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A NOTE ON THE BILINEAR FRACTIONAL INTEGRAL OPERATOR ACTING
ON MORREY SPACES

NAOYA HATANO! AND YOSHIHIRO SAWANO?

Abstract. The boundedness of the bilinear fractional integral operator is investigated. This bilinear
fractional integral operator goes back to Kenig and Stein. The paper is oriented to the boundedness
of the operator on products of Morrey spaces. This paper uses some averaging techniques to control
the Morrey norm. Compared to the earlier work by He and Yan, one feels that the technique can
be applied to other function spaces. Among others, the averaging operator will reduce the matters
to the existing results.

1. INTRODUCTION

Recently, He and Yan investigated fractional integral operators of Grafakos type acting on Morrey
spaces [8]. In this paper, by using some known results, we propose to simplify their proofs. Let
0 < g < p < oco. Define the Morrey norm || - ||,z by

1_
HfHMs = sup {|Q|” HfHLq(Q) Q is a dyadic cube in R"}
for a measurable function f.
The Morrey space MB(R™) is the set of all the measurable functions f for which H f H e 1s finite.

We recall the definition of the dyadic cubes precisely in Section 2. A simple geometric observation
shows that

HfHMpNSUP{’Qli_inHLq : Qs a cube in R"}

for any measurable function f. Here let us content ourselves with the intuitive understanding that p
serves as the global integrability, as is hinted by the dilation mapping f +— f(¢-), and that g serves as
the local integrability. We handle the following bilinear operator defined in [5,13].

Definition 1.1. The bilinear fractional integral operator of Grafakos type Jn, 0 < a < n is given by

Tl f1, f2]( /f1 +5|nf2a(x_ )dy (r € R™),

where f1, fo are non-negative integrable functions defined in R™.
The operator Z,[f1, f2], 0 < a < 2n, defined by

_ f1(y1) f2(y2)
Ia[f ,f](x):
SR N (PR

Ty r e R"
) y )

for non-negative integrable functions f; and fy defined in R™, is a contrast to Ju[f1, f2]. These two
operators with 0 < « < n pass the fractional integral operator I, in the bilinear case, where I, is the
fractional integral operator

f(y)

RTL
for a nonnegative measurable function f : R™ — [0, oc].
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Here and below we assume that the functions are non-negative to ignore the issue of the convergence
of the integral definining J,[f1, f2](z).

The operator Z,[f1, f2] acting on Morrey spaces is investigated by many authors in many settings
such as the generalized Morrey spaces [1], the weighted setting [6, 10], the case equipped with the
rough kernel [9,20] and the non-doubling setting [11,21]. See also [3,22] for the case of commutators
generated by Z,, and other functions. However we do not find so much about the action of the operator
Jo on Morrey spaces. Works [4, 8] considered the boundedness property of J,. Our aim here is to
prove the following estimate

Theorem 1.2. Let
O<a<n, l<q@g<pi<oo, 1<@gp<p<oo, 1<t<s<oo.

Define p and q by
1 1 1 1 1 1
-—=—+—, —-=—+4+—.
p P11 D2 q9 @1 492
Assume that
1 1 « q t .
—=—-——, ==-, s<min(q,qa)-
s p n p S
Then for all fi € MFY(R") and fo € ME2(R™),

HJa[flan]HMf S HfluMgll ||f2||M§§'

As is pointed out in [8], the assumption % = é is essential.
Theorem 1.2 partially extends the following result by Kenig and Stein [13, Theorem 2]

1 1
Proposition 1.3. Let 0 < a <n and 1 < p1,ps < co. Assume that — + — > g, so we can define
P11 P2 n
1 1 o

1
$>00by —=—+ — — —. Then for all f; € LP*(R™) and f2 € LP2(R"),
s p1 p2 M

Hja[flan]HLs 5 HleLm Hf2HLP2'

In the first half of [8], He and Yan proved the boundedness of the operator and used the Holder
inequality under the assumption

1 1
n_ 2 —— + — > 1, (1.1)
p1 P2 max (ql, gpl) max (q27 5p2)
SO
“_a_®
p n b2
and there exists u € (1, 00) such that
« « ! ,
—p1 <u< (*pz) o (@) <u<a.
n n
Define sq, s9,t1 and ty by
v u oo u W a1 q 2 @
S1 P n’ s P2 n’ s Y41 T8y b2 ’

sol <ty <s;i<ooandl<ity<sy<oo. Then
1 1 1 1 1 1

S S1 S92 ’ t tl tg

9

since
a_N _ 2%

p P P2
Meanwhile, by the Holder inequality we have

R" R”

;‘,_\
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for any 1 < u < co. Consequently, by the Holder inequality once again, we obtain

1Talfs Folll gy < 2 F1 g

‘I&ul)f2HM2227

where I\ f = (Ia[|f|”])%. If we use the Adams theorem, asserting that I\") maps ME(R™) boundedly

toM%(R”)wheneverv<Q§P<oo,U<T§S<oo,%:%—%andg:%weobtain

Hja[flan]HMf N Hfl”/vtijll ||f2||M§§'

Thus Theorem 1.2 is significant when (1.1) fails. See [4, Theorem 2.2] for the bilinear fractional
integral operator of Kenig—Stein type equipped with the rough kernel.
The operator 7, has a lot to do with the bilinear Hilbert transform defined by

H[f1, f] (2) —hm / f1$+y)f2(9c— >dy (z € R),
R\( €,€)

where f; and fy are the locally integrable functions. One of the important problems in harmonic
analysis is to investigate the boundedness property of the bilinear Hilbert transform. A conjecture
of Calderén in 1964 concerned possible extensions of ‘H to a bounded bilinear operator on products

of Lebesgue spaces. A remarkable fact is that % maps LP*(R) x LP2(R) to LP(R) boundedly if
1 1

1<p <o0,1< py < o0, ; <p<ooand - = — 4+ — [16,17]. To understand the boundedness
property of this operator, we consider its courzlaterpart to fractlonal integral operators.

After the authors wrote this article, we were aware that Theorem 1.2 is an unweighted version
of [8, Theorem 4.6]. However, our proof differs from theirs in that we use an inequality for norms,
while He and Yan used a weighted local estimate. It seems that our results can be extended to Orlicz
spaces by using [19, Theorem 7.5]. The details are left for the future works.

2. PRELIMINARIES

For a measurable function f defined on R™, define a function M f by

Mf(z) = /|f )|dy (z€R"). (2.1)

su
BGB |B|

The mapping M : f — Mf is called the Hardy-Littlewood mazximal operator. It is known that the
Hardy-Littlewood maximal operator is bounded on ML(R") if 1 < ¢ <p < o0 [2]. A dyadic cube is
a set of the form Qi for some j € Z, k = (k1,ko,...,k,) € Z™. The set of all dyadic cubes is denoted
by D; D ={Qjr : j € Z,k € Z"}. For j € Z, the set of dyadic cubes of the j-th generation is given
by

D;=D;(R") ={Qx : k€Z"} ={QeD: 4(Q)=2""}.

The following lemma can be located as a standard estimate to handle this bilinear fractional integral
operator.

Lemma 2.1. Let f1, fo > 0 be measurable functions. Then we have

Tl hl@ s 3 Y 20w | AG+whe-nay @er.

l=—00 QED; B(2-1)
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Proof. We will follow the idea used in [13, Theorem 2]|. See also [18, Theorem 3.2] and [14,15]. We

decompose

filz +y) fo(z —y)
ly|" =

Jalfr, f2](x dy

Z filz +y)fo(z —y) dy

= ly[—
BE-H)\B(!-1)

~ Y 2l / filz +y)fo(z —y)dy

= BE-O)\B(2~'-1)

Z ol(n—a) / filz +y) fo(z — y) dy.

= B(2-1)

IN

Observe that for each | € N, there uniquely exists a dyadic cube @) € D; such that x € (). Thus, we
obtain the desired result. g

We now recall the averaging technique.
Lemma 2.2. Suppose that the parameters p, q, s,t satisfy
l<g<p<oo, 1<t<s<oo, q<t, p<s

or
1—q<p<oo 1=t<s<o00, p<s.
Assume that {Qj};il {aj} _, CMF(R") and {N\; } C [0, 00) fulfill

supp(a] C ij JXQ;

< 00. (2.2)
Mg

oo
Then f = Z)\jaj converges in S'(R™) N L

L. (R™) and satisfies
j=1

(2.3)

i I llaes
Qj

11l vy S
l*

M3

Proof. This estimate is essentially obtained in [12] if ¢ > 1 and in [7] if ¢ = 1. Although we dis-
tinguished these cases in these papers, we can combine them, since the case of ¢ = 1 can almost be
emerged into the case of ¢ > 1.

Let us suppose g > 1 for the time being. Let 0 < n < oco. We will use the powered Hardy-Littlewood
mazimal operator M defined by

M () = sup <|B<w1R>| / |f<y>»"dy>

B(z,R)

for a measurable function f : R® — C. If n = 1, then we write M instead of M. To prove this,
we resort to the duality. For the time being, we assume that there exists NV € N such that A\; = 0
whenever 7 > N. Let us assume in addition that the a;’s are non-negative. Fix a non-negative

J S
function ¢ that is supported on a cube @ such that ||g||; < |Q|< #". By duality, we will show

laj || vy
/f ) dz Spg.st Z/\ M

il

, (2.4)
ME
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to obtain

= sl g
Z JMQJ

|Q5]° M
Assume first that each @); contains ) as a proper subset. If we group the j’s such that @); are identical,
we can assume that each @Q); is a j-th parent of Q) for each j € N. Then we have

/f(x)g Z)\ / dw<ZA HG'JHLQ HgHLq’(Q)
n

Q

from f = Z;’;l Ajaj. By the size condition of a; and g, we obtain

1Ly S

o0 o0
1_ JE S 1_1
[ srsterte < Sl P = S ol el
n j=1 i=1
Note that
2] oe o] 11
Z’\ : M Q; = L M [ A XQJOHMP:H‘LJoHMé Q10| " Ao
’ ]| MY | j0|

for each jy € N. Consequently, it follows from the condition p < s that

oo

155 I kHMé
Qk

k=1 k|

1_1
)

Z HCLJHM
J

A

/f(w)g(m) dr < 3| 77|
En =1 Mg

Conversely, assume that @) contains each @);. Then we have

[ 1@9@ =3 [ g < D sl Mol

1
Rn Jj= Q;

By the condition of a;, we obtain

(oo} oo
[ 1@ a@rde =35 [a@a@de < 3 Al
Rn =1, i=1
Thus, in terms of the Hardy—Littlewood maximal operator M, we obtain

/f(a:) ) dx <Z)\ H|JHM 1Q,] x inf M®)g(y)
]Rn

| YyeEQ;
Qj

Qj|*

(@)

= / (Z Aij% (y)> M g(y) dy

i |Q;]
/(Z y ||GC;HMQ -(y)>XQ(y)M(t')g(y)dy-
R J

Hence, we obtain (2.4) by the Hélder inequality, since ||xoM® g, < |Q|7 7. Thus the proof for
the case of ¢ > 1 is complete.

The case of ¢ = 1 is a minor modification of the above proof. First, if each @; contains @) as a proper
subset, the same argument as above works. If each @) contains @);, then we can take g = \Q|%71XQ
to obtain

/f(x)g(x ZA LEIET o
Q

J| Mll’
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We go through the same argument as before, where we will replace M(t/)g by 1. Since ||xql||r= =1,

we do not have to resort to the boundedness of the maximal operator M (") as we did in the estimate
’ 1 1

IxeM® gl <|Q|7 7. So, the proof is complete in this case. O

Lemma 2.3. Let
O<a<2n, 1<g <pj<oo, 0<g<p<oo, 0<t<s<oo

for j =1,2. Assume

1,1 1 1.1 1 1 a g_t
p P p2 ¢ @ @ s p n p s
Then
2
Z Q gn " / J1(yn) fa(y2) dyn dys S HHfjHMsJ: (2.5)
@ep (3Q)2 L) =1 ’

for any cube R and for all non-negative measurable functions f1, fa.

See the proof of [4, Theorem 2.2] for a similar approach.

Proof. Let L = L(x) be a positive number that is specified shortly. We decompose

ZeXQ% o /fl(yl)fz(y2)dy1dy2

QeD (302
Xol\x
= Z Z(QQ)énza / fi(yr) f2(y2) dyr dys
QeDL(Q)<L (302

+ > K(XQQi / Ji(yr) fa(y2) dyr dyz =: S1 4 Sa.
QeDL(Q)>L (3Q)2

First, we estimate the quantity Si:
SIS Y. xe@) UQ) M fi(w) Mfs(x) ~ L*M fi(x) M fo(x).
Q€eDL(Q)SL

Next, we estimate the quantity So. By Holder’s inequality,

XQ() o —,
S5 D] g(@cjm’@" l2m s 1912 [1f1ll oz s
QEDUL(Q)>L
S Gl o |l Foll wgza ~ L7 (| ll gz 1 F2 ]l sz
QGD,E(Q)>L

Hence we obtain

> EXQ% a / fi(v) fa(y2) dyr dy2 S LM fi(x) M fo(2) + L™
Qe (3Q)?

Lz [ £2]] gz

In particular, choose the constant L = L(z) to optimize the right-hand side:
_ 1wz 2l ez \
Then we have

p 17%
Zgéf)éf)a / fi(y1) f2(y2) dyr dya S (M fi(x) M fa(z) g(Hf1HMmHfQHMpz) :
@ep (3Q)?
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Therefore, using Holder’s inequality for Morrey spaces, the Mt (R™)-boundedness of M and the
MEL(R™)-boundedness of M, we have

Z nQ 2n p / 1) f2(y2) dyr dys

@ep (3Q)?

1-2 » 1
I R LY A [ (T P T

< (1Ml s 1982 z)” (Mllagzn 12102

1_1
st

L*(R)

_r
s

S| aap)*

s

S Mall g 1721 ez 0

3. PROOF OF THEOREM 1.2

Let v € (s,min(q1,¢2)). Let € @ € D;. By the Minkowski inequality and the Holder inequality,

H / fil+y) f2( —y)dy

B(2-1) Lv(Q)
: / 16490 2t = Dy < 1B ([ IAC+ 0 2l = )y a)
pem BE)
’B _l ’L“ (%,3-271)) Hf2’ Lv(Q(z,3-2-1)) S ’B _l | b 1nf M® )fl(yl) meM(v)fz(yg).

Y1

Then owing to Theorem 2.2,

[ Talfrs foll pgs S Z 32l / A +y) f(-—y)dy
I=—00 QEDy |Q| Lv(Q) || pm
3 9l MW fi(yy) d MW d
IZZOOQ;Z |Q|/ fi(y1) dyr - |Q|/ f2(y2) dy2 »

Thus, we are again in the position of using (2.5) to have
el il S 1L ol gy 1Ml

Since v < ¢, ¢, we are in the position of using the boundedness of M on Morrey spaces obtained
by Chiarenza and Frasca [2]. If we use the boundedness of the Hardy—Littlewood maximal operator,
then we obtain

FATATIE TA P e

This is the desired result.
To conclude the paper, we remark that Fan and Gao obtained an estimate to control

H | nCnft-vay
B(2-1)

L¥(Q)

in [4, Lemma 2.1].
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