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NECESSARY AND SUFFICIENT CONDITIONS FOR THE BOUNDEDNESS OF
THE GEGENBAUER-RIESZ POTENTIAL IN MODIFIED MORREY SPACES

V. S. GULIYEV! AND E. J. IBRAHIMOV?2

ABSTRACT. In this paper we study the Gegenbauer-Riesz potential I& (G-Riesz potential) generated
by Gegenbauer differential operator Gy = (z? — 1)1/2-* d—dm(:z:2 - 1))""1/2%. We prove that the
operator /& is bounded from the modified Morrey space Zl’)\ﬂ (R4) to the weak modified Morrey
ipace W Lg x~(Ry) if and only if ﬁ <1-— % < ﬁ for 1 < ¢ < oo and from Ly, » ,(R4) to
Ly x~(Ry) if and only if ﬁ < % - % < ﬁ for 1 < p < ¢ < oo. Obtained results are the
analogue of the results taken in [6].

1. DEFINITIONS AND AUXILIARY RESULTS

The study of boundedness of the Riesz potential, singular integrals and commutators were studied
by lots of researchers in the last decades. Morrey estimates of such kind of operators is a more recent
problem and is still very popular. Just as an example we recall the study made in [1,2,8,12]. Our aim
is to continue this research focusing in necessary and sufficient conditions in suitable Morrey estimates
of some kind of Riesz potential. The Gegenbauer differential operator was introduced in [3]. About
properties of Gegenbauer differential operator we reference detail in [7].

In this paper, we consider the following generalized shift operator

IA+1) 7
Acnif(chz) = : +(21)) /f(ch:ccht — shxshtcos @)(Sin¢)2’\_1d¢
2
0

INONIN
generated by the Gegenbauer differential operator
d d
2 1/2—2 2 A1/2
Gy = (2 —1)Y S-(a® = 1) +1/ T 1€ (1,00), A€ (0,1/2).

Let H(z,r) = (x—r,xz+r)N[0,00),r € (0,00),2 € [0,00). For all measurable set E C [0,00), uE =
|E|x = [,sh** tdt. In [10] the Gegenbaur maximal function (G-maximal function) is defined as
follows:

r

1
M, f(chz) = sup ———— /Acht\f(ch x)|sh? tdt.
r>0 [(0,7)[x )

Also we consider the following maximal function

1

M, f(chx) =sup ———— / cht)|sh? Mdt.
Nf( ) T>18 ‘H(xar)b\H( ) |f( )|

z,r

Symbol A < B denote that there exists a constant C' > 0 with that 0 < A < CB and C can
depends of some parameters. If A < B and B < A we write A = B.
Note that, the following inequality is valid (see [10, Theorem 2.1]):

M, f(chz) S M, f(chx). (1.1)
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In what follows we need the following theorems to prove our main results (see [11, Theorem 2.1
and Theorem 2.2]).
Theorem A ([11, Theorem 2.1]). For all non-negative function g € Lﬁf’i(]RQ and 1 < p < oo the
inequality
[ nastehnratchpsituay < [ 15ehy)Paatch)shydy
H(z,r) H(z,r)

1s valid.
Theorem B ([11, Theorem 2.2]). For all a > 0 the following Chebyshev type inequality
1
[y e Har) s Myfehy) > all, S o [ Muf(chy)sh®ydy

H(z,r)

1s valid.

For 1 <p < oo let L,([0,00), ) = L, 1[0, 00) be the space of functions measurable on [0, co) with
the finite norm

11z, = ([ e eae) . 1<p< o,
0
[flloo.x = esssup [f(cht)], p= oo.
te[0,00)
The following theorem was proved in [10].

Theorem C. a) If f € L1 A\[0,00), then for all a > 0 the inequality

N
Ho: My f(chx) > a}], < E\IfIILl,A[o,oo)

holds, where c) > 0 depends only on A.
b) If f € Ly [0,00), 1 < p < oo, then M, f(chx) € L, 2[0,00) and

1M fllz, A0,00) < ol fllL, A[0,00)-

Corollary A. If f € L, [0,00), 1 <p < oo, then

/ AN flchx)sh®* tdt = f(chx)

(0,r)

lim ——
=0 [(0,7)[x
for a.e., x € [0, 00).

2. SOME EMBEDDINGS INTO THE G-MORREY AND MODIFIED G-MORREY SPACES
We introduce the following notation analogously in [4-6].

Definition 2.1. Let 1 < p < 00, 0 < A < £, 0 < v <2\ + 1, [r]y = min{l,r}. We denote by
Lpx,(Ri,G), Ry = [0,00), the G-Morrey space, and by L, » (R4, G) the modified G-Morrey space,

as the set of locally integrable functions f(chz), x € Ry = [0,00), with the finite norms

1o, = sup ( / f(Cht)Ipsh”tdt>p,

JJE]R+,T>0 H( )
Iy = s ([rh‘” / f(cht)l”sh”tdt>,
P z€Ry,r>0 H )

respectively.
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Note that L,r0(Ry,G) = Lpyro(Ry,G) = Lpa(Ri,G).  Lyay(Ri,G) C Lya,(Ri,G)
NL, A (R4, G) and max{||f||Lp)Aﬁ, Iflle, ) < Hf”Ep,;,w andify < 0or~y > 2X+1, then L, » ,(R4,G) =

Lpa~Ry,G) =0, where © is the set of all functions equivalent to 0 on R .

Definition 2.2. Let 1 <p < o0, 0 < A< 1, 0<~<1+2X We denote by WL, »~(Ry,G) the

weak G-Morrey space and by Wipy A (R4, G) the modified weak G-Morrey space as the set of locally
integrable functions f(chz), € Ry with finite norms

1
Ifllwe, ., =supr sup (77 |{y € H(x,t) : [f(chy)| > r}l5)"
r>0 t>0,z€R

=

1wz,

DAY

=supr sup ([t];"H{y € H(z,t): |f(chy)| >1}|,)
>0 t>0,z€R,

respectively.

Note that WL, x(Ry,G) = WLyxo(Ry,G) = WLyro(Ry,G), Lyar(R,G) C WL, x~(Ry,G)

and |flwry s, < 1f12pnss Lorn(RenG) C WLy o (Re, G) and [fllyz < Iflz, , -

We note that

PXY

LpxoRy, G) = Ly ARy, G),
and if v < 0 or v > 1+ 2, then L, » (R4, G) = O, where O is the set of all functions equivalent to
0onRy.

Lemma 2.1. Let 1 <p<oo, 0 <A< % Then
Lpxi+2x(Ry, G) = Lo (Ry)

and
—1
PN e < 1S prean < Il

23>
(1420 (14+ch 1)2 >
Proof. Let f € Loo(Ry4). Then

1 A 2 e
Ad i f(cha)sh™ tdt ) <||fr..
[©.7)x
(0,7)

Therefore f € Ly, x 1422 (R4, G) and

where ¢y =

Hf||Lp,)\,l+2)\ < ||fHLoo
Let f € Ly x1+2x (R4, G). By the Lebesgue’s Theorem we have (see Section 1, Corollary A)

. 1 A D 22 — P
i o [ Al feha)Psh e = | (k).
(0,7)
Then
1 A 2X e
eha) = (ot [ bl )
0,r
rl+2X2 1/p
< su ( ) Lion-
0<7~121 |(0,7")|)\ ||fHLp,>\, +2X
From the proof of the Lemma 1.1 in [10] for 0 < r < 1 we have
9A+3 1422 25—
0,7)]x > ——— (sn3) 2 e
c 27 c 27
(14+2\)(1+ch1)2= 2 (14+2\)(1+ch1)2=

Therefore f € Lo (R4) and

1
£t < PN ipnnson- O
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Lemma 2.2. Let1§p<oo,0<)\<%,0§fy§1+2)\. Then

LZDJ\,’Y (R-‘rv G) = LPJ\KY (R+a G) N LP,)\(R—H G)
and

171z, ., = max {Iflr, . 1]z, -

PNy

Proof. Let f € Ly~(Ry,G). Then

z€Ry,r>0
0,r)

1/p
e =_sw ([ addscnorsn® a)

1/p
<  sup ([rh"’ / AN, | f(chx)[Psh®? tdt)

zER4,r>0
(0,r)

=|fllz

PXY

and

1/p
1l 0 = m>(r”/A&MWMWm”mQ

zER,r>0
(0,7)

1/p
< sw (07 [ Adsnnr o)
I€R+,T>O
(0,r)
“ Iz,

Therefore, f € L, x~(Ry,G) N Ly A(R4, G) and the embedding

LPJ\,’Y (R"r? G) Cx- LP,>\7’Y (R-i-’ G) N LP,A(R-H G)

is valid.
Let f € Ly » (R4, G) N Ly A(R4,G). Then

I1/1lz

PNy

1/p
s (017 [ addsehapst war)

z€R4,r>0
(0,r)

1/p
= max{ sup <r7 / AN f(chx)[Psh® tdt> ,
zeRy,0<r<1 )
o,r

1/p
s ([ adstchopsn ) < max (17,10

z€RL,r>1
0,r)

Therefore, f € EP?A,,Y(R%G) and the embedding Ly ,(Ry,G) N Ly Ax(R4,G) Co E,M,,Y(R%G) is
valid.

Thus Ly ~(Ry,G) = Ly~ (Ry,G) N LyA(Ry, G).
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Let now f € EP,A,Y(R%G). Then

1/p
e, = sw (7 [ A dscnars® ar)

zER4,r>0
(07r)
5 1/p
~ e (rl[rh)p([r]n [ nidstchasi> tdt)
z€ER,r>0

(0,r)

1/p
sup ([rh"* | Adrchapsie tdt)

z€RL,r>0
O,r)

I1f1lz O

PAY

3. HARDY-LITTLEWOOD-SOBOLEV INEQUALITY IN MODIFIED G-MORREY SPACES
In this section we study the Ep, A,y-boundedness of the G-maximal operator M.
Theorem 3.1. 1) If f € ELAW(R%G), 0<vy <142\ then M,f € WZLA,,Y and
IMuflwz,, ., SISz,
) If f € Lyay, 1 <p<o0,0<~y<1+2\, then Myf € Lyr~(Ry,G) and
M fliz, Sz,

Proof. 1) From the definition of weak modified Morrey spaces

PNy

3 =

IMufllwg, ., =swpr sup ([t "[{y € H(x,t): Muf(chy) >r}5)" .
e r>0 t>0,z€R,

Using the Theorem B and also Theorem A at p =1 and g(chy) = 1 we obtain

M flr,, S sw (157 [ 1fhnlsi® ) = £l

t>0, z€R
H(x,t)

Assertion 2) follows from Theorem A at g(chy) = 1. O

We consider of the Gegenbauer—Riesz potential (G - Riesz potential) (see [10])

oo

1)/ (/Tg1hT(Cht)dr)Achtf(Chaj)shz)‘tdt’
0 0

I&f(chz) = I‘(Q
2

where

hleht) = [P A~ 1) by
1

and PWA is eigenfunction of operator G.
The following Hardy-Littlewood—Sobolev inequality in modified G-Morrey spaces is valid.

Theorem 3.2. Let 0 <a <142\, 0<y <2 \+1—-aandl <p< mf%
1) Ifl<p< 2*-5%, then the condiszon T S % — é < ﬁ is necessary and sufficient for
the boundedness of the operator I& from L, x (R4, G) to Ly x (R4, G).

2) Ifp=1< 2/\"2%, then the condition 337 <1 — % < ﬁ is necessary and sufficient for

the boundedness of the operator I& from ZL,\W(RJF, G) to qu,)w(RJr, G).
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Proof. 1) Sufficiency. Let 0 < a < 142X, 0< vy <2 \+1—7, f € ZPJW(RJF,G) and 1 <p< 2’\"’%
For 12 take place the following estimate (see [10, the proof of Corollary 3.1])

oo

[1&f(chx)| < /Acht|f(ch z)| (sha)®* 221 sh2 Mt
0

_ / Ao (sh )2~ f(ch 1) sh2 (3.1)

From (3.1) we have

T o0

[1&f(chz)| < (/—F/)Acht (shx)* 2271 f(cht)|sh* tdt
0
A

1(@,7) + Aa(2,7).

We consider A;(z,7). Let 0 < r < 2, then by (1.1) we obtain

Acnt|f(chz)|sh? M

Sht)2A+1 [eY dt

;

T
—Ji—1p

f Acht|f(chx) \shQ’\t =
I e e e B
0 =O

277y

52(5%%) ( 2J+1 / Acn il f(chz)|shP tdt

j=0 0

< (shr)*M,, f(chz) ( > 2*<J’+1>a) < (shr)*M, f(chz). (3.2)

Let 2 <r < oo and 0 < o < 4\. Then (see [10, the proof of Corollary 3.1])

Ay r)</ Cht|f(cha:)|sh”‘tdt

~ (cht)2 +1-a
0

§ / Ad lf (cha)lsh> it _ / AN | f(chz)|sh? tdt
= (cht)»—a = (sht)r—a

—J

0o 2777
SZ / AN I f(cha)|sh? tdt

(Sh t)4/\704

277y

<> (sh2ji1)a(sh2jil)7“ / AN | (ch x)|sh? tdt

j=0 0

S M, f(cha)y (sh2 +1) < (shr)* M, f(cha) Y 27 GFDe
Jj=0 j=0

S (shr)®M,f(chz), 0<a <4
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Now let 4\ < a < 2A + 1. From the proof of Corollary 3.1 and [10] it follows that |I& f(chz)| < 1,
then we have

T

4\
sht I
44 (z,7)] < / Ay il f(cha)[sh?tdt = (>A / Ayl cha)lsh? et

0 5h§ 0

S(sh) M f(chx) < (shr)*M,f(chx), 4X<a<2XA+1.
Thus for 0 < r < co we have

Ai(z,r) S (shr)*M,f(chz), 0<a<2X+1. (3.3)

We consider Ag(z,r). From (3.1) and Holder’s inequality we get

oo

Az(z,r) S </(A6ht|f(6hx)|)p(5ht)ﬁshz)‘tdt);

T
oo 1
7/

x ( / (sht)(%+a_2/\_l) h%tdt> — Aoy - Ass. (3.4)

r

Let v < 8 < 2\ 4+ 1 — pa. Taking into account the inequality (see [9, Lemma 2])

[Aenefllz, , < Iz,

PNy PNy

we obtain

i+l

o < (2/ Aalfeh D) (sh )P sk eat)”

=0

2] N7
< ||Achtf||zp1%~, (Z (sh2ir)8 >

j:O

{log2 %} 1

_B)q S _Bi » 1
<(2T)v 20 2(v=8)i > 2 ﬁj) , 0<r<i,
’S ”'fHZp,A,W ” j:|:log2 Tlr:|+1
( > 27[”) ’ r>3
§j=0
T T L
shr)™» >
~ Lpx~ 1’ r> 1
s 1
<1171z (rv(shr)™», 0<r<sg,
px | (shr) ™8, r>1

<27 (sh) IS, (3.5)
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For Ass we have
s L
Aoy = (/(Sht)(§+a_2>‘_1)p/sh2)‘tdt> '

r

< (/(sht)(5+"‘2*‘1)p’sh”td(sht)> ’

By oN_14 22+ 8
(Shr>p+a 22-1427 5(ShT);+a72>\71+(2>\+1)(17%)

<
< (shr) pro—255

Taking into account (3.5) and (3.6) on (3.4) we obtain

)
Ag(w,r) S [20)] (shr)* 5| Il

Ay
Thus from (3.3) and (3.7) we get

18 f(ch o) < (7 (shr)* 5 flz, |+ (shr)* M, f(cha))

y—2x—1

< min {(shr)“”r > ||f\|zp%7 + (shr)*M, f(chz),

22

(shr)* B2 F 7+ (shr)e My f(ch x)}, r>0.

The right-hand side attains its minimum at

22+ 1 — pa £z, N T
shr = ( B )
po M, f(chz)

and

20+ 1—7v—pa ||f||ZpA_W Prese
shr:( ))

pa M, f(chx
Taking into account (3.9) and (3.10) in (3.8) we obtain

18 (cha)| < min { (M (et (Ml ‘C’”))l“ﬁ”} 1£lz, ..

Iz, .. 1z,
Then
« 2 17%
(G f(cha)l S (Muflcha)a|fl7 * -
Hence, by Theorem 3.1, we have
[ sl ar < 11e [ Qnfeh)shar
Py
H(z,r) H(z,r)
<ERIAL |
From this it follows that
Meflz, Sz, -

Le., I is bounded from Ly (Ry,G) to Ly (Ry,G).

(3.10)

Necessity. Let 1 < p < 24120 f ¢ [, (Ry,G) and I be bounded from Lya~r(Ry,G) to

Lq)\,’Y(R*F’ G)
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Let the function f(ch ) be non-negative and monotonically increasing on R ;. The delates function
fi(chz) is defined as follows

(ch(ctht)z), 0<t<l, (3.11)
(ch(sht)x), 1<t <o0. '
We suppose [t]1,+ = max{1,t}.

From (3.11) we have at 0 < ¢ < 1

p

Iz, = sw (1577 [ Ithnpsiuay)
x +,T
H(z,r)

1
< sup (W / |f<ch<ctht>y>psh”ydy>p (ctht)y =, dy = (tht)du]
z€R4,r>0 H( )

— (tht)?  sup ([rm / f(chu)|psh%(tht)udu)p
z€R4,r>0
H(xctht,rctht)

< (th t)n% sup <[r]17 / |f(ch u)%h”‘udu) ’
ERer=0 H(xzctht,rctht)

¥ 1
2241 tht » P
= (sht) W sup <M> sup <[r cthit];” / |f(ch u)|psh2)‘udu>
r>0 [r]l z€R4,r>0
H(zctht,rctht)

22+1 2241—~

= (tht)5" [eth ]| fllz, < (th)™5 " | flIz

sht\ 25— 1
14 |f L 5—_7 f L
(52) 7 Il el

PN,y

Ay PNy

Y—2x—1

S (sht)* | £l

(3.12)

Ay

On the other hand

Ifellz,,, = s ([rh7 / Ift(chy)l”sh”ydy)

z€ER4,r>0
H(z,r)

> sw (7 [ IsenmonPsdy) (enon = dy=(ena

z€RL,r>0
H(z,r)

= (cth t)% sup ([r]l_ﬁY / |f (chu)[Psh®*(cth t)udu) ’
z€R4,r>0
H(xtht,rtht)

1
> (ctht) = sup ([r]l_"Y / |f(chu) |”sh2’\udu) ’
z€R4,r>0
H(xtht,rtht)

N
22+1 [Tthth)p
= (ctht) » su =
ety (s )
22+1 2241

ol _2_g
= (ctht) 5 W AF | liz, = (etht)™5 =3 7]z

22 41—y y—2A—1

= (ctht) ™50 fllz, = (sh)™ 7 |

PNy

(3.13)

PAY
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Now, let 1 <t < oo, then from (3.11) we obtain

P

T — (W / Ift(chy)lpsh”ydy>

Py zER,r>0
H(z,r)

> sup <[r]17 / |f(ch(ctht)y)|psh2’\ydy>p [(tht)y = u, dy= (ctht)du]
zERL,r>0 H( )

= (cth t)% sup ([r]l_"Y / |f(chw)[Psh®(cth t)udu) ’
z€R4,r>0
H(xtht,rtht)

> (ctht) 5 sup <[r]1_"’ / |f(ch u)|psh2’\udu> ’
rERy,r>0
H(ztht,rtht)

;
22+1 [rth t]l ) P
= (ctht) » su ~
(cth) p( ) il
2241 2241
)2

th Az, 2 eth )50 Al

y—22—1

> (sht)* > |Ifllz

On the other hand

= (ctht

PNy

(3.14)

PAY

P

Ifellz, = sup  ([r];” | fe(chy)[Psh**ydy
DAY
o z€Ry,r>0
H(z,r)
du

< sup ([1"]1_7 / |f(ch(sht)y)|Psh2’\ydy>; [(sht)y:u, dy:%

z€Ry,r>0
H(z,r)

= (sht)"% sup <[T]1_7 / |f(chu)|psh2)‘8;ztdu>p

z€R4 ,r>0
H(xzsht,rsht)

1
< (sh t)_mp+1 sup ([7‘]17 / |f(ch u)%h”‘udu)
zeR,r>0
H(zsht,rsht)

2341 rsht »
= hy 2 (sup ) Ty

[r]1 Py
2241 z qA=2A—1
= (sht)" "7 [shtlf Iflz, , < (sht)* 7 |Iflz

From (3.12)—(3.15) for all 0 < ¢ < oo we obtain

(3.15)

ALY

~N—2XA—1

1illz, = (sht)™ 5 |l

Ay

(3.16)

According to the define of G-potential we can write

oo o0

1 (o3
Igvft(chx) = I‘(O‘)/ (/U21hu(0hv)du)Achvft(chm)ShQ)"Ud'U.
270 00
From this and (3.11) for 0 < ¢ < 1 we have
1
18l = s (0 [ Usnchnsi o)
o z€RL,r>0

H(z,r)
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< swp (W / I%f(ch(ctht)y)lqsh”ydy>q
zER4,r>0

H(xz,r)
[(ctht)y =z, dy = (tht)dz]

—(nn} s (00

z€RL,r>0

[ f(ch Z)|q8h2)‘(tht)zdz> ’

H(zctht,rctht)

< (tht) X 6Dzupw ([7‘]1_"Y / |I& f(ch z)|qsh2’\zdz> ’
x +,7

H(zctht,rctht)

22+1 [reth t]1>
= (tht) « 3 I&fll+
(tht) <su15 oI & fllz, .

r>
2241 C I
— (tht) > etn )] 1181,
y—22—1 - y—=2X2—1 -
< (tht) B2 Ie Sz, < (2087, (3.17)
On the other hand
sz, = s (177 [ znehps o)
e z€Ry,r>0
H(z,r)
1
> s (10 [ i)
z€Ry,r>0
H(z,r)
[(tht)y = 2z, dy = (ctht)dz]
= (cth t)% sup ([7”]1V |1& f(ch 2)|9sh®* (cth t)zdz) ’
zER,r>0
H(ztht,rtht)
23+1 [Tth t]l ) 0
> (ctht) < | su I&fll7
> (nt)* (sup 20 g,
2241 o
> (ctht) % 118z,
cht\*5— pm2am1
> (55) " Meslg,, = sh) T e, (3.18)
Combining (3.17) and (3.18) we obtain
yo2A-1
Mafllz, .~ (sht) 5 Iafl, . 0<t<l. (319)

Now we consider the case, then 1 <t < oo. From (3.11) we have

r35lr,, = s (05 [ lssenenon sy

zER,r>0
H(z,r)

[(tht)y =z, dy = (ctht)dz]

= (cth t)% sup ([7“]1_V / |T& f (ch 2)|9sh** (cth t)zdz) ’
zERy,r>0

H(ztht,rtht)

2a+1 [rtht]\*
> (ctht I%f|+
> (cth )5 (i‘i‘é ) e, .,
22+1

> (ctht)™a [tht]] |1& f|l;

DAY
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chty 2=
> (55) " Ieflg,,, = (sht)
On the other hand

y—2

A—1 -
ez, . (3.20)

q

Mehlz < sup (W / |fgf<ch<sht>y>|qsh2*ydy)

LA z€RL,r>0
H(z,r)

= (sht)_é sup ([T]lﬁY / [1& f(ch z)|qsh2/\(z>dz> ’
2€RL,r>0 s
H(xzsht,rsht)

2241 q

= (sht)” ¢«  sup ([r]ﬁ / Igf(chz)|qsh2’\dz)

z€RL,7>0

H(xzsht,rsht)

X
q

_ (sh)- 252 (sup [”’”]1) V& 11z

r>0 [T} 1

a5\,

2241 o
< (sht) P htl] 1871, .
E-2E B y=2A-1
< (sht) 218, < (sht) 5 e sy, (321)
From (3.20) and (3.21) it follows that
o y—2X—1 o
Mafillz,  ~(ht) S afly, . 1<t<o. (3.22)
Now from (3.19) and (3.22) we have
y=2A-1
Mafilly, , ~h)= 32 gfl, . 0<t<o. (3.23)

Since I& is bounded from EP7A,7(R+, G) to zq7,\77(R+, G), i.e.

Ieflz, Sz, s

2241—~ 22+

then taking into account (3.23) and (3.16) we obtain
1—v
OIS, S 6h) 5

& fllz (sh
o —2A\— 1_1
(sht)*FO2AVGE=D £l

Q

Xy PiXY

N

PNy
- (sht)*~GMDG—3) 0<t<l,
~ (5ht)a+("’_2’\_l)(%_%), 0<t<oo0.

If % - % < gxy7, then in the case t — 0 we have ||Ig§f||iqm7 =0forall fe zq7>\,y~(R+,G).
As well as if % - % > 33715 then t — 0o we obtain ||Igf\|ZpM =0 for all f e Ly (R4, G).

a 1 _ 1 a
Therefore O < i < pyun

2) Sufficiency. Let f € EL,\,A,(]R_HG), then

{y € H(x,r): [Igf(chy)| > 25},
S |{y € H(.’E,T) : Al(ya’r) > ﬁ}|"/ + |{y € H({E,T) : AQ(:U?T) > ﬁH’Y

Also

o0

As(y,r) = / Ao o(sh )21 f(ch )| sh2 Mt

T
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2i+1,

= Z / (Acnel f( Chx)D(Sht)a_z’\_lshQ’\tdt

o
27+ ]}
<N Anefllz, . > (@rFi-a
j=0

[log %] o
(2r)Y i? oaty=2A-1)j 4 S 2(0472)\71)]" 0<r< %’
= ra_%_leHZLM . =0 j=[log, ] +1
Z 2((1—2)\—1)3" r> %
§=0
oA 7Y p2Atl-al 0<r<i
SremP 7 Sl { ,
Y 17 >3
potr2l g g <)
< _ ) 20 < % _
<z, .. {A bsy D SEPI, (3.24)
Taking into account the inequality (3.2) and Theorem B we obtain at 0 < r < 1
{ver@n: 4. > s}
-
153 sh®r
<y e @) Muf(ehy) > 5o | < SIS, (3.25)
And from (3.3) and Theorem B we have at 1 <r < oo
HyEH x, 7)) Ar(y,T) >ﬁ}‘
-
Jé; (shr)>
Sf{ve Hn Murtehy) > G S S (3.26)
From (3.25) and (3.26) we obtain, that for all 0 < r < oo
shr)®
{vettn: awn > )| < L 000, (3.27)

It [2r]7 (sh T)a—z>\—1||f||zl‘xw = 3, then from (3.24) we obtain that |As(y,r)| < B and consequently,
Hy € H(z,r) : As(y,7) > B}y =0. Then by 2r <1, = (shr)"*"l_”‘_leHZl%w and from (3.27) we
have
(shr)®

B

2241—7

= (shn) P = (57, )T (3.28)
And for 2r > 1, 8 = (sh 7“)0‘_2)‘_1||f||z1 ., and from (3.26) we have

Hy € H(x,r): [I&f(chy)| > 25}‘7 < (shﬁr)“

2241

= [7shr) = (87, )T (3.29)

Finally from (3.28) and (3.29) we have

{v e i@ g f(ehy)| > 26
< 2241—y

i mm{( ez, ) (I, )T

{vetn: arehy) > 28} < Ffz,

Az,
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B q

SR8 z,,.,)
where by condition of the theorem

220 +1 < 22+1—v o <1_1< o
Mtl-a -1 DF1 - 7—a 1o g+l

Necessity. Preliminarily we established the estimates for ||1& f|l,,z . From (3.11) for 0 <t <1 we
a4, A,
have

1

Q ~ - 2\ a

& fellwz, ., = R ([uh / sh zdz)
{yeH (z,u):|1& f(ch(th t)y)|>r}

[(tht)y = 2z, dy = (ctht)dz]

1
= (cth t)% supr  sup ([u]l_ﬁY / sh**(cth t)zdz) !
r>0 zeR4,u>0
{yeH (zthtutht):|Ig& f(ch z)|>rth t}

tht]i\+
z(ctht)%sup([u ]1)q suprtht
u>0 [uh r>0
1
X sup ([uth ), / sh**(cth t)zdz) !
zER L, u>0

{yeH (xthtutht):|I& f(ch z)|>rtht}

2241

> (ctht) 2 [thi]?

1
X suprtht sup ([utht]i_'y_”‘ / sh”‘sh”zdz)q
r>0 z€Ry,u>0
{yeH (wtht,utht):|I& f(ch z)|>rtht}

2241 T e
2 (tht)"— [thtly [IG fllwg, .

y—2X—1 y=2

A—1
> () TN Nz, > (sh) (18 g
On the other hand from (3.11) we have

Ay

1
18 Flwz,,, <swp sup ([l / h?ydy)”
LAY 150 zeRL,u>0

{y€H (z,u):[1& f(ch(ctht)y)|>r}

[(ctht)y = z, dy = (tht)dz]

1
= (tht)isup sup ([u]l_'y / sh®(th t)zdz) !
r>0xeRL,u>0
{yeH (zctht,uctht):|I&f(chz)|>r}

2241 uctht % a
< (tht) <« sup ([[u]lh> ||I(;Jc||I/I/ZM,W

u>0
2241 x
— (tht) 5 [ethtf I8 flz, .
2A+1—7~ o ~y—2x—1 o
< @) TN iz, < (sh) 7T T8z, L - (3.30)
From (3.34) and (3.30) it follows that
~y—2x—1 o
W& fllwz, . S h) T 18 Sy, (3.31)

Now we consider the case then 1 <t < co. From (3.11) we have

1
q
L& fellwz, , =supr sup <[u]17 sthydy)
R r>0 zeRi,u>0
{yeH (z,u):|1& f(ch(tht)y)|>}

[(tht)y = z, dy = (ctht)dz]
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1
(ctht)q sup  sup ([u]lv sh”(ctht)zdz)
>0 z€R4,u>0
{yeH (z tht,utht):|Ig f(ch z)|>r}
1
= (ctht) “5 suprtht  sup <[u]1_7 / sh”‘zdz)
r>0 z€RL,u>0
{yeH(zthtutht):|I%f(chz)|>rtht}
utht
= ( ) 118 flwz, , .
(Ctht) [tht]EHIGfHWL Ay
y—2A—-1 o
> ()TN g, > (b Iy, -
On the other hand from (3.11) we get
1
s, . < s (7 / sty
>0 z€R4,u>0
{yeH (z,u):[I1& f(ch(sht)y)|>r}
dz
ht)y =z, d :—}
(sht)y =z, dy = —=
1
z(sht)fésupr sup ([u]i_'y_”‘ / sh”‘zdz)
r>0 zeRi,u>0 sht
{yeH (zsht,usht):|I&f(ch z)|>r}
1
— 2241 1—y—2X 2) ¢
< (sht)” ¢ suprsht sup <[u]1 / sh zdz)
r>0 zER,u>0
{yeH (xzsht,usht):|I& f(chz)|>rsht}
B _2at1 [usht]y\ “5—
= (sh?) i‘i%( ) e,
x
< (oht) " o 1z,
< (sht) Iy, - (3:32)
From (3.31) and (3.32) for 1 <t < oo we have
« y=22-1 «
M&filwz, . S 6RO 5= 18z, . - (3.33)
Combining (3.31) and (3.33) for all 0 < ¢ < co we obtain
Mafillyr, = (sht)* (3:31)

From the boundedness I& from LM(J&, G) to W]?17>\,.Y(R+, G) and from (3.16) and (3.34) we have

2A41—ry —oa—
||Ingwquﬂ < (sht)™ a (sht)oc+v 2 1||f||f11,A,7

< (Sht)a-s—(z\—l)(l—%)(sh t)v(l—é) ”fHZl,A,w

(sht)e~GAD0—g) 0<t<l,
S Mz, s | (sht)etO=2A-D0—5) 1<t <oo.
Ifi1--= < oxy7 then for ¢ — 0 we have ||Igf\|WfL~ =0forall fe L AR, G).
Slmllarly, if 1 — 2/\+1, then for ¢ — oo we obtaln ||IGf||WL b, =0 for all f € Ly AR, G).
Therefore < 1— —_— OJ

By s = 2,\+177
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