2) o 2) r
< ——— w” a1 (chy)sh**y dy sh**y dy
|H (z, 7)[§
H(z,r) H(z,r)
H q—p p—1
= [H . )l p / wfﬁ(chy) sh?*y dy)
[H (z,7)[%
H(z,r)
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If p =1, then by (3.3), we have

q—1 1
1 / __1 22 —1 .
_ w~ a1 (chy)sh®*y dy < ess supw™ (chy) = | essinf w(chy
(IH(x,r)IAH( e ess supw™(chy) = | esginf w(chy)
x,r

1 ) o
SC(H(“TJ’)L\ / w(chy)shkydy> .

H(z,r)
Thus, if w € A) (Ry.), then w € A} (Ry.) for ¢ > p. On the other hand, (shu)® € A} (Ry), if and only
if —(2A+1) < o < (2A 4 1)(p — 1), therefore A} (Ry) # A) (Ry).

Proposition 3.2. If w € A;‘ (Ry) (1 < p < ), then for any a € (0,1), there exists 5 € (0,1)
such that for any measurable set E C H, |E|, < «|H|, and w(E) < f w (H), where w(A) =
[ w(chz)sh* z da.

Proof. In fact, let S = H\E and f(chz) = xs(chz). Then

1S, ) \" / 22
—_— <
<|H(3:,7')|/\ w(H)<C w(chy)sh™ y dy
S(z,r)
< C( / w(chy)sh* y dy — / w(chy)sh® y dy) =C(w(H) —w(E)).
H (x,r) E(z,r)
Further,
|E(z,7)]5
< — <
|E(J],T)‘)\ < a’H(m,r)’A = ), = o
[E(z,7)] [E(z,7)]
S - 2>-—asl-all - —2
[H (z,7)] [H (z,7)]

< (1—-a)’w(H) < (1 . m) w(H) < C(w(H) —w(E)).

Taking into account that C' > 1, we obtain
(1-a)fwH)<Cw(H)-Cw(E) e CwE) < (1-(1-a)P)w(H)

C—-(1-a)
swE < CZU= o,
C
Thus, we get our assertion with g = %_O‘)p O

Further, we need the reverse of Holder’s inequality.

Theorem 3.3. Letw € A;,\ (Ry), 1 <p < oo. Then there exist a constant C > 0 and € > 0 depending
only on p such that for any interval H(x,r), the inequality

1
1 / 1+e 2X - C 2
_ w T (chy)sh**y dy < - w(chy)sh™y dy
<|H($7T))\ |H (x,7)]
H(z,r) H(zx,r)

is valid.

Proof. Fix an interval Hg (zg,r0). By Remark 3.1, we apply inequality (3) from Theorem 2.3 with

respect to Hy for w, and the increasing sequence {8x}, k = 0,1,..., we can write
w(H
{ ( ):/80</61<"'<6k<"'}-
|H,
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For each By, by property (1), we can get a disjoint sequence {Hj;} such that w(chz) < fj for
x ¢ A, = JHy i, and by property (3),

1
S e, / w(chy)sh®y dy < 222D,
2PN

ki

Since Bi41 > Bk, for every interval Hy, j, it is either equal to H} ; or a subinterval of Hy, ; for some
i, therefore

1 Hy. 1
|Hi+1,55 < Bt / w(chy)sh* y dy = IBHJ’\ THe] / w(chy)sh* y dy
ilx

Hit1,5 Hit1,

| Hy i 1 n Bk
IBk+1)\ . ‘Hk i|)\ / W(Chy) sh2>‘ydy < 2(2>\+1) . ﬁT_i_l |Hk,i|)\ .

Hk,j

From this, we get

Bk
’Hk,i N Ak+1’ 2(2>\+1)n6 |Hk z|,\

ket
For fixed oo < 1 we choose a sequence {8} such that

9(2A+1)n 9(2x+1)n\ ¥
B epm (B2,
Br+1 a
o \kt1
where ﬁo = (W) + /BkJrl' ThuS,

|Hy,i N Ak+1|)\ <o

From Property 2 of class A5 (R,.), there exists v € (0,1) such that
W(Hk}i N Ak+1) < yw (Hk,i) .

From this, we have
w(Hpi N Aggr) < Jw (Hi)

that equivalently
w(Agt1) < yw (Ag),
from which it follows that
w (Agt1) < 7*w (Ag).
Analogously, we have [Api1], < a|Ag|, and [Agi1]y, < a®|Agl, . Consequently,

‘ kQO P klggo [Ax[ = 0.

Thus,

/wH'E (chy)sh®* ydy = / wite(chy) sh®* y dy + Z / w'*e(chy) sh®* y dy
H H\Ao kZOAk\AI«+1

< Biw (H\Ao) + 3 B2 410 (Ax\Axsn)

k=0

2(2)\+1)n (k+1)e
SBS( (H\Ao) +Z( ) vkw(Ao)>
(2A+1D)n\ & > (2A+1)n
gﬁsqw(H\AoH(z ) > ()

k=0

W(A0)>
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2(2A+1)n

Let € > 0 be small enough such that (

have

1>
) v < 1. Then the series converges. Therefore we

/ W (chy) sh? y dy < CBS (w (H\Ao) +w (Ao)) = CBew(H)

H
wF (H) W (H) 1 o\
ot = Ll = o e [t yay)
5 iy . )
thus there follows the assertion of theorem. O

Proposition 3.3. Letw € A; (Ry), 1 < p<oo. Then there exists an € > 0 such that p—e > 1 and
w € A;‘_s (RJ’_)

Proof. If w e A;‘ (Ry), then by Property 2, w T € Ai‘+L (Ry). Applying Theorem 3.3, we obtain
p—1

1 146
<|H(:r7")| / w(Chl/)lpsh”ydy>
TN

H(z,r)

p—1
6

p—1
_ 1 1
S0p1<|H(xr)| / w(chy) 1”Sh2Aydy> ,
»T)Ix
H(z,r)

where 6 > 0. Multiplying both sides of the inequality by

1

_ w(chy)sh* y dy,
EICRIN /
H(z,r)

we have

1 1 i
(M / w(chy) Sh2>‘ydy> X (M / w(chy) - sthydy>

H(z,r) H(z,r)

1
S Cp_l (W(QL’T‘N / OJ(Chy) ShQAydy>
’ A

H(z,r)

p—1
1 / —1 o
X | = w(chy) 7 sh* ydy < (.
<|H<x,r>|A

H(z,r)

—1

1

'S
LY

Suppose;ij:ﬁ@(q—l)(l—i—@):p—lﬁ)p—qzﬁ(q—l)>0(:>p>q7thenp>q>1and

w € A}(Ry). Thus we get Property 3 with e = p —¢. O

The following theorems are the analogues of the corresponding Theorems 2 and 3 from [29].

Theorem 3.4. Let 0 < o < 2X+ 1, 1 < p < 2 %—% = 555, B > 0,
Eg = {z € Ry : M&f(chz) > B} and V(chz) is a nonnegative function on Ry such that for every

interval H C Ry, the inequality

<;|/V(chx)q sh?? x,dx) <|Hl|/V(chm)p/ sh”wdx) <K (3.4)
\ A
4 i

holds with K, independent of H, then there is a C, independent of f such that

1

P

qs2’\x1’q ¢ chz)V (chz)|P sh* z dz
</V(chx) h ,d) §ﬁ<R/|f(h)V(h) h d). (3.5)

Eg
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Proof. Fix M > 0 and let FEg 57, an interval of radius M, be the intersection of the set Eg. For each
x € Fg pr, there is an interval H centered at x such that

\H|§;ﬁil/\f(chx)|sh”a:dx>ﬁ,
H

(3.6)

By the Lindelof covering theorem (see [24]), there is a sequence {H}} such that Eg s C U Hy, then
we can write

SO

]

( / V(Chx)qsh2)‘xdx>q < (Z/V(chx)%h”‘xd:c)
kg

Eﬂ,M
< Z (/V(chx)%h”‘xdw) ,
k

Hy,

Qs

B,
) q —
Since interval Hy, satisfies (3.6), from (3.7), we have

2

V(chz)?sh® x,dx) ' < < V(chz)?sh? x,dx) '
() =(/

k Hy, Hy,

P
X (; |Hk|’Ma+1_1/’f(chx)|sh2>‘x,dx>
Hy,

p

= Z (/V(Chm)qsh”‘ x,dm) % |Hk\17p7§
k

Hy,

P
X ( / |f(chz)| V(chz)V(chz) tsh® z, dx) .
Hy,
By Holder’s inequality,

(/ ‘f(chx)‘ V(chz)V(chz)~*sh* x,da:)

Hy,

P
Y

< |f(ch@) V(ch x)|p sh* z, dx) ( V(chz)™® sh® z, dx) ' .
J /

Hiy,

Thus we obtain

qs”‘xacq L chz)?sh? z, dx
Z(/V(chx) h ,d) g%:(Hka/V(h) h ,d)

k Hy

X </6}[)H/|f(chx)V(chx)‘psh2)‘x,dx> <|H1k)\H/V(chx)_p/ sh”‘x,dx)

Taking into account (3.4), we have

> (/V(chz)qsh”x,dx>

k Hy

P
q

P
I

Bl

§Cﬁp< / | f(chx)V(chx)\”sh”x,dx)

Hy,

(3.7)
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From this and (3.7), it follows that

[/

Epg,m

1
P

V(chz)?sh? x,dm) ‘7 < g(/ |f(chz)V (cha)[P sh® xdm)
Hy,

=

C P 2\
< ﬂ</|f(chx)V(chm)| sh x,dx)

R4
So, (3.5) follows from the monotone convergence theorem. O
Theorem 3.5. Let 0 < a < 2A+1, 1 < p < 228, % - % = oxy7 and V(chz) be a nonnegative

function on Ry such that for every interval H, (3.4) holds with K, independent of H. Then there is
a constant C, independent of ¢ such that

P

</[Mggo(chx)V(chm)}qSh%x’dl)q SC(/‘cp(chx)V(chx)‘Psh%\x’dx> . (3.8)

Ry

Proof. Suppose W(chx) = V(chx)? and note that the condition (3.4) is equivalent to

r—1
<|I;|/W(chx) sh?* x,dm) <|I;|/W(chx)_r11 sh?* x,dm) <C,
A A
H H

where r = 1+ z%' That is, W (ch x) belongs to class A} (R). Then by Properties 1 and 3, there exists
an € > 0 such that ro(¢) < r < ri(e) and simultaneously, W € Ai‘l(a) (Ry) and W € Ai‘z(a) (Ry). Let
0<e<min(o,2A+1—a).

Suppose
1 1 € < 1 < 1+ € 1 <<
prop 20 41 p T p 2041 py bz =Pp=p
1 1 ate € a 1 «a
@ p 22 +1 p 2 +1 2x+1 p; 2241
1 1 a—e 1+ € a 1 a
@ p 22 +1 p  2X+1  2X+1  py 22X+ 17
From this it follows that simultaneously qil = p% — g7 and q% = p% — 3xp1» and then suppose
p1(2A+1)
ri(e) =1+
1(€) P 2A+1— (a+e)p1)
p1(2A+1) O / /
=1 = =142 =
+p,1(2)\+1_ap1) T1 +p£7 P1pq D1 +p17
p2(2A + 1)
ro(e) =1+
A S ey
Pp2(2A + 1) ‘B / /
+p’2(2)\+1—o¢p2) T2 +p’2’ P2p2 = P2 + P

We obtain for ro < r < rq, from ps < p < p; it follows that pj < p’ < pj, but then simultaneously
W S A?+%(R+) and W S A?_F%(RJ,_).

1 2
By Theorem 3.4, there exists a constant C' such that

% . Py
(/W(Chx) sh?* z,dm) < Cﬂ*m/|ga(ch:c)|1”1W(ch:c)«7sh?A z,dr, i=1,2. (3.9)
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Now define a sublinear operator T by
Tg(chz) = M& [g(ch:z:)W(ch:c)ﬁ] )

Then with ¢(chz) = g(chz)W (ch )™, (3.9) can be written in the form

4

piW(chx)sh”‘&dm) , i=1,2.

W(chz)sh®* z,dx < Cp~% ( / lg(chx)

{z€Eg:Tg(chz)>pB} Ry

From this it follows that the operator T" has simultaneously weak type (p1,¢1) and (p2, ¢2).

( / [Tg(ch2)]* W (chz) sh2’\x,dx> "< c( / lg(ch 2)]” W (ch z) sh2/\1:,da:>p
R, R,

Supposing here g(chz) = @(chz)W (chz)~™ 2+ and W (chz) = V(chx)?, we obtain the assertion
of the theorem. 0

4. MAIN RESULTS
4.1. Weighted (L, », L;w,) Boundedness Gegenbauer Fractional Maximal Operator.
Next two theorems are analogues of works [12] and [30].

[0

Theorem 4.1. Let 1 <p < %fl, 1_ % = 5T Then the next two conditions are equivalent:

P
(1) 3C > 0 such that Vf € L, (R4, G) the following inequality

{ / [M& (fw) (cha)]? w(cha)sh® m,dw} ‘? < C( / |f(chz)[” w(chz) sh?* x,dm) pis valid,
Ry R,
(4.1)

() we Ay g Ry) , pp' =p+7p/,

a

1 1 . v
sup —/w(chy) sh®* y dy —/w(chy)_7 sh®* y dy < 00. (4.2)
o\ |H|, [H,

H H

Proof. We show that from (4.1), (4.2) we have the following. For every fixing interval H C [0, c0), we
can write

Mg (fw?ﬁrl) (chz) = sup< \H|ffo‘l“71 / ’(foﬂﬁl) (chy)| sh”‘ydy)
H
H

> <|H)2\ﬁ11/‘(fw2f+1) (chy)|sh2’\ydy>xH(chx).
H

Taking into account (4.1), we obtain

</w(chw)sh2>‘xdx> ' (‘H|f\;“_1/|(fw2*a“) (Chy)|sh2)‘ydy>
H

H

< C< |f(chz)|P w(chx) shz)‘xdx>
/
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Thus,

IHliﬁ_l/!(fwﬁ)(chy)lsh”ydy
H

SC(/w(chx)sh”‘mdm) ' (/|f(chx)|pw(chx)sh2)‘mdx>p.

1+2

Supposing f(chz) = w(ch x)_%< a ), we obtain

Q=

|H|fﬁ_l /w(chx)_% sh® zdx < C(/w(chx) sh2>‘xdx>

H H
From this it follows that

(/w(chm)_pq sh”mdz) .
H
|H\E\ﬁ71)q (/w(chx)_pq sh”xdx) < Cq</w(chx) sh”wdm)

H H

1 1 a 1 1 _ «a 1 1 _ a _ a
807576:2)\+1@5754»17172)\-"-1@54»?717%@14»%7(17m q,
then (4.2) is provided. We show that from inequality (4.2) follows inequality (4.1). Suppose in (3.8)

¢(chz) = f(chz) w(chz)># and V(chz)? = w(chz), we obtain

p

< / [M& (fwm7T) (chz)]"w(chz) sh* xdm) < C( / [f(cha)]” [w(ch z)] 214 gh2? scd:v)

Ry i
1
_C</[f(Cth)]pw(chx)shz’\mdx> ,
Ry
e o ) 1 1t D

Theorem 4.2. Let g = 2/\2_ﬁia Then the next two conditions are equivalent:

q
(i) / < C’(;/Lf(chw)w(chx)sh”mdw) )
{zeR+:Mg(fwﬁ)(chm)>ﬁ} R+
where the constant C' does not depend on f and g > 0.
(i) we AP (Ry), i.e., Mw(chz) < Cw(chx).

Proof. Let H; C H. Suppose fws+1 = |H|P* xy,, where xp, is the characteristic function of Hj.
From this we have

Mﬁ‘ (fwﬁ) (chzx) = |H|fﬁ M, xH,(chz). (4.3)
But for any x € H,

|Hy N HJ, |Hil,
MgxH, (chz) =sup > .
! r>0  |[HIy |H]

From (4.3) and (4.4), for any « € H, we have

(4.4)

a i
M (fw>¥) (chz) > [H|P |Hl|>\ > 3> 0,
A

from this it follows that
Hc {zeR: M (fwn)(chz) > B}

ey

for every 0 < g < |H|3*

[H:|
[HI|y -
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By (i) and Holder’s inequality, we obtain

37 / w(chy)sh”‘ydygﬂq / w(chy)sh”‘ydy

H(z,r) {yER+:M8 (fwﬁ)(chy)>5}

q 1 q
< ( w! T (chy) sh”‘ydy) = C( / {w(chy) sh* y|* (sh® y)l_édy>

Hy(z,r1) Hy(z,r1)

qg—1
<C ( / w(chy)sh®*y dy) ( sh®y dy)
1

Hy(z,r1) Hy(x,r1)
=C|H(z,r)|! | —— / w(chy)sh® ydy |.
| 1( 1)|)‘<|H1(1’,T1)|/\ ( y) yay

Hl(z,rl)

From this it follows that

Hyi(x,r 4 -
T el [ ety
’ A H(z,r)

1
< q 2
< ClHy(z,r1)[} <H1(:v7r1)|/\ / w(chy)sh ydy),

Hy(z,r1)
which is equivalent to

1

_— w(chy) sh?* y dy.
[H (,7)]

1
w(chy)sh? ydy < C—mMmM8M8M /
/ (chy)sh™ydy < Crm o,
H(x,r) Hq(x,r1)

Applying the Lebesgue differentiation theorem, we obtain

for a.e. x € Ry.
Thus, w € ANRy).
Now we show that from (ii) (i) we have the following. Applying Hélder’s inequality, we obtain

[e3 1
Mg (fw 1) (chz) = sup

———tzj/|MMW@mﬁm%w
r>0 |H(x, T) N 23+1

H(z,r)
1 _a 1o
= SUp———————— / [(fw) (cht)sh® t} o [f(ch t) sh* t} Tt
T>O|H ()] T

)

H(z,r)

o

1 2 +1
< SUp———————— ( / f(cht)w(cht) sh?* tdt) (
Ol 7\, .,

A z,r)

1- 2A+1
f(cht)sh®* ¢ dt)
(

1 1—1
< (M, ()t (Il )
From this it follows that

M, f(cha) > M&(fw )| fll;*

L1’
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Then taking into account Theorem 3.2, we obtain

w(chy)sh® ydy < / w(chy)sh?* y dy
{yEH(m,r):Mg (fw#*l)(chy)>ﬂ} {y€R+:Mg (fwﬁ)(chy)>[3}
< / wlchy)sh® ydy < CH 7, [ Mo (chyhlchy)sh® y dy
{ver:M fleny)>pelfl? |} Ry

Using Theorem 3.1, for p = 1, and also condition (ii), we get

w(chy)sh® ydy < O~ q||f||Lm/f chy) Myw(chy) sh? y dy
{very Mg (o) (chy)>5} R+
1 q
<os i, [ St yar=c (31, ) 0

Ry

4.2. Weighted (L, », L, w,») Boundedness of G-Riesz Potential. In this section we obtain
some results for the G-Riesz potential (1.1), which are analogous to the corresponding results obtained
in [12] for the B-Riesz potential.

Lemma 4.1. Let0<a<2\+1, 1<p< g Then there is a positive constant C' such that for any
r >0 and x € Ry, we have

(157 (eh)| < O ((shr)* M f(cha) + (shr)*~5 M Feh)). (4.5)

Proof. From (1.1), we have

o0

8 (cha) = (/ /

T

)( / r37 i, (cht dr) Ady of(cha)sh® tdt = Ay(w,r) + Az(x,r).  (4.6)
0

We consider A;(x,r). Let 0 < r < 2. Then from Lemma 3.2 and Corollary 3.1 [15], we have

r A 2\ a—2x—1 N cht‘f(Chx)|5h2/\ dt
i< [ Al enoras S [ SO
J -

2EF1

r

(o] _ _ 2
§Z<Sh2k—:1)a(sh#> » 1/Acht\f(chz)|sh2’\tdt

k=0 0
SMgf(chx)Z(Wshr) < (shr) Mgf(chx)z2(k+1)a
k=0 k=0
< (shr)*Meg f(cha), (4.7)
since sh% < %sht for a > 1.
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Now let 2 <r < 0o and 0 < a < 4A. Then from the proof of Corollary 3.1 in [15], we have

A 2 2\
|A1(x7r)|S/Acht|f(chx)|sh tdtg/ Cht|f(cha:)|sh tdt

(Ch t)2>‘+1_0‘ (Ch t)4>‘ «
0

FAN f(cha)|sh tdt N T AN, |f(ch)|sh™ tdt
</Chtcxs <Z/ e lf(cha)|s
- (Sht)él)\fa — (Sht)zl)\fa

0 "=
- . 3
<> () (shger) [ A lfteha)|sh® e
k=0 0
o0 r o
< Mg f(chz) Z (sh W) < (shr)*Mgf(chz), 0<a <4 (4.8)
k=0

Now let 4\ < o < 2A+1. From the proof of Corollary 3.1 in [15], it follows that [ 7% ~*hy(cht)dr < 1,
then

due|f(chz)|sh® ¢
‘Al(xar” S/ < €cht)2>‘+1 o dt
0

s/AéhAf(chx)\sh”tdt (eh f“/AChtu (chz)|sh® ¢ dt
] (sh)
r 4N
< (sh§> Mg f(cha) < (shr)*Mgf(cha), 4\ < a <2\ +1. (4.9)

Thus from (4.7)—(4.9), it follows that for every 0 < r < co and 0 < o < 2A + 1,
|A1(z,7)] < (shr)*Mg f(chz). (4.10)

We estimate Ag(z,7). Let 0 <7 < 2. Then

OOAAht f(cha)|sh® ¢ AN |f(chz)|sh® ¢
[Az(, )| < / ‘ (sht) 2,\+1 o a0t *Z / (sht)2P+1-a dt

2k+1

(sh 2’“7’)0472)\71 / A | f(chz)| sh? tdt

0 0
okt1,
> B 5 oy
=3 (sh2kr)" 7 (sh2hr) / AN, |f(chz)|sh® ¢ dt
k=0 0
5 S koY o — - k(a—2)
SMG"f(chx)Z(sh2 r)* 77 < (shr) PMpr(chx)Z2 s
k=0 k=0
B
< (shr)*" 7 M f(chz), (4.11)

by the condition o — g < 0.
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Now let 2 < 7 < 0o. Then for 0 < o < 4\, we have

| N

%) 2k+1y
A) ;| f(chz)| shz)‘t i AN I( ch:c)|sh2>‘tdt
(sh)™—@ Z (sht)—a

2k+1

(sh2kp)a—2A / A I f(chz)| sh? tdt

E%g

i
(e}
(=)

M

2k
(sh 2%7)%~ % (sh 2%7) 5~ / A |f(chz)| sh2xtdt
0

k=0
% c- k -2 a—E g
< MZ f(chx) Zsh2 v < (shr)* »MZE f(cha). (4.12)
k=0

We consider the case 4\ < o < 2A + 1. Then

ok+1,

(chz sh? ¢ > oy
|As(z, 1) < Z / Chts|lr{t m)l‘ ——dt <> (sh2kr)e At / AN, |f(cha)|sh® t dt
k=0 2k
- ok+1,
= (sh2br)*” 7 (sh 28r) 7~ (sh 2Fp)2A 1 / AN, | f(chz)| sh® tdt
k=0 2k
o 2k+1
<D (sh 2Fr) 7 (sh 2Fr)s / Nt | f(cha)| sh? tdt
k=0 2k
< (sh r)a*%Mg f(chz). (4.13)

From (4.11)—(4.13) it follows that for any 0 < r < oo and 0 < & < 2X + 1, the inequality

As(a,7) < (sh #)* 5 M f(chz) (4.14)

is valid. Taking into account (4.10) and (4.14) in (4.6), we obtain the statement of Lemma 4.1. O

Theorem 4.3. Let 0 < a < 8 < 2A + 1, 1<p<§,1§r§oo %:%—% 5—” Then for any
B
function f € Ly x (Ry) and MZ f € L, x (Ry) the estimate
B apB 1—28
I P L e i
‘ ¢ Lgx(Ry) ¢ Lra(Ry) oA (Ry)
is valid.
Proof. From (4.5), for
s P
MZE f(chz)\?
hr =shr(chz) = | =L/
shr = shr(chz) (Mgf(ch:v) ,

we obtain

[Tef(cho)] 5 (Méf(Chw)) N (Mg f(ch x))l_%

for each z € Ry.
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Considering both sides of inequality (4.1) to the power of ¢, integrate by = and using Holder’s
inequality, we have

/‘Igf(chx)‘qshmmdx < / (Méf(chm))%(Mgf(chx))q_%sh2)‘xdm

Ry Ry
< (/(M f(chaz)) N h”‘xdm) (/(Mgf(chx))@_agq)sshz)‘xdx) ,
Ry Ry
where
(q_@)s_ g5 _Br 1 1 _a ap
B ’ s—=1 apg’ q p B PBr
Therefore,
: % . 3
( / Isf<chx>|qclm<x>> < ( / (Mcf(chw))pdux(x)> ( [ (04 (et dum))
< ( / If(chx)lpdm(x)> ( JACCICE) dmm) ,
which is equivalent to
12871,y S Ml iy 19251
The theorem is proved. O

Lemma 4.2. Let 0 < e < min (a, 2A 4+ 1 — «). Then there is the constant C. > 0 such that for any
nonnegative function ¢ : Ry — R and for every point x € Ry, the inequality

Igo(cha) < Coy/ Mg p(cha) MG p(ch ) (4.15)
is valid.

Proof. Let r be an arbitrary positive number. Using the scheme of the proof of Lemma 4.1, we have

Igp(chz) < (/ /) Aanrp(chz) (sht)*=1sh® tdt = Jy + Js. (4.16)

Let 0 < € < a, then

7 :/Achtgo(chx th Z / Acnip(chz) hz’\tdt
0 —k—1p

(Sht)2>\+1 o Sht 22 +1—«

—k

o a—2A—1
< Z (sh #) / Acnip(chz) sh?* t dt

k=0 2
27 kp
e € a—2\—1—¢
< Z (sh #) (sh #) / Achtp(chz) sh?* ¢ dt
k=0 A

_kT

< ro\oa—2A—1-¢
< (shr)® Z? (k+1)e (sh 2k+1) / Achp(chz) sh®* ¢ dt
k=0 0

< C.(shr)* Mg p(cha). (4.17)
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Now let 0 < e <2X+1— «. Then

s 2X 2)
JQZ/AChtcp(chx ) sh tdt Z/ Anip(chz) sh tdt

(Sht)2>‘+1 a Sht 2A+1—a
2k+1
<3 (sh 25p) " / Aarp(chz) sh> ¢ dt
k=0 0

ok+1,

< Z (sh 2F7r) " (sh 2Fr )ME*M?1 / Acnrp(chz) sh®* tdt
k=0 0

0o okl
< (shr)= Y (274) (sh 2b) " / Aanip(chz) sh? ¢ dt
k=0 o
< Co(shr)*M&*p(chz). (4.18)

Taking into account (4.17) and (4.18) in (4.16), we get that for any € > 0 with 0 < &€ < min(a, 2A+
1 — @), there exists C. > 0 such that for every nonnegative function ¢, for any point z € Ry and
r > 0, the following inequality

I&p(chz) < Ce ((shr)® ME™p(cha) + (shr)*M&* p(chz)) (4.19)
holds.
Assuming in (4.19)

(shr)® = (Mcelcha))®
Mg cp(chz)/)
we obtain inequality (4.15). O
Theorem 4.4. Let1 <p< L{jl and % = % — axr1- Then for ensuring the inequality

N (/f(0h$)|pw(chx) Sh2’\xdx>
Ry
the necessary and sufficient condition is

w € AF(R+), 6=1+Z%7 o' =p+p

Q= =

( /II‘E‘; (fw®) (chz)|?w(chx) shz’\xdx>
R

for any f € Ly, A(Ry).
Proof. Sufficiency. Let w € Ag (Ry4), then w € Agiu(R_s_) for any p > 0 sufficiently small. Therefore,
for 0 < e < min (o, 2A +1 — ), we have w € Agl (Ry) with 81 = 1+ P(2A+1) andw € Agz (Ry)

p’' (2A+1—(a+e)p)
with B2 =1+ %. Now, if we take

1 1 a+e 1 1 oa—¢€

@ p 22 +1 ¢ p 2x+1

then we find that w € A1+ e (Ry) and w € A)‘+ % (Ry).

In view of p; = i and py = 2gi,we will have
1 1 q (1 1 q (1 a+e 1 a—¢€
—t—=(—+=)=2(=- +-—
P P2 2\¢ T 2\p 2XA+1 p 2\+1
- 1 «Q 71<:>171 «
C\p 2241/ g p 22+1
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76
Suppose

Fi(chz) = (M&*e (fw®) (chx))% w(chx)ﬁ
and

Fy(chz) = (M&¢ (fw®) (chz))? w(cha)ws .

From (4.12), by Holder’s inequality, we have

/|I‘C)§ (fw?) (chx)|qw(ch:c) sh? zdz < C. /Fl(chx)Fg(Chx) sh** z dx

Ry R,
1

pr
w(chz)sh®* dx)

<C€</(Mg+€(fwa)(chx))"5l

Ry

X (/(MgE(fwo‘)(ch:r))quw(chx)sh”‘mdm) 2

Ry

= C ( [ (a7 () o)™ w(cha) s dx>

Ry

2

1

_ P2
X ( / (M&™*(fw®)(ch m))qs w(chz)sh® dac) .
Ry
Finally, using Theorem 4.1, we obtain

HIg (fwa) HL%%A(RJF) S HfHLp’w,)\(R_,_) .

Necessity. We show that
(4.20)

Mg (fw®) (cha) S IE (| f|w®) (ch).

In fact,
-

/ Acnt (fw®) (chz) sh® tdt = /Acht (fw®) (chx) sh?* ¢ dt

H(0,r) 0

B / Aane (fw®) (ch)(sht)2 1= sh? ¢ gt
- (Sht)Q)Hrlfa

At (fw®) (chx)(sht)2A -« sh2 ¢ dt
(sht)2A+l-c

\%\%

o)
k=0

4

PV

s

B

2

(S L)Q)\—H—a / Acnt (|f]w®) (chz) sh® ¢ dt
ok (Sht)2A+1—a

=

NE

<
r
PYES

ES
I
=

o

>2A+17a i 1 [ A (1f]9*) (cha) sh® ¢ dt
2(k—1)(2A+1-a) (sht)2A+1-a

1&g (|f]w®) (chz). (4.21)

N IN
/N /N
w0
=
pol 3

22+1—«
sh )

N3
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Taking into account Lemma 2.1, by 0 < r < 2 and (4.21), we have

Mg (fo®) (ch) = sup |H (0, r)| 7! / Aur (f®) (chz) sh® t
r>0
H(0,r)

(2A+1) (25 -1 2A+1-a
Ssup (s ) VT (W D) 171w () € 15 (1) (eh)
r>0 2 2

On the other hand,

an

: ()7
> Acht (fw®) (chz)(sht)2 1= sh®* t dt
2 cht
/Acht (fw®)(cha)sh™ tdt < kZ—O / (sh )P Fi—a
0 - ( r )2?11
X e -a) [ Ay, (|f]w®) (cha) sh? ¢ dt
<> (Sh 27> / (sht)P+i-a
k=0 )
_axn o
< (Sh g) A I& (| f|w®) (chz) Z 2(=F) 737 (2A+1-a)

DN
r\ a1 (2A+1-o) o o
< (sn3) 13 (|f|w®) (chx).

Applying Lemma 2.1, for 2 < r < co and (4.23), we obtain

Mg (fw®) (chz) < sup (sh 2)4}\(““ ! (sh C)4/\(17ﬁ) IE (| flw®) (chz)

r>0 2
S 16 ([f|w?) (chz).
Inequality (4.20) follows from inequalities (4.22) and (4.24).

Theorem 4.5. Let g = 251?72 Then the following two conditions are equivalent:

q
(i) / w(chx) sh®* zdx < C(; / |f(chz)|w(chz) sh2 xdx)
{zer: 18 (0T ) (cha)>5) Ry

with a constant C, independent of f and A > 0,
(ii) w € A} (Ry).

The assertion of the Theorem follows from inequality (4.20) and Theorem 4.2.
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