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CERTAIN FRACTIONAL INTEGRAL AND FRACTIONAL DERIVATIVE
FORMULAE WITH THEIR IMAGE FORMULAE INVOLVING GENERALIZED
MULTI-INDEX MITTAG-LEFFLER FUNCTION

MEHAR CHAND'!, HAMED DAEI KASMAEI?, AND MEHMET SENOL?

Abstract. The main objective of this paper is to establish some image formulas by applying the
Riemann-Liouville fractional derivative and integral operators to the product of generalized multi-

index Mittag—Leffler function E?a 8:) (.). Some more image formulas are derived by applying
3:85)m

integral transforms. The results obtained here are quite general in nature and capable of yielding a
very large number of known and (presumably) new results.

1. INTRODUCTION

In fractional calculus several important functions known as special functions are presented via
improper integrals or series. Among these vital functions, the Bessel function is widely used in physical
sciences and engineering by many authors (see [9, 13, 15, 14, 1, 3, 2, 4, 7, 6, 8]). In recent years, a
remarkably sizable amount of research works involving generalizations of Mittag—Leffler function is
presented by several researchers.

For our present study we start with recalling the previous work. The Mittag—Lefler function is
given as (see Marichev [23]): In this section we recall some known facts about Mittag—Leffler function
and its generalizations, and also about the Riemann—Liouville fractional integral and a derivative
operator.

Let us begin with few notions and facts related to the Mittag—Leffler function. In this presentation
we follow mainly the review article [12] (see also [11]).

The Mittag-Lefler function E,(z) with o > 0 is named in honour of the great Swedish mathemati-
cian G.M. Mittag—Leffler who introduced it in the early of this century in a sequence of five notes and
defined in the form of series

oo
Zk

Ea(z)_’;)m. (1.1)
It was noted by Mittag—Leffler himself that for all a; R(«) > 0 the series in (1.1) converges in the
whole complex plane (and thus is an entire function of a complex variable z). For special values of
parameter « the function E,(z) coincides with some elementary and special functions. In particular,
E1(z) = exp(z). Hence, sometimes, the Mittag—Leffler function is called a generalized exponential.
Anyway, the asymptotic behavior at infinity of this function differs of that for exponential function,
namely, for all a, 0 < R(a) < 2, @ # 1 there exists an angle of exponential growth, and an angle at
which the function is bounded.
First generalization of the function F,(z) was mentioned by Wiman [34],

Fes )= 2 Fak )

For each o, 8 € C, R(a) > 0; E, (%) is an entire function. The function E, g(z) reduces to the
classical Mittag—Leffler function if we choose 5 = 1.
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Further generalization of the function F,(z) was proposed by Prabhakar [25]:
k

a.(?) Z;ka+ﬂy
where a, f € C, R(a) > 0 and (), is the Pochhammer symbol:

() = 1, k=0,
=+ D). (v +k—1), EkeN.

Extended exposition on the theory and applications of this function is given in [22]. Evidently,
the function E] ;(z) is related to the classical Mittag-Leffler function E,(2) and two-parametric
Mittag—Leffler function E, g(2):

Ei,ﬂ(z) = Eap(2); Eclx,l(z) = Ea(2).

Another generalization of two-parametric Mittag—Leffler function is the so-called four-parametric

function.
EO{ «
1,613 2,32 kz T(ork + B1) (qu—kﬂl)

For positive a; > 0; ao > 0 and real f1; 82 € R it was introduced by Djrbashian [10]. It is not
hard to see that the convergence conditions for this function can be extended to all ay, as, 81, 82 € C;
R(a1) >0, R(az) > 0. Besides, Ey 8:0,1(2) = Eap(2).

Generalizing the four-parametric Mittag—Leffler function, Al-Bassam and Luchko [5] introduced
the Mittag—Leffler type function

E(a]’ﬁj)m(z) = E((a_ﬂﬁj j=1:% Z 1—[ ) Oéjk—F,B]) (1.2)
Jj=

with 2m real parameters a; > 0; §; € R (j = 1,...,m) and with complex z € C. In [5], an
explicit solution to the Cauchy type problem for a fractional differential equation is given in terms of
(1.2). The theory of this class of functions was developed in a series of articles by Kiryakova et al.
[18, 19, 20, 22, 21] (see also [16]).

Generalization of the Prabhakar type function was done by Shukla and Prajapati [29]:

Bl (2 Zr ak+ﬁ (n € N). (1.3)

under the following assumptions on parameters: ¢ € (0,1) UN and min{®(5);®(y)}. In [33], it is
shown the existence of the function (1.3) for a wider set of parameters:

{a,ﬂ,v € C;R(a) > max{0; R(¢g — 1)}; R(q) > O}

The definition (1.3) was combined with (1.2) in [27] (see also [28]). As a result, there appeared the
following definition of generalized multi-index MittagfLefHer function

Z (2)*
(041 B])m HJ 1 Oé]k—f—ﬁj) k' )

where m € N, a;,5;,7,¢,2€ C (j =1,...,m) such that Zéﬁ‘:(aj) > max{0; R(¢q) — 1}; R(q) >0
j=1
The results given by Kiryakova [17], Miller and Ross [24], Srivastava et. al., [32] can be referred for
some basic results on fractional calculus. The Fox-Wright function , ¥, is defined as (see, for details,
Srivastava and Karlsson 1985, [31])

— (al,al),...,(ap,ozp); }: [(az,og D3 ] a1+0‘i )Zn
Palel=o%a | 4 80 B 2| TPV (b1 85)1 Zn T gm0
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where the coefficients a1, ..., ap, f1,..., 8, € RT such that
q P
14 8=> a; >0.
j=1 i=1

2. FRACTIONAL DERIVATIVE AND INTEGRAL OPERATORS

The right-sided Riemann-Liouville fractional integral operator I, and the left-sided Riemann—
Liouville fractional integral operator I¢_ and the corresponding Riemann-Liouville fractional deriva-
tive operator D7, and DJ_ are given as follows [26].

Lemma 1 (Riemann-Liouville fractional integral operators [26]). Let ¥ = [a,b] (—00 < a < b < 00)
be a finite interval on the real axis R. The left-sided Riemann—Liouville fractional integral operators
IZ, and the right-sided Riemann-Liouville fractional integral operators I of order o € C are defined

as
T

g _ T > a: o
(12, f) (x)_r(a)/(zit)mdt (@>a; R(o)>0), (2.1)

a

b

(15 f) (@) = F(la) / i s ;t))l_a dt (z<b; R(o)>0).

x

Lemma 2 (Riemann—Liouville fractional derivative operators [26]). Let ¥ = [a,b] (—00 < a < b < 0)
be a finite interval on the real azis R. The Riemann-Liouville fractional derivative operators D7, and
Dy_ of order o € C are defined as

(D74f) (0) = 70 (T ) (@), (R0) 20 n=1+[R())), (22
(D7 f) @) = (~1" 2 (=7 ) (). (Rlo) > 0 n= 1+ [R(0)]),

dzx™
where the function is locally integrable, V(o) denotes real part of the complex number and [R(c)] means
the greatest integer in R(c). Also, the following n'" order derivative of x* is defined as:

d%(xa) _ Mﬂ—n, R(a) > 0. (2.3)

For our present work, the following result is also required:

/(a — 1PNt — b))t = (a— b)) B(e, B)  (R(a) > 0; R(B) > 0; b<a). (2.4)
b

3. FRACTIONAL INTEGRAL AND DERIVATIVE FORMULAE INVOLVING GENERALIZED MULTI-INDEX
MiTTAG-LEFFLER FUNCTION

In this section, we derive the formulae by using the Riemann-Liouville fractional integral and
derivative operator involving generalized multi-index Mittag—Leffler function.

Theorem 1. Letm,r € N, oy, Bij, Vi, ¢, p, &, 0 € C(i=1,...,r;7=1,...,m) such thatZ?R(ozij) >
j=1
max{0; R(q;) — 1}; R(¢g;) > 0 and R(o) > 0. For x > a, the following integral formula

r x—a)’tr
(1. = ay [T B, (€0 = @) ) () = M
i=1 "

(1) -5 (v ae); (p+ 1, ) @@_awy} (3.1)

(/Blja alj)l,m, ey (16ij O[',«j)17m7 (U +p+ la /U’T)7 (—13 1)177”—1

X r+1 \Ilmr+r |:

holds.
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Proof. Let the left-hand side of equation (3.1) be denoted by Z. Applying (1.4) and using the definition
in equation (2.1) and interchanging the order of integration and summation, we have

71 kq; fk / o—1 +upkr
T —t t—a)PTHdL, 3.2
H{ZH k%%)k,} e 52)
applying the result (2.4), the above equation (3.2) reduces to

()t ¢ _ Notptukr
H {Z H] 1 D(kau; + Bij) k } (z —a) B(o,p+ pkr +1). (3.3)

After simplification, the above equation (3.3) reduces to

oo (vi + ki) D(p+pkr +1) (£ —a)")*
T=(e=a H {ZHJ 1 Dkayj + Bij) Do+ p+ pkr +1) k! } (34)

the above equation (3.4) can be written as

7o (&= Z L(n +kar). .. Dy + kay)
F(’V ’77" H kal] + /Blj) H;n:1 F(karj + ﬁrj)
y L(p + phr +1) €z —a))* (3.5)
L(o+p+ pkr +1)(T'(k — 1)1 k! ’ '
interpret the above equation (3.5), in the view of (1.4), we have the required result (3.1) O

Theorem 2. Let m,r € N, aj, Bij, Vi ¢, s §; 0 €C (0 =1,...,r; j=1,...,m) such thatZ%(aij) >
j=1
max{0; R(¢;) — 1}; R(¢;) > 0 and R(o) > 0. For b > x, the following integral formula

r — )7t
(5700 TTEG 5, (€0 =01 ) (@) = F((:))F(v)

(,q1)s- (v @) (p+ 1, ) (&b - x)ﬂy} (3.6)

XT er '
L { (Brjy 1) 1,ms -5 (Brjy rj)im, (0 + p+ 1, pr), (=1,1)1,,1
holds.

Proof. The proof of Theorem 2 is similar to that of Theorem 1, therefore we omit the details. O
m
Theorem 3. Letm,r € N, aij, Bij, Vi @i, 0, &, €C(i=1,...,r;5=1,...,m) such thatZ?R(aij) >

j=1
max{0; R(q;) — 1}; R(¢g;) > 0 and R(o) > 0. For x > a, the following integral formula

x —a)’tr
(D2t —ay H B, (60 =) ) (@) = F((%) » .)F(%)

(’)/1,(]1),~.~7(’YT,QT)7(P+17#”) (g(xa)“)r} (3.7)

X/I" \Ilmr s
+ * { (Brjs@1)1,ms - (Brjr ) im, (p— o+ 1 pr), (=1,1)1 01
holds.

Proof. Let the left-hand side of equation (3.7) be denoted by D, then interchanging the order of
differentiation and summation, we have

A gk o ptukr
0o H {Z H 7]?761:1] + ﬂz]) } (D ( GJ) ok ) (l’), (38)
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now using the result given in equation (2.2) and further applying the result (2.1), the above equation
(3.8) reduces to the following form

D— H Z (Vi) kg gk dn /(m — )Lt — )Pk (3.9)
TL—U H kazg +5’L]) dan ’

a

substituting the result (2.4) into the above equation (3.9) and after simplification, we get

,YZ kai gk F(p + ,uk"/‘ + 1) d" —o+n+pkr
P= ——(@—a)’ a 3.10
H{ZH ko‘w"‘ﬂw)k'}r(k—d-i-P-FMkr—l-l)dx”(x @) ’ ( )

using the result given in equation (2.3) into the above equation (3.10), we have

_ (l‘ — a)0+p o P(’yl + kql) F(%, + qu)
F(n)---Tlow) k=0 H (kalj +B) - H;n:l F(karj +ﬂrj)
L(p+ pkr +1) (E(z — a)H)kr
“Tlo— o + phr + 1)(T(k — 1)) k! } (3.11)

further, interpret the above equation (3.11) with the view of (1.4), we obtain the required
result (3.7). O

Theorem 4. Let m,r € N, a;j, Bij, Vi €6, p, §; 0 €C (0 =1,...,r; j=1,...,m) such thatZ?R(aij) >
j=1
max{0; R(q;) — 1}; N(¢g;) > 0 and N(c) > 0. For b > x, the following integral formula

b— g)ote
(02 0 T, 000 ) 0= 55

Xpp1 W [(71,QQ7-~7(VT,%J7(p-%1,ur)
PRI (B a1 1ms s (Brgs Q) 1ms (p— 0 4+ 1opr), (=1, 1)1 01
holds.

Proof. The proof of Theorem 4 is similar to that of Theorem 3, therefore we omit the details. g

(&b x)ﬂ)’"] (3.12)

3.1. Special cases of fractional integral and derivative formulae. Choose m = 1, the general-

ized multi-index Mittag-Leffler function Eg’q 5J)m( ) reduces to the generalized Mittag—Leffler function

E(Waq )( ) defined by Shukla and Prajapati. Using this concept, the results established in equations
(3.1), (3.6), (3.7) and (3.12) are reduced to the following form
Corollary 1. Let r € N, oy, Bi,vi, @iy 0, &, 0 € C (i = 1,...,7) such that R(a;) > max{0; R(q;) — 1};
R(g;) > 0 and R(co) > 0. For x > a, the following integral formula

(CL‘ _ a)a-i-p

(12, —a)” HE”;;% t—“>“>><$>:m

(p+1,pr)
b

(U + 4 + 17MT)3 (717 1)1,r—1

(rthl),. . (77“7(]7')’
Xr+1¥2r [ (Br,e1) sy (Bryar)

(€la =y ]
holds.

Corollary 2. Let r € N, oy, Bi,vi, @iy 0, &, 0 € C (i = 1,...,7) such that R(o;) > max{0; R(q;) — 1};
R(gi) > 0 and R(o) > 0. For b > x, the following integral formula

P Vi oG I _ _(b—z)7
(1= 0 Tty (00 ) = o2
R . .0 (60—

(p+1,pr)
(,817011) PR (67‘70[7')’

(0' +p+ 1#“")’ (_17 1)1,7"—1

holds.
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Corollary 3. Letr € N, a;, 8,7, ¢, 0,6, 0 € C (i = 1,...,7) such that R(c;) > max{0; R(q;) — 1};
R(g;) > 0 and R(o) > 0. For x > a, the following integral formula

o T (et —ap ) (o) = E= 07
(Da+(t a) [T E0s s, (€t —a) ))(m) o
Xr41Wop { O a1)s- s O )

(p+1,pr)
(5170[1),. cey (Brvar);

( —o+ ]_,/JT), (_]—7 1)1,7‘71

(cte =y |
holds.
Corollary 4. Let r € N, oy, Bi, Vi, @iy 0, &, 0 € C (i = 1,...,7) such that R(e;) > max{0; R(q;) — 1};

R(g;) > 0 and R(o) > 0. For b > x, the following integral formula

r —x)otr
(05000 T Bt (60 -0 = S

(visq1) -5 (V@) (p+ 1, ) yr
Xr+1‘I’2r |: (617a1),~--,(6r7ar)7( —0'+1,/M“),(—1,1)1,r_1 (E(b*x) ) ]

holds.

Choosing ¢ = m = 1, the generalized multi-index Mittag—Leffler function E(a i) (.) reduces to
the generalized Mittag—Lefller function E?a 8) (.) defined by Prabhakar. Using this concept, the results
established in equations (3.1), (3.6), (3.7) and (3.12) are reduced to the following form.

Corollary 5. Let r € N, ay, 8;,7vi, 0,6, 0 € C (i = 1,...,7) such that R(e;) > 0; R(¢g;) > 0 and
R(c) > 0. For x > a, the following integral formula

(x —a)°tP

(12t =) H%m t=0")@) = T 0

] |:('7171),-”7(’)’74,1)7(!)4’1,}”’)
e (517a1),...,(Br,ar),(a—l—p—l—1,#7‘),(—171)1’7,71

(cte =y |
holds.
Corollary 6. Let r € N, «;, 8i,7i,p, &0 € C (i = 1,...,7) such that R(«;) > 0; R(¢g;) > 0 and

R(o) > 0. For b > x, the following integral formula

T — T o+p
(50— 07 TLEG ) (60— 1) ) @) = rébl))rm

(v, 1) (s 1), (p + 1, ) )y
Xr+1Lor { (B1,01) - s (B o) (0 4 p+ 1), (=1, 1)y | 6O ) )]

holds.

Corollary 7. Let r € N, ay, 8i,7vi, 0,6, 0 € C (i = 1,...,7) such that R(e;) > 0; R(¢;) > 0 and
R(c) > 0. For x > a, the following integral formula

T —a o+p
i=1 '

(7171)""7(77“31)7(p+1’Mr) BT
Xr41War [ Brrcn) o (Brsan) s (p— 0 41, 1), (=1, Doy | EE =D ]

holds.
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Corollary 8. Let r € N, ay, 8i,7vi, 0,6, 0 € C (i = 1,...,7) such that R(e;) > 0; R(¢g;) > 0 and
R(c) > 0. For b > z, the following integral formula

r — )t
(DZ‘L (b - t)p H E(Vfiiﬁz‘) <£(b - t)“) ) (3;‘) - M

(’}/1,1),...,(7r,1),(p+1,#7’) (f(b_$>;t)r:|

(517 al) yere (ﬂra O‘T) s (P -0+ 1vﬂr)v (*17 1)1,7“—1

Xr+1\1l2r |:

holds.

Y4
(aijj)WL
to the generalized Mittag-Leffler function FE(, g)(.) defined by Prabhakar. Using this concept, the

results established in equations (3.1), (3.6), (3.7) and (3.12) are reduced to the following form.

Corollary 9. Let r € N, oy, 8;,p,&, 0 € C (i = 1,...,r) such that R(ce;) > 0; and (o) > 0. For
x > a, the following integral formula

(12t = " TT Bra s (€ = ) ) ()

i=1

Choosing v = ¢ = m = 1, the generalized multi-index Mittag—Leffler function E (.) reduces

_ B ot (p‘i’lnu’r)
= (z —a)’"P 1 ¥,, [ (Br,a1) ..oy (Broar), (0 +p+ 1, pr), (=1,1)1 1

(cla =y |
holds.

Corollary 10. Let r € N, «y, 8i,p,&, 0 € C (i = 1,...,r) such that R(«;) > 0; and R(o) > 0. For
b > x, the following integral formula

(1= 0 T] Etasn (€0 =) ) (2)
i=1

_ B ot (p‘i’la:u’r)
=(b-x) p1\112r[(ﬂl,al)’___’(IBT,QT),(O'—F,O—F1;UT)7(—1,1)1,T—1

(&b x)ﬂ)?}
holds.

Corollary 11. Let r € N, ay, Bi,p,&, 0 € C (i = 1,...,r) such that R(«;) > 0; and R(o) > 0. For
T > a, the following integral formula

(D24t = ) T] Braw (€Lt — a)) ) @)
i=1

_ ot (p"’la:ur)
=Gmatat | G oot L (L D

(cla =0y |
holds.

Corollary 12. Let r € N, oy, 8i,p,&, 0 € C (i = 1,...,r) such that R(«;) > 0; and R(o) > 0. For
b > x, the following integral formula

(D20 = 7 T] Etans (€0 =) ) (2)
i=1

e (p+1,pr)
=(b—x) pl%r[(ﬂhm),...,(ﬂr,ar%(fﬂUJFLW’)v(l’l)“‘l

(&b x)ﬂ)’}
holds.

Choosing ; = v = ¢ = m = 1, the generalized multi-index Mittag-Leffler function E?a(j ﬂj)m(')
reduces to the Mittag—Leffler function E,(.) defined by the great Swedish mathematician G.M. Using
this concept, the results established in equations (3.1), (3.6), (3.7) and (3.12) are reduced to the

following form.
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Corollary 13. Letr € N, o, p,§, 0 € C (i = 1,...,7) such that R(a;) > 0; and R(c) > 0. Forx > a,
the following integral formula

( t—a”HE &(t —a)f ))(I)

o ameteg | (o Lar)
(.13 Cl) 1%2r |: (]_’041)7...,(1,ar)7(0-+p+ 1,,11’1“),(—1,1)1,r71

(€la =0y |
holds.

Corollary 14. Letr € N, a;, p,&,pn € C (i = 1,...,7) such that ®(«;) > 0; and R(c) > 0. Forb > x,
the following integral formula

( —t"HE b—t“))()

+1,ur)
— b— o+p \If . (p )
( x) 1e2 |: (1,0&1),...,(1,OLT)7(O'+p—|—1,/1,7‘)7(—1,1)17r_1

(&b - x)ﬂy}
holds.

Corollary 15. Letr € N, o, p,&,u € C (i = 1,...,r) such that R(a;) > 0; and V(o) > 0. For z > a,
the following integral formula

T

(D2t =) T] e, (6t = @)") ) (2)

i=1

_ B otp N (p+1>ﬂr)
( —a)”"" QT{(1,a1),...,(1,ar),(p—0+1,w“)7(—1a1)17r—1

(6la = ap
holds.

Corollary 16. Letr € N ay,p, &, p € C (i =1,...,7) such that R(a;) > 0; and R(o) > 0. For b > x,
the following integral formula

(Dr_b -ty H Ea, (b= 1)) ) ()

1, ur)
— (h— ), | P LK
( l‘) 1ee |:(1’a1),.“7(1’ar)7(p—0'+1,,[1,’1"),(—1,]-)1,7‘1

(&b x)ﬂﬂ
holds.

Choosing r = m = 1, the generalized multi-index Mittag—Leffler function E?aq B)m (.) reduces to
the Mittag—Leffler function E?&qﬁ)(.) defined by the great Swedish mathematician G.M. Using this
concept, the results established in equations (3.1), (3.6), (3.7) and (3.12) are reduced to the following

form.

Corollary 17. Let o, 3,7,q, p, &, 1 € C such that R(a) > max{0; R(q) — 1}; R(¢) > 0 and RN(c) >0

For x > a, the following integral formula

o P Y4 o _ (x_a)0+p ) 1
(12— 0 B (0= ) ) () = w[gg Dt ]fx—a }
holds.

Corollary 18. Let o, 3,7,q, p, &, 1 € C such that R(a) > max{0; R(q) — 1}; R(¢g) > 0 and RN(c) >0
For b > x, the following integral formula

o I nadY’| y _ b_xa—i-p ) 1
(10— 00y €0 -0 o) = O s [ O A e

holds.
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Corollary 19. Let o, 3,7,q,p,&, 1 € C such that R(«) > max{0; R(q) — 1}; R(q) > 0 and R(c) >0
For x > a, the following integral formula

o Y,q 1 _ z_a6+p 9 1
(Da-l-(t_a’) E( ,5)(£(t_a) ))(x)_(l"(’)/))quZ { Eg,(g),(ftoil 1) ’533—@ }
holds.

Corollary 20. Let a, 8,7, 4, p,&, p € C such that R(a) > max{0;R(q) — 1}; R(q) > 0 and R(o) >0
For b > x, the following integral formula

—x)ote
(Pr 0oy (-0 ) = O | OO, s ey
holds.

Choosing r = m = v =qg = a = § = 1, the generalized multi-index Mittag—Leffler function
E(7 4 B (.) reduces to the Mittag—Leffler functlon E(1 1 ()= E(ll’ll)(.) = exp(.) defined by the great
Swedish mathematician G.M. Using this concept, the results established in equations (3.1), (3.6), (3.7)

and (3.12) are reduced to the following form.
Corollary 21. Let p,&, pu € C such that R(o) > 0. For x > a, the following integral formula

(120 - P exp (et — ) ) (0) = (@ = e | 200, ete -]

holds.
Corollary 22. Let p,&, pu € C such that R(o) > 0. For b > x, the following integral formula

(10 0 e €0 - 0 @) = b=y | 000 ey

holds.
Corollary 23. Let p,&, pu € C such that R(o) > 0. For x > a, the following integral formula

(D2t - ar esp(ett - ) (@) = - |0 e - ap]

holds.
Corollary 24. Let p,&, pu € C such that R(c) > 0. For b > x, the following integral formula

o\ _ _ o+p (P +1 M _
(D7 0- e -0) ) @) = -2 | T e - o]
holds.
Choosing r =m =~v =q = = 1;a = 2, the generalized multi-index Mittag—Leffler function

E(V(;i_ﬂj)m(.) reduces to the Mittag— Leﬂier function E(2 1 () = E(12’711)(-) = cosh \/(.) defined by the

great Swedish mathematician G.M. Using this concept, the results established in equations (3.1), (3.6),
(3.7) and (3.12) are reduced to the following form.

Corollary 25. Let p,&, pu € C such that R(o) > 0. For x > a, the following integral formula

o o (p+1, 1) ’
(I (t — a)” cosh\/(&(t — a)» ) =(r—a)7t" 10, {(1,2)7(0+P+1aﬂ) §(x—a)’]
holds.

Corollary 26. Let p,&, pu € C such that R(c) > 0. For b > x, the following integral formula

(-0 o comn V=) ) = 6= a)seaw | 300 o]

holds.
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Corollary 27. Let p,&, pu € C such that R(o) > 0. For x > a, the following integral formula

_ _ /L _ o+p (P + ]-7 /1’) _ o
(D (t —a)” cosh/(£(t — a) ) (x —a)77 10y {(1,2)7@_0_’_1’@ &(x—a)
holds.

Corollary 28. Let p,&, pu € C such that R(c) > 0. For b > x, the following integral formula

(D7 (b= )7 cosh /€ — ) ) (2) = (b— )77 105 [Efl),—g)l,’(/;)—a+1,u) lf(b—x)“]
holds.

Choosingr =m =~y =q = =1; a = 0, the generahzed multi-index Mittag—Leffler function
E?ag 8w (2) reduces to the Mittag— Lefﬂer function E(0 1, (2) = E(loll)( z) = (1—2)"1 (where |z| < 1).
Using this concept, the results established in equations (3.1), (3.6), (3.7) and (3.12) are reduced to

the following form.

Corollary 29. Let p,&, i € C such that (o) > 0. For |£(t — a)*| < 1, the following integral formula

(t—a)’ +p (p+1, 1)
o _ _ .\ i ) K
e e Rt PR L
holds.
Corollary 30. Let p,&,u € C such that R(c) > 0. For |£(b—t)*| < 1, the following integral formula
o (b—1)* _ o+p (p+1,p) W
(17 102 ) @ = omarwenwn | (P00 e
holds.
Corollary 31. Let p, &, € C such that (o) > 0. For |£(t — a)*| < 1, the following integral formula
_(t—a) + (p+1,p1)
D — (z—a)"t U
( g )T ET T o [

holds.
Corollary 32. Let p,&,u € C such that R(c) > 0. For |£(b—t)*| < 1, the following integral formula

<Dg_%)(x)—(b_x)o+p1\pl{Epi‘iilM 'g — ) ]

holds.

4. NUMERICAL RESULTS AND GRAPHICAL INTERPRETATION

In this section, the numerical results of the formulae established in equations (3.1), (3.6), (3.7) and
(3.12) are presented in Tables 1, 2, 3 and 4, respectively. The graphs of the formulae are plotted in
Figures 1-7. All these numerical values are selected for r = m = 2. The product of Mittag—Leffler
function for these values reduces to the form

2
_1_[1 ngllljiﬂu)?‘ () = E?Ol‘ﬁlﬁn;anﬁn) () Ez(i;??ﬂm;anﬂzz) ()

We select the values of parameters v1 = 0.2, v2 = 0.3, ¢1 = 0.05, g2 = 0.06; a1 = 0.3, f11 = 0.5;
a1z = 0.4, Bio = 0.6; ag; = 0.5, Boy = 0.7; gy = 0.6, Boo = 0.8; v = 0.1; £ = 0.5; u = 0.2;
in all Figures 1-7 and Tables 14, which are fixed for our investigation for generalized multi-index
Mittag—Leffler function. It is also noted that imaginary part of complex numerical values of fractional
integrals and fractional derivatives arguments are ignored in each case. The generalized multi-index
Mittag—Leffler function EEY i i) (.) given in equation (1.4) is in summation form and all the results

established in equations (3. 1) (3.6), (3.7) and (3.12) involve the generalized multi-index Mittag—Leffler



CERTAIN FRACTIONAL INTEGRAL AND FRACTIONAL DERIVATIVE FORMULAE 17

TABLE 1. Numerical values of equation (3.1)

T oc=0.1 c=0.3 c=20.5 oc=0.7
0.00 7.38 -1.90 -12.39 -19.64
0.50 5.95 -1.21 -9.08 -14.33
1.00 4.68 -0.69 -6.40 -10.08
1.50 3.56 -0.32 -4.31 -6.77
2.00 2.59 -0.08 -2.72 -4.28
2.50 1.78 0.05 -1.58 -2.49
3.00 1.13 0.10 -0.81 -1.28
3.50 0.63 0.10 -0.34 -0.55
4.00 0.27 0.06 -0.10 -0.17
4.50 0.07 0.02 -0.01 -0.02
5.00 0.00 0.00 0.00 0.00
5.50 0.11 0.08 0.05 0.04
6.00 0.50 0.41 0.33 0.26
6.50 1.25 1.10 0.95 0.82
7.00 2.41 2.24 2.05 1.86
7.50 4.01 3.89 3.73 3.53
8.00 6.10 6.14 6.10 5.98
8.50 8.70 19.03 9.24 9.35
9.00 11.85 12.62 13.27 13.78
9.50 15.58 16.98 18.27 19.41
10.00 19.91 22.15 24.33 26.40

TABLE 2. Numerical values of the equation (3.6)

T oc=0.1 c=0.3 c=0.5 oc=0.7
0.00 19.91 22.15 24.33 26.40
0.50 15.58 16.98 18.27 19.41
1.00 11.85 12.62 13.27 13.78
1.50 8.70 9.03 9.24 9.35
2.00 6.10 6.14 6.10 5.98
2.50 4.01 3.89 3.73 3.53
3.00 2.41 2.24 2.05 1.86
3.50 1.25 1.10 0.95 0.82
4.00 0.50 0.41 0.33 0.26
4.50 0.11 0.08 0.05 0.04
5.00 0.00 0.00 0.00 0.00
5.50 0.07 0.02 -0.01 -0.02
6.00 0.27 0.06 -0.10 -0.17
6.50 0.63 0.10 -0.34 -0.55
7.00 1.13 0.10 -0.81 -1.28
7.50 1.78 0.05 -1.58 -2.49
8.00 2.59 -0.08 -2.72 -4.28
8.50 3.56 -0.32 -4.31 -6.77
9.00 4.68 -0.69 -6.40 -10.08
9.50 5.95 -1.21 -9.08 -14.33
10.00 7.38 -1.90 -12.39 -19.64

function. To establish the graphs and data-base of the results, we take a sum of the first 500 terms of
the summation involved in each result.
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In Figure 1, we have opted the parametric value as p = .01; a = b = .5 and ¢ = 0.01 : 0.02 : 0.07.
p =18 a=0b=2and ¢ = 0.1 : 0.2 : 0.7 are opted for Figure 2. p = 2.5; a = b = 2 and
0 =0.1:0.2:0.7 are opted for Figure 3. Tables 1-2 are established on the basis of parametric values
as those of Figure 4. Figures 5-7 are plotted for the values of the parameters as those of the values
of the parameters of the Figures 1-3, which depict that the graphs of formulae (3.1) and (3.6) are
reflected identically in each figure, respectively.

5. IMAGE FORMULAS ASSOCIATED WITH INTEGRAL TRANSFORM

In this section, we establish certain theorems involving the results obtained in previous section
associated with the integral transforms like Beta transform, Laplace transform and Whittaker trans-
form.

5.1. Beta transform. The Beta transform of f(z) is defined as [30]

B{/(:): B} = / 2 f(2)dz
Theorem 5. Letm,r € N, a;j, Bij, Vi ¢ 0,60 €C(E=1,...,r;5=1,...,m) such thatZ%(ozij) >
j=1
max{0; R(q;) — 1}; R(g;) > 0 and R(c) > 0. For x > a, the following integral formula
B{ (= [T#050,, [e0 - 0] ) @) 0.5}
i=1
L'(B)(x —a)7** Ay
- v — )My 1
TMm)...T(7) r+2¥ (m+1)r+1 B, €z —a)")"|, (5.1)

Av= (@) (v ar) s (p+ 1 pr), (o, ),
B = (61]‘; O‘lj)lvm yee (577‘7 arj)l’m ’ (J +p+ 1, ,LLT’), (a + ﬂ,,ur), (717 1)1,7’—1
holds.

Proof. For convenience, we denote the left-hand side of the result (5.1) by B, then using the definition
of beta transform, we have

B= / 11— 2)P ( t—a"HEZ&j’BU)m[ (t—a))“D(x)dz, (5.3)

further applying the result from equation (3.5) to the above equation (5.3), then interchanging the
order of integration and summation, we have

B = (f_a)g+p = Ly +kaqr) ... Ty + kgy)
() ... Tlw) | & T2 T(kay; + Biy) - T, Tkew; + Brj)
1
F(p + Mkr + 1) (f(x — a)p)kr o r— —
“T(o +p+ pkr + )Tk — 1)1 k! }O/Z P -2

applying the definition of beta transform and after little simplification, we have

B = F(B)(x_a)Uer Ly +kaqr) ... Ty + kgy)
L) Tw) | fz TG Tkan; + Buy) - - TIGZ T(kaw; + Brj)
y I(p+ pkr+1) T(a+ pkr)  (E(x —a)t)kr
L(o+p+pkr+1)(T(k—1)"! Ta+ 8 + ukr) k! ’

now interpreting in view of (1.4), we have the required result (5.1). O
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Theorem 6. Letm,r € N, oy, Bij, Vi, ¢, p, &, 0 € C(i=1,...,r;j=1,...,m) such thatZ?R(aij) >
j=1
max{0; R(q;) — 1}; R(¢g;) > 0 and R(o) > 0. For b > x, the following integral formula

B{ (ff(b 0 [T B, [0 - t>>“])<w> : a,ﬂ}

=1
_L@b-—z7r o Ay
T(71)...I(y) 27 mersl | By

holds, where A; and By are defined in equation (5.2).

(o]

Theorem 7. Letm,r € N, ayj;, Bij, Vi, ¢i, 0, &, 0 € C(i=1,...,r;7=1,...,m) such thatZ?R(ozij) >
j=1
max{0; R(q;) — 1}; R(¢g;) > 0 and R(o) > 0. For x > a, the following integral formula

B{ (D;;(t —ap LB et - M) (#): o, 6}

I(8)(z — a)7* [ 45
By

— T/ N T/ N T qj m T
D(m)...D(y,) 27t
Ay =(v,q1) - (v @) (p+ 1, ), (v, pr),
B2 = (ﬁlj’alj)Lm 1ttty (67‘jaarj)177n ) (p -0+ 1,/.1//"), (Oé + Balj/r)a (_17 1)1,7‘—1

(€ — aw] ,
(5.4)

holds.

TABLE 3. Numerical values of the equation (3.7)

T oc=0.1 c=0.3 oc=20.5 o=0.7
0.00 8.84 -4.71 -36.63 -82.17
0.50 7.13 -3.17 -26.86 -59.87
1.00 5.60 -1.98 -18.98 -42.04
1.50 4.26 -1.11 -12.80 -28.17
2.00 3.11 -0.51 -8.11 -17.75
2.50 2.14 -0.14 -4.73 -10.29
3.00 1.35 0.05 -2.43 -5.29
3.50 0.75 0.11 -1.03 -2.25
4.00 0.33 0.08 -0.30 -0.68
4.50 0.08 0.03 -0.04 -0.09
5.00 0.00 0.00 0.00 0.00
5.50 0.13 0.14 0.14 0.14
6.00 0.61 0.73 0.86 0.99
6.50 1.52 1.98 2.53 3.18
7.00 2.93 4.04 5.49 7.31
7.50 4.89 7.06 10.02 13.99
8.00 7.44 11.15 16.43 23.80
8.50 10.63 16.43 24.99 37.36
9.00 14.48 23.01 35.97 55.26
9.50 19.05 31.00 49.64 78.12

10.00 24.35 40.49 66.25 106.53
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TABLE 4. Numerical values of the equation (3.12)

T oc=0.1 c=0.3 c=20.5 oc=0.7
0.00 24.35 40.49 66.25 106.53
0.50 19.05 31.00 49.64 78.12
1.00 14.48 23.01 35.97 55.26
1.50 10.63 16.43 24.99 37.36
2.00 7.44 11.15 16.43 23.80
2.50 4.89 7.06 10.02 13.99
3.00 2.93 4.04 5.49 7.31
3.50 1.52 1.98 2.53 3.18
4.00 0.61 0.73 0.86 0.99
4.50 0.13 0.14 0.14 0.14
5.00 0.00 0.00 0.00 0.00
5.50 0.08 0.03 -0.04 -0.09
6.00 0.33 0.08 -0.30 -0.68
6.50 0.75 0.11 -1.03 -2.25
7.00 1.35 0.05 -2.43 -5.29
7.50 2.14 -0.14 -4.73 -10.29
8.00 3.11 -0.51 -8.11 -17.75
8.50 4.26 -1.11 -12.80 -28.17
9.00 5.60 -1.98 -18.98 -42.04
9.50 7.13 -3.17 -26.86 -59.87
10.00 8.84 -4.71 -36.63 -82.17

Theorem 8. Letm,r € N, ayj;, Bij, Vi, ¢i, 0, &, € C(i=1,...,r;j=1,...,m) such thatZﬂ?(aij) >
j=1
max{0; R(q;) — 1}; R(¢g;) > 0 and R(o) > 0. For b > x, the following integral formula

B{<Db bty HE(Véjlmm[ (bt))“D(:c):a,ﬂ}

3o - w)"*” As

- T/ N T~/ N T \II m s
D(y1).-. - D(yy) "7 (mtrst [ By

(€o- 0y ]

holds, where Ay and Bs are defined in equation (5.4).

Proof. The proof of Theorems 6, 7 and 8 is the same as that of Theorem 5, therefore we omit the
details. 0

5.2. Laplace transform. The Laplace transform of f(z) is defined as [30]

oo

L{f(2)} = / e f(2)dz

0
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Theorem 9. Letm,r € N, oy, Bij, Vi, ¢, 0, &, 0 € C(i=1,...,r;7=1,...,m) such thatZ?R(aij) >
j=1
max{0; R(q;) — 1}; R(¢g;) > 0 and R(o) > 0. For x > a, the following integral formula

L{%*(ﬁ;u—a>£1Eaﬁ&ﬂ kwu—a»ﬂ)cm}
(=9 ], 55

(z —a)7tr (1
D,
Cl = (717 ql) g ety (7’!‘7 QT) ) (P + 17 ,U/T)7 (l7ur)’
D, = (61ja a1j>17m yee (ﬂrja a?“j)Lm ’ (U +p+ 1, Ur)v (_17 1)1,7“—1

— I1r/- N\ T/ \T \Ijmr'r
ST(m)...T(y) 27"

holds.

Proof. For convenience, we denote the left-hand side of the result (5.5) by £, then using the definition
of Laplace transform, we have:

i=1

5:07 szl 1(10 t—a)” HE”&;‘jjﬁzj)m [g(z(t—a))ﬂ]>(m)dz7 (5.6)

further applying the result from equation (3.5) to the above equation (5.6), interchanging the order
of integration and summation, we have

po @—am [§ L1+ kq) - T(9 + kgr)
F(ryl)r(’}/l) k=0 H F<kalj +51]) : H;n:1 F(karj +6Tj)
T(p + pkr + 1) €@ ="\ T o trwres
XF(U-‘v-p‘f'Mkr"i_l)(F(k_l))r_l K }b/e P dz,

applying the definition of Laplace transform, after little simplification, we have

r— (x - a U+p Z '71 + kQ1) F('Vr + qu)
s'U(m). Vr) H] 1 T(kay; + Bij) - H;n:1 I'(kaw; + Brj)

C(p+ pkr + )T + pkr) 1 —a\"\ T

interpret the above equation (5.7) in the view of (1.4), we can easily arrive at the required result
(5.5). O

Theorem 10. Let m,r € N, «j,B:5,7%,¢,06p € C (i = 1,...,r; j = 1,...,m) such that
Z%(aij) > max{0;R(¢;) — 1}; R(g:) > 0 and R(o) > 0. For b > x, the following integral for-

j=1
mula

e (1= o Mgt e 0] oo = s

(=)

% (717Q1)7~~~»(’7r7%‘)a(p"i_]-vl“n)a(lnwr)
(Blja O‘lj)Lm geeey (Brjy arj)Lm 9 (U + 14 + 11 ,ur), (_17 1)1,7’71

holds.
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Theorem 11. Let m,r € N, «;j, 85,7, ¢, 06p € C (¢ = 1,...,r; j = 1,...,m) such that

Z?R(aij) > max{0;R(q;) — 1}; R(g;) > 0 and R(o) > 0. For x > a, the following integral for-

j=1

mula
- o - i,qi (1‘ B a)Uer
L{Zl ' (Da+(t a a)p };[1 Egaijvﬁij)m [g(z(t N a))“} ) (LL‘)} - mr-iQ \I/mT+r
x [ (11501) s+ (s @) (p + 1, ), (1 o) (5 (x—)”
(51% alj)Lm 1t (BTJW aTj)l,m ) (p —o+1, ,U/I‘), (_17 1)1,7”71 S
holds.

Theorem 12. Let m,r € N, «j,Bi5,7%,¢,06pn € C (¢ = 1,...,r; j = 1,...,m) such that

Z%(aij) > max{0;R(g;) — 1}; R(¢:) > 0 and R(o) > 0. For b > x, the following integral for-

j=1

mula
_ o r s (b_$)0'+p
L{Zl 1 <Db+(b — t)PiZI E?aija,@ij)m [f(z(b — t))“})(x)} = M—F(W) r2 Ut
X |: (’717q1)7~-.7('YT7QT),([)+1,MT),(Z,,U/}”) (g (b_x)p)r]
(61j7a1j)17m L (677" a"j)l,m ) (p -0+ 17Nr)a (_17 1)177‘—1 S
holds.

Proof. The proof of Theorems 10, 11 and 12 is the same as that of Theorem 9, therefore we omit the
details. 0
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FI1GURE 1. Graph of fractional integral formulae for p = .01;a =0=.5
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FI1GURE 2. Graph of fractional integral formulae for p =1.8; a =b =2

5.3. Whittaker transform.
Theorem 13. Let m,r € N, a;j,8:i5,%: ¢, p6p € C (1 = 1,...,r; j = 1,...,m) such that

Zé}?(aij) > max{0;R(g;) — 1};R(q;) > 0 and R(c) > 0. For x > a, the following integral for-

j=1

mula
/zgfle*nz/QWT,w (772’){ <Ig+ (t—a)’ ﬁ E?‘;ﬁiﬂm)m {{(z(t B a))“} > (x)}
/ =1

_ (w—a)7tr A z—a\"\"
BTSN CNRYCH) r+3%minr1 | g [ |€ ” (5.8)
holds, where

A= (717(]1),~--,(’Yr7%)a(ﬂ+17M7“)7(1/2+W+C’M7“)7(1/2—W+Ca1““)

5.9
B = (Bijy01)s e or (Brgs gy s (0 p b L), (12— 74 Copr)y (<1, Dy O

Proof. For convenience, we denote the left-hand side of the result (5.8) by W, further applying the
result from equation (3.5) to the above equation, interchanging the order of integration and summation,
we have

W (x —a)otP > T(yi +kq1) ... T(ye + kgr)
(). .D(y) | & T152 T(kang + Buy) - - TTL T(ka; + Brj)
I(p+ jukr +1) (€@ = a))"" | T comrr e
“T(o+ p+ pbr + DTk — 1)1 k! } /Z T W (n2)dz,

0
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by substituting nz = t, we have

(x —a)ot?

— gk
X T(o + pfgfki_ﬁklg(—;(lgz 1))yt (Ele ) } SRk /tG“kr_le_t/QWT,w(t)dt.
Now using the integral formula for Whittaker function ’
/t“—le—t/QWT,w(t)dt _Laz 2‘”&;)2(1/2)_ wta) (%(a tw) > —
and after little simplification, we have
(x—a)7™° { 5 F(v+ka) - Dy + kgr)
~ o T(n).  T12 D(kay + Buy) - T2 T(kans + Bry)

(5.5).
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FI1GURE 3. Graph of fractional integral formulae for p = 2.5; a = b =2
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FIGURE 4. Graph of fractional integral formulae for p=1.9;a=b=5
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Theorem 14. Let m,r € N, «a;j, 85,7, ¢, p.6pn € C G = 1,...,r; j

= 1,...,m) such that

Z?R(aij) > max{0;R(¢;) — 1}; R(q;) > 0 and R(o) > 0. For b > x, the following integral for-

=1
mula

oo

0

(b—x)°tr

~ nST(m) ... Ty
holds, where A and B are defined in equation (5.9).
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FIGURE 6. Graph of fractional derivative formulae for c =1; a = b =2
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Theorem

15. Let m,T € N; O‘ij7ﬁij7ryi7qi7p7§7:u’ S® (Z = 1,...,T,' .]

= 1,...,m) such that

Z%(aij) > max{0; R(¢;) — 1}; R(q;) > 0 and R(o) > 0. For x > a, the following integral for-

=1
mula

oo

0

holds, where

D= <ﬂ1j7a1j>17m PRI (ﬁrj; arj)l,m ) (P — 0+ 17MT)7 (1/2 -7+ C?Mr)a (_17 1)1,7“71

(x —a)7tP

T

/zClenz/2WT,w(7)2){ (Dg+ (t—a)’]]

i=1

= r \Ilm r
7T () ... Ty,) "7 omirst

Bt |66 = )] ) <x>}
o l(«(5))]

C: (71aq1)7"‘7(’}/raqr),(p+17MT),(1/2+W+<7NT)7(1/2_w—’_Cvﬁ“ﬂ)

|

(5.11)
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FIGURE 7. Graph of fractional derivative formulae for 0 = 1.5; a = b = 2

Theorem 16. Let m,r € N, «j,Bi5,%,¢,06p € C (0 = 1,...,r; j = 1,...,m) such that
m
Z%(aij) > max{0;R(¢;) — 1}; R(¢:) > 0 and R(o) > 0. For b > x, the following integral for-

j=1

mula
/ Zc—le—nzﬂwﬂw(nz){ (D20 - 0P TT Bt [et:0 - 0] ("’”}
) i=1

B 7751“(?7;)3.3?7;;%) r3¥ i { g ‘ (g (b;x)“)r]

holds, where C' and D are defined in equation (5.11).

Proof. The proof of Theorems 14, 15 and 16 is the same as that of Theorem 13, therefore we omit the
details. 0

6. CONCLUSION

In this paper, we have established some image formulas by applying the Riemann—Liouville frac-
tional derivative and integral operators on the product of generalized multi-index Mittag—Leffler func-
tion E(Wa(j Bj)m(')' Then, some more image formulas are derived by employing the integral transform.
To study the nature of these formulae, numerical results and their graphs are plotted for different
values of the parameters involved in our main results, which can be simply interpreted and observed.
For the numerical results and the graphs, the author has chosen » = m = 2. Further, for more
investigation of these formulas the reader can choose any value of r and m.
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