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LOCAL VARIATION FORMULAS OF SOLUTIONS FOR THE NONLINEAR

CONTROLLED DIFFERENTIAL EQUATION WITH THE DISCONTINUOUS

INITIAL CONDITION AND WITH DELAY IN THE PHASE COORDINATES
AND CONTROLS

M. IORDANISHVILI

Abstract. In the present work, local variation formulas of solutions are given, in which the effects
of the discontinuous initial condition and perturbations of delays containing in the phase coordinates
and controls are revealed.

1. INTRODUCTION

As is known, the real processes contain information about their behavior in the past and are
described by the delay differential equation [3], [6], [4]. Linear representation of the main part of the
increment of a solution with respect to perturbations of the initial data of a differential equation is
called the variation formula of a solution (variation formula). In this paper, the essential novelty is
that here the local variation formula is given when there occur simultaneously perturbations of the
initial moment and delays both in the phase coordinates and in controls.

The term “variation formula of solution” has been introduced by R. V. Gamkrelidze and proved
in [2] for the ordinary differential equation. The effects of perturbation of the initial moment and
the discontinuous initial condition in the variation formulas were for the first time revealed by T. A.
Tadumadze in [8] for the delay differential equation.

The variation formula plays a basic role in proving the necessary conditions of optimality [2], [5],
[9] and in the sensitivity analysis of mathematical models [6] . Moreover, the variation formula allows
one to construct an approximate solution of the perturbed equation.

In the present work, for the controlled delay differential equation

z(t) = ft,x(t),x(t —71), ..., x(t — 7s),u(t),u(t — 61),...,u(t — 0))

with the discontinuous initial condition the variation formulas are given. The discontinuity of the
initial condition means that the values of the initial function and the trajectory, in general, do not
coincide at the initial moment.

The variation formulas for various classes of controlled delay differential equations without pertur-
bations of delay occurring in controls are derived in [1], [7], [11], [10], [12].

2. FORMULATION OF THE MAIN RESULTS

Let I = [a,b] be a finite interval and 0 < h;; < h,i = 1,s; let 0 < g1 < @, i = 1,k be the
given numbers; suppose that O C R™ and Uy C R" are open sets. Let the n-dimensional function

flt o, 1, Ty Uy Uty U, (BT, 20, e, Ty Uy UL, - -y Ug) € 1 X OIS X UOH’C satisfy the following
conditions:

a) for almost all fixed ¢ € I, the function f(t,x,21,...,Zs, u,uy,...,ux) is continuously differen-
tiable with respect to (z,21,...,Ts, u,u1,...,ug) € O x UOHk;

b) for each fixed (v, z1,..., 75, u,uy,...,ux) € O1T5 x U(}+k, the functions

f(t,x,xl,...,xs,u,ul,.. -7us)7fa:(t7')7f;vi(t7')7 1= 1,8
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and
fu(tv')afui,(tv')v =1k
are measurable on [;
¢) for any compacts K C O and U C Uy, there exists a function mg y(¢) € L1 (1, [0,00)) such that
for any (x,21,..., 25w, u1,...,ux) € K15 x UHF and for almost all ¢ € I, we have

|f(t,l’,(E1,...,.’L'S,U,’LL1,.. 7uk)| + |fz(t7)| +Z|fiz(t7)‘
i=1

k
+|fu(t7 )| + Z |fw(t7 )| < mK,U(t)'

Let ® and Q be sets of continuously differentiable functions ¢ : I; = [r,b] — O and u : [0, b] — Uy,
respectively, where 7 = a — max{hja,...,hs2} and 0 = a — max{qia,...,qr2}-
To each element

n= (t077—17"'77—8;017'~~70k7x0790au) S A= [G'?b) X [h117h12] X X [hslahsﬂ
x[q11, qu2] X - X [qr1, qra] X O x @ x Q

we assign the controlled delay differential equation

z(t) = flt,z(t),z(t —11),...,x(t — 7s),u(t),u(t — 61),...,u(t — 0)) (1)
with the discontinuous initial condition
z(t) =¢(t), te[rto), z(to) = wo. (2)

Condition (2) is called discontinuous because, in general, x(tg) # ¢(to).

Definition 1. Let p = (to, 71, .., 75,01, ..., 0k, 2o, 0, u) € A. A function z(t) = z(t; ) € O, t € [1,t1],
t1 € (to, b] is called a solution of equation (1) with the initial condition (2) or a solution corresponding
to the element p and defined on the interval [r,t1] if it satisfies condition (2) and is absolutely
continuous on the interval [tg,t1] and satisfies equation (1) almost everywhere on [tg, t1].

Let 1o = (t00, T10s - - - » T505 0105 - - - 5 Ok0, Z00, Y0, Uo) € A be a fixed element and let z((¢) be a solution
corresponding to the element 1o and defined on the interval [r,¢1¢], where

toostio € (a,b), too < tio; Tio € (hi1,hi2),i=1,8; 00 € (¢i1,q:2), =1,k
Thus, xo(t) is the solution of the equation
2(t) = ft,z(t),z(t — T10)s - - -, x(t — Ts0), uo (L), uo(t — O10), - -, uo(t — Oko)), ¢ € [too, t10]
with the initial condition
z(t) = ¢o(t), te[r to), z(too) = oo
Let us introduce the set of variations:

V= {(m = (8to, 071, ..., 075,001, ..., 001, 620, 00, 8u) = Sto € (a,b) — too,

07i € (hit, hi2) — 0, i =1,5;  80; € (qi1, Gi2) — 0s0, 1 =1,
820 € O — 200, |6T3| <, i=1,5; [06;| <, i=1k, |dxo|<a,

m m

6@22)‘i690i7 5u=Z)\i5ui, 6@1 € (I)_QDOa 5“7, E51_11'07 |)‘z| Sav 1= lam}7

i=1 i=1

e

where (a,b) — too := {dto = to — too : to € (a,b)} and o > 0 is a fixed number.

There exist the numbers §; > 0 and €1 > 0 such that for arbitrary (e,du) € (0,£1) x V, we have
to +edpu € A, and a solution z(¢; up + €dp) defined on the interval [7,¢19 + d1] C I corresponds to it
(see [9, Theorem 1.4, p. 17]).

We note that x(t; o + €dp) is the solution of the perturbed equation

$(t) = f(t, l‘(t),I(t — T10 — 667’1), . ,I(t — Ts0 — E(STS),Uo(t) + E(Su(t),UO(t — 010 — 6691)
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+edu(t — 010 — €061), ..., ug(t — Oro — €60y,) + edu(t — o — €06y,))
with the perturbed initial condition
x(t) = @o(t) + edp(t),t € [T, too + €dty), (too + €dty) = xoo + 0.

Due to the uniqueness, the solution x(¢; 1) is a continuation of the solution xg(t) on the interval
[T,t10 + 1] C I;. Therefore, in the sequel, the solution z((t) is assumed to be defined on the interval
[T, ti0 + (51].
For arbitrary (¢,e,du) € [1,t10 + 01] x (0,e1) x V' we define the increment of the solution xo(t) =
z(t; po) -
Ax(t;edp) = x(t; po +e6p) — xo(t).

Theorem 1. Let the following conditions hold:
].) Ts0 > *** > T10 and too + Ts0 < th;
2) the function f(w,u,uy,...,uy), where w = (t,z,21,...,2s), is bounded on I x O3 x U&+k;
3) there exists the finite limit
lim f()(’LU) = f()_7w € (avtOO] x 01+s’
w—wWo
where fo(w) = f(w,uo(t),uo(t —010),- .., uo(t — ko)), wo = (too, Zoo, Po(too — T10), - - - Po(too — Ts0));
4) there exist the finite limits

lim )[fO(wlz) folway)] = fi, i=1,s,

(wli,wgi)%(w& wm

where wy;, wa; € (a,b) x O1F% i =15,

w?i = (too + Ti0, Zo(too + Tio), Zo(too + Tio — T10)s - - -, Zo(too + Tio — Ti—10);
200, Zo(too + Tio — Ti+10)s - - - » Zo(too + Tio — Ts0)>,
wy; = (too + Tio, o(too + Tio), o(too + Tio — T10)s - - - » To(too + Tio — Ti—10),
©o(too), o(too + Tio — Ti+10), - - - » Zo(too + Tio — Tso));

Then there exist the numbers eo € (0,e1) and 62 € (0,81), with t19 — 62 > too + Tso such that for
arbitrary

(t,e,0p) € [tio — d2,t10 + J2] X (0,82) X V7,
where V— = {0 € V : §tg <0}, we have

Ax(t;edp) = edx_(t;0p) + o(t;edp), (3)
where dxz_(t;dp) has the form
dx_(t;0p) = =Y (too; t) fy Oto + B(t;0u), (4)
B(t; 6p) =Y (too; t)dxo — [Zy(too + Tio; t)fz}&o -y {Y(too + Tios ) fi
i=1 i=1

t

[ Y60 o6 ((O90(€ — 7o) + (1= x(€)0¢ ) )] 7

+§: t/ Y (& + Tio; t) fou, [£]00(€)dE — Z{ / Et)fom[ﬂao(g—eio)dg]éa

1=1

Z:11500*‘1'1'0 too

t

+ [ ¥ig0) [ falélou +Zf0u Jou(e — .0)] e )

too
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where x;(§) is the characteristic function of the interval [too,too + Tiol; furthermore, Y (s;t) is the
n X n-matriz function satisfying the equation

Ye(§5t) = =Y (&) fou€] — Zy(f + 7i05 t) fow, [€ + Tiol, € € [too, ]
i=1

and the condition

H, or =1t,

Y(e ) = or ¢ (6)
o, for &>t

Here, fozlt] = fou(t,zo(t),zo(t — T10)s .-, To(t — Ts0)), H is the identity matriz and © is the zero
matrix;
lim o(t;edp)

e—0 IS

=0 uniformly for (¢,0p) € [tio — d2,t10 + d2] X V.

Some comments. Theorem 1 corresponds to the case where variation at the point g is performed
on the left. The function dz(¢; 0p) is called the first variation of the solution zq(t), t € [t10 — 2, t10+J2]
and expression (4) is called the local variation formula.

The expression

- [Y(too; tfy + Z Y (too + Tio; t)fz} dto
i=1
in formula (4) is the effect of the discontinuous initial condition (2) and perturbation of the initial
moment tqg.
The addend

t

—Z [Y(too + Tioj t) fi + /Y(f;t)fnm [€][x: (&) 0(€§ — Tio) + (1 — x:(€))Z0 (€ — Tio)dE| 07;
i=1

too

in formula (4) is the effect of perturbations of the delays 7;9, 7 = 1, s.
The expression
& t
=S [ [ Y& O io(e - )] o0
i=1 too
in formula (4) is the effect of perturbations of delays 6,9, i = 1, k.
The expression

s too

S [ Y+ it l€elee
=Lt50 = 7i0
in formula (4) is the effect of perturbation of the initial function .

The expression
t

k
[ YD fualg5u©) + 3 fou 61506 — 0]
too =1
in formula (4) is the effect of perturbation of the control function ug.
It is clear that if ¢ (too) = woo, then f; =0, i =1,s.
It is easy to see that (see (4),(5))

S (t;0p) = 0V () — Y 62 (t;0p), ¢ € [tro — G2, t10 + b2,
=1
where

too

852 (t;6p) = Y (too; 1) [5900 - fo_5t0} + Z / Y (£ + Tios t) foz, [§]00(€)dE

=1
too—Tio
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t S
+/Wmﬂ—anﬂﬂm@%@ﬂm+ﬂ—mwﬁﬁ—mﬁpn

—thmsmmW%mM,+thmsmwf

=1 1=1
and

629 (t;01) = —Y (too + 03 ) fi (5150 + 571'), i=1,s.
On the basis of the Cauchy formula (see [9, Lemma 2.3, p. 31], the function
dp(t), t € [7,t00),
(5%0(15) == (0
6z (t;6p), € [too, to]

is the solution of the equation in “variations”

0x(t) = fout] +Zf0xl Jox(t — Tio) — Z[fom[t](xz'(f)%(t—ﬂo)

=1

+(1 = xi(t)Zo(t — TOi))} oTi — Z fOu7 Jao(t — 6i0)30; + foult]ou(t) + Z fouZ s]ou(t — 0y0)
1=1

=1

with the discontinuous initial condition

(Sl‘(t) = 5(p(t>,t S [T, too), 5$(t00) = (51‘0 — fo_(sto

Saa(t) = 0, t € [7,too + Tio),
! 6D (t;0u), t € [too + Tio, t1o)

is the solution of the equation in “variations”

and the function

( ) wa +Zf0:m 6-rt_7—10)

i=1

with the discontinuous initial condition
(590(75) = O,t c [T, to() + Tio), (Sx(to() + TiO) = _fi ((St() + 57'2) .

The variation formula allows us to obtain an approximate solution of the perturbed equation in
the analytical form. In fact, for a small € > 0, from

x(t; po +e0p) — xo(t) = Ax(t;edp) = edz_(t;0p) + o(t;edpu)
(see (3)), it follows that
x(t; o + e0p) ~ zo(t) + edx_ (t; ).
Theorem 2. Let conditions 1), 2) and 4) of Theorem 1 hold. Moreover, there exists the finite limit
lim fo(w) = fi,w € [too,b) x O**. (7)

w—wWo

Then there exist the numbers eo € (0,e1) and 6o € (0,01), with t19 — da > too + Tso Such that for
arbitrary

(t,e,0p) € [tio — 2, t10 + 02] x (0,e2) X VT,
where V't = {6u € V : 8ty > 0}, we have
Ax(t;edp) = bz (t;0u) + o(t;edu),
where dxz4 (t;0p) has the form

Say (t;0p) = =Y (too; t) fof Sto + B(t; Su).
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Theorem 2 corresponds to the case, where variation at the point tog is performed on the right.
Theorems 1 and 2 are proved by the scheme given in [10].

Theorem 3. Let conditions 1)-4) and condition (7) hold. Moreover,

fo = 1o = fo
Then there exist the numbers eo € (0,e1) and 02 € (0,81), with t19 — 62 > too + Tso such that for
arbitrary
(t,e,0u) € [t10 — d2,t10 + 02] X (0,e2) X V,
we have
Ax(t;edp) = edx(t; op) + o(t; edu),
where dx(t; du) has the form

dx(t;0p) = =Y (toos t) fodto + B(t; Op).

Theorem 3 corresponds to the case, where variation at the point tog is carried out from double
sided and is a corollary to Theorems 1 and 2.
It is clear that if the function f(¢,z,z1,...,Zs,u,uy,...,ux) is continuous then

fo = f(too, o0, vo(too — T10); - - -, o(too — Ts0), o (too), o (too — 010), - - - uo(too — Oko))-
Theorem 4. Let
s k
ftzyxy,. . s, u ug, ... u,) = Alt)z + Z Bi(t)x; + C(t)u + Z D;(t)u;,
; i=1

where A(t), Bi(t),i =1,s, C(t) and D;(t),i = 1,k are continuous matriz functions. Then there exist
the numbers eo € (0,21) and do € (0,81), with t19 — 02 > tog + Ts0 such that for arbitrary

(t,e,&u) € [tlo — 52,t10 +52} X (0,52) X ‘/,

we have

6z (t;0p) =Y (too; t) [5$0 - (A(too)xoo + Y Biltoo)po(too — Tio) + C(too)uo(too)

i=1
k s
+> " Di(too)uo(too — 91‘0))&0} — " Y(too + 7i0; t) Bi(too + Tio) (9600 - @o(too))&o
i=1 1=1
-3 {Y(too + Ti03 t) Bi(too + Tio) (xoo —¢o too /Y &) Bi(€) ( xi(§)¢o(€ — Tio)
i=1
too

+(1*Xi(E))Io(f*Tzo))df}cSn+Z / Y (€ + Tioi ) Bi(€ + Ti0)dp(€)dg

_zk:[/ D(€)ig (€ — 90d§69 +/Y§t C(&)du(s)

=1t too
+ZD £)dul(€ — 910)} de.
Here, Y (&) is the n x n-matriz function satisfying the equation
Ye(&it) = =Y (&) A(S) — iy(ﬁ + Tio; ) Bi(§ + Tio), € € [too, ]
=1

and condition (6).
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Theorem 4 is a simple corollary to Theorem 3.
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