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ON NEW VERSIONS OF THE LINDEBERG-FELLER’S LIMIT THEOREM

SH. FORMANOV AND A. SIROJITDINOV

Abstract. It is well known that the classical Lindeberg condition is sufficient for the validity of the
central limit theorem. It will be also a necessary if the summands satisfy the condition of infinite
smallness (Feller’s theorem). The limit theorems for the distributions of sums of independent random
variables which do not use the condition of infinite smallness were called non-classical.

The exact bounds for the Lindeberg, Rotar characteristics using the difference of distribution of
sum of independent random variables and a standard normal distribution are established. These
results improve Feller’s theorem.

INTRODUCTION

Let Xpn1, Xn2,.--s Xnn, n =1,2,... be an array of independent random variables (r.v.’s).
Assume that

EX,;=0, EX} =0}, j=12,...,

_ 2 _
Sp=Xp1 44 Xpn, Y op;=1.
j=1

Set

8

Fn(z) = P(Sn < :L‘), (I)(;p) — E efu2/2du,

— 00

A, = sgp |Fy(x) — @(x)]

It is well-known that the following condition (Feller’s characteristic)

max o,; —+0, n— o0 F
1<j<n ¥ ’ (F)

is called uniform of infinite smallness condition of a sequence of independent r.v.’s. {X,;, j > 1}. We
say that this sequence satisfies Lindeberg condition if for any € > 0

L,(e) = i E(X21(1 X >€)) =0, n— oo. (L)

Jj=1

Here, I(A) denotes an indicator of the event A.
It is well-known that under the condition L,

A, =0, n— oo,

which means a central limit theorem (CLT). The Lindeberg—Feller’s theorem improves the above
theorem and can be represented in the form of the following implication:

(F)&(CLT) & (L),
i.e., under the condition (F'), Lindeberg’s condition is necessary one for CLT.
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1. ESTIMATION OF NUMERICAL CHARACTERISTICS USED IN CLT

Following V. M. Zolotarev [8, ch. 5, §5.2], we call the limit theorems non-classical in which the
condition (F') is not used. The first non-classical variants of CLT were proved by Zolotarev in 1967
and Rotar in 1975 [6].

In [3], [5], the following estimates of L, (¢) (¢ > 0) were obtained.

Theorem A. There exists an absolute constant C > 0 such that for any e > 0,

(1 - 6752/4) iE(XijI(|an| >¢)) < C(An + Zn:a;tj>. 1)

j=1

n
Note. It is obvious that under the condition (F) and Y o2, =1,
j=1

n
Zaﬁj < maxaij — 0, n— oo.
j=1 !
Thus (1) implies that if the sequence of independent r.v.’s {X,,;, j > 1} satisfies CLT (i.e. A,, — 0,
n — 00), then the Lindeberg condition

> B(X2 (X5 > ) =0
j=1

holds for any € > 0 by n — oo.

Set
Fnj(x) = P(an < 33),

®,,j(x) is a distribution function of normal r.v. with parameters (0, o5;) (j = 1,2,...) and for any
e >0,

Ru&) =Y [ [allFoo) - os(a)lde
=5
Theorem B (V. 1. Rotar [6]). The condition
R,(e) =0, n— oo, (2)
for any e > 0 is sufficient and necessary for CLT.

The above Theorem B is a nonclassical version of CLT and it generalizes Lindeberg—Feller’s theorem.
Indeed, in Theorem B we do not use the condition (F). The proof of the necessity of condition (2)
is based on the following statement (note that a proof of the necessity of condition (2) given in [6] is
rather complicated and it uses the properties of probabilistic metrics).

The following theorem holds.

Theorem 1. For some C = C(g), the following estimation
R0 < 0 (L) + 3% ) 3
j=1

for any e >0 and s > 2, is true.

Proof. In [3], the inequality

Ri@ <Y [ B+ Y [ ) = L) + 2, 0

le\m|>a ]:1|w\>5
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is proved. Further, it is not hard to prove that
o2.x

@n(s):i / o2;2%dP(z <€2Z / (’Zzz)sdq>(x)

Jj=1

|z|>e/0on; \z|>5/aw

n

< 5—2(5—1) (Z O—Zj) / xQSd(b(.T)
j=1

|#]>e/ max on;

Hence, for any s > 2,

D, () < C“)(é”i?)' (5)

Now, the fairness of estimation (3) and Theorem 1 follows from relations (4) and (5).
It can easily be checked that the above-proven Theorem 1 has the following corollaries.
1) We say that Rotar’s condition holds if

R,(e) =0, Ve>0, n— oo (R)
It is easy to prove that the following estimation (6)
< 2 ) < 22 _ 2
lrgjaé(na j g2 +1I%a<xn / x°dF,; () <e +Z z°dF,; (x) =e*+ L, (¢) (6)
|z|>e i=1 |z|>e

is true. Directly from the estimation (3), for s = 2, we have
2
R,(e) < C(s)( n(e) + max Um). (7)

Thus from relations (6) and (7) it follows that if L, (¢) — 0, Ve > 0, n — oo, then R, (¢) — 0, Ve > 0,
n — oo. Therefore the implication (L) = (R) is true. In turn, from the last it follows that Theorem
1 generalizes classic version of the Lindeberg-Feller limit theorem.

2
(i, o)+

2) Since the integration domain in the expression ®,,(¢) contains in the domain {x : =

> 1}, inequality (5) can be written as

D, (c) < C(e) < max %)28.

1<j<n

Hence, estimation (3) can be rewritten as

Ry (c) < C(e) [Ln(s) n ( max %)25], s> 2.

1<j<n

3) In view of Theorem A, estimation (3) can be rewritten as

Rn(e) < C(e) <An + zn: agj) .

Thus the following implication

(F)&(CLT) = (R)
holds. From the above corollaries 1)-3) we have that the characteristic R, (¢) is thinner then the
Lindeberg characteristic. For example, in the case of the equality of distributions F,; = ®,;, j =
1,2,...,n, it is obvious that the value R, (&) vanishes trivially, but at the same time, L,(¢) > 0,
Ve > 0. It should be noted that if the condition F holds, then these conditions are equivalent, i.e.,

(F)&(R) < (L).
The last limit relation is proved in the book of A. N. Shiryaev [7]. O
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2. IBRAGIMOV-OSIPOV-ESSEN CHARACTERISTIC AND SOME RELATIONS OF EQUIVALENCE

We put

My(e) =" / || dF (2 Z / 22dF,j(z) = my(a) + L,, a>0.
=1 <1 =1 g>1
This numerical characteristic is the first encountered in [1] and [2] for @« = 1. The appearance of
this characteristic is due to the impossibility of estimating the remainder term in the CLT by the
single Lindeberg characteristic L, (-) (see [1]). In [2], it is shown that the value M, (1) can be used
in estimating the rate of convergence in CLT. It should be noted that there are the cases where
mp(1) = o (Ln(:)) or L,(-) = o(m,(1)) as n — co. Therefore in the expression M, (+) it is impossible
to confine ourselves to one of the two terms.
We present some asymptotic properties of Mn(oz)7 as n — 00.

Lemma 1. If for some o = ag > 0,

my(ag) = Z / |z |2 T dF,;(z) -0, n— oo,
el

then m,(a) = 0, n — oo for any a > 0.

Proof. Let oo < ap. Then for any 0 <e <1,

=3 [ rtan,w ey [t an,e)

I=Naj<e I=lecfz<a
<ot [ P R )
j=15<\z\§1
- my (o)
<e* 4 Z / |x|2+ozo anj(x)> . 5—(040—(1) =™ 4 520772.
=1z<1

Hence for any 0 < e <1,

lim sup m,(a) <& o< ap.
n— oo

Since 0 < € < 1 is arbitrary, from the last relation we get the proof of the relation
{mnp(ao) = 0} = {m,(a) >0, a<ap}.
Now let ap < «. Then swapping « and «q in the previous reasoning, we obtain the proof of the
following relation:
{mp,a0 = 0} = {m,(a) = 0, >ap}. O
Lemma 2. If for some a = g, the relation M, (ag) — 0, n — oo is true, then the Feller conditions

(F) hold.
Proof. Indeed, for 0 < ¢ < 1, we have

max O' <e? 4+ max [ / 952an]‘($)+ / ﬁanj@)}

1<j<n ™ 1<j<n
e<|z|<1 |z|>1

<+ / 22dF,;(x) Z/ 2?dF;(x)
j:16<|m|§1 J= 1\:c|>1

<e?+e . Z / |27 dFj(x) + Ly < €2+ e my(a) + o(1), n — oc.

I=aj<1
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Now, by applying Lemma 1, we obtain

lim sup max o2, <e?, 0<e<l. d
n— 00 1<j<n 7

Further, we say that the condition (M) holds, if for some « > 0 the value M, (a) — 0, n — co.
Then assertion of Lemma 2 can be written as the implication (M,) = (F).

Theorem 2. Let for some a = ay > 0,
M, (ag) = mp(ag) + Ly, — 0, n— 0. (M)
Then for any «, the following implication
{M,(ap) = 0, n — o0} & {L,(e) = 0, Ve >0, n — o0}
18 true.
Remark. In view of Lemma 1, Theorem 2 can be written as an implication of the equivalence
(M) < (L) (8)

Proof of Theorem 2. For simplicity, in the condition M we put a =1, i.e.,

M, = Myp(1) =mp(1) + Ly = Y / o’ dFnj(z) +> / 2%dF,j(z) = 0, n — occ.
j:1|w\§1 j:1|z\>1
Note that by Lemma 1 this does not limit the generality in the following reasoning.

Let the condition M holds, i.e., for n — oo, M,, — 0. Then the following relations are clear: for
0<e<1,

1 n
I=leclz|<1 I=leclz|<1
mp (1)
€

+0(1) =0, n— oo (9)

For ¢ > 1, by monotonicity of L, (g), we obtain

L,(e)<L,(1)=L,—0, n—oo. (10)
Relations (9) and (10) prove the justice of the implication (M) = (L).
Now, let the Lindeberg condition L hold. Then for 0 < e <1,
L,=L,1)<L,(e) =0, n— oo (11)

In addition, for any 0 < e <1,
m,(1) = Z / |x|3anj(J:) < ez / 22dF,;(z) +

n
I= ej<1 I=1j<e j=

/ 22dF,;(z) < e+ Ly(e).

e<|z|<1

1

Thus, from the last estimation it follows that

lim supm,(1) <&, m,(1) =0, n— oo (12)

n— oo

From relations (11), (12), we conclude that the implication (L) = (M) holds. Hence, the equivalence
relation (8) is proved, and thus we obtain the proof of Theorem 2. 0
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3. THE CLASSICAL VERSION OF ANALOGUE OF THE LINDEBERG-FELLER THEOREM

The classical version of the Lindeberg-Feller limit theorem can be represented as equivalence of the
implications
(F&(CLT) < (L).

We give a theorem in which conditions M are used instead of L.

Theorem 3. In order for the sequence of series of independent random variables {X,;, 1<j<n}
to satisfy the Feller condition F and obey (CLT), it is necessary and sufficient that condition M be
fulfilled.

Below, we give the proof of Theorem 3 with the direct use of the condition M.

Proof of Theorem 3. We introduce the notions

Fu(t) = / CTAF (@), guy(t) = / 4D, (z) = e,

t) = H fnj H gnj ) _t2/2
j=1

To prove the validity of the CLT, it suffices to make sure that for any 7" > 0,

sup |fn(t) — eft[z/Z‘ —0, n—oo. (13)
lt|<T
Note first that for all complex numbers satisfying the inequalities |ax| < 1, |bk| <1, k =1,2,..., the
inequality
Hak— ku Z‘ak—bﬂ (14)
k=1

holds. By the last inequality (14), we obtam

n

1 fos(®) = TLanst0)] < Zlfm ~ a0, (15)
j=1

k=1

Therefore, by (15), we can conclude that relation (13) will be proved if it states that

Z|fm = gnj(t)] =0, n— oo, (16)
for any t € R.
Further, we use the following equalities:
/ xdFn;(x) = / zd®,;(x) =0,
—0o0 — 0o
(o) (o)
2 _ 2 _ 2 C_
/ z2dF,;(z) = / r2d®ni(r) = 0,5, J=1,2,....
By these equalities, for j = 1,2,..., we can write

(itx)?

fng () = gnj(t) = /OO {em —1— itz —

— 00

d(Fpj(x) = Pnj(2)) - (17)

After integrating by parts in the last integral and by virtue of
22 [L = Fyy (1) + Foy (<2)] = 0, a2 [1 = By (2) + By (—2)] = 0,



ON NEW VERSIONS OF THE LINDEBERG-FELLER’S LIMIT THEOREM 37

for x — oo, we obtain

/ [eitw ol ita— (”;)2 0 (Foy () — Doy (x))
= —it / (e — 1 —itx) (F,j(z) — ®pnj(z)) dz. (18)

Now, by (15), (17) and (18), for any € > 0, we have

Z

o0

/ ite _q _ th) (Frj(x) — @pj(x)) dx

— 00

ey / o] Pz dx+2t22 [ Py - eu@l. a9)

I=aj<e =Lial>e

By direct integration by parts, it is easy to verify that for any random variable X with the distribution
function F'(x), the following equality

E|X|" = /|x| dF(z :n/x (z) + F(—2)) dz. (20)
0

holds. Based on formula (20) with n = 2, we can verify the following estimate:

n

Z / || [Fpj(x) = Pnj(z)] do < 220’721]' =

I= g <e
Hence, inequality (19) can be written as
do(t) < |t - e+ 2t%- R, (e).
Now, by Theorem 2, it follows that
n
R,() =0 <Ln(s) +) a;i;) ,
j=1

By the last expression, we obtain

lim sup d,(t) <T°-e.

n—oo ‘tIST -
Therefore, finally, we have the relation

Tim sup [fu(t) —e 072 < T3 .. (21)

n—oo |t‘§T

Since e > 0 is arbitrary, by relation (21) we obtain that for any 7" > 0, relation (13) holds, which
proves the sufficiency of the condition M for fulfilling CLT. O

Necessity. By Theorem 2, conditions M and L are equivalent (i.e., (M) < (L)). Therefore, the
necessity of condition M for the validity of CLT follows from Theorem A above.

In conclusion, the authors express their gratitude to reviewer for remarks which improved article
explanation.



38 SH. FORMANOV AND A. SIROJITDINOV

REFERENCES

1. C. G. Esseen, On the remainder term in the central limit theorem. Ark. Mat. 8 (1969), 7-15.

2. Sh. K. Formanov, The Stein-Tikhomirov method and nonclassical CLT. VIth Inter. Conf. Modern Problems in Theor.
and Appl. Probab., pp. 19-20, Novosibirsk, 2016.

3. P. Hall, Rates on Convergence in the Central Limit Theorem. Pitman Adv. Publ. Progr. Boston-London, 1989.

4. I. A. Ibragimov, L. V. Osipov, On an estimate of the remainder in Lindeberg’s theorem. (Russian) Teor. Verojatnost.
¢ Primenen 11 (1966), 141-143.

5. H. Y. Louis Chen, Qi-Man Shao, Stein’s Method for Normal Approximation. An introduction to Stein’s method,
1-59, Lect. Notes Ser. Inst. Math. Sci. Natl. Univ. Singap., 4, Singapore Univ. Press, Singapore, 2005.

6. V. Rotar, Probability Theory. Translated from the Russian by the author. World Scientific Publishing Co., Inc., River
Edge, NJ, 1997.

7. A. N. Shiryaev, Probability. ICNMO, Moscow, 2011.

8. V. M. Zolotorev, Modern Theory of Summation of Independent Random Variables. (Russian) Nauka, Moscow, 1986.

(Received 25.03.2018)

INSTITUTE OF MATHEMATICS UZBEK ACADEMY OF SCIENCES, 81 MIRZO ULUGBEK STR., TASHKENT 100170, UZBEK-
ISTAN
E-mail address: shakirformanov@yandex.com



