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ROUGH STATISTICAL CONVERGENCE ON TRIPLE SEQUENCE OF
RANDOM VARIABLES IN PROBABILITY

N. SUBRAMANIAN! AND A. ESI?

ABSTRACT. This paper aims a further improvement from the works of Phu [9], Aytar [1] and
Ghosal [7]. We propose a new apporach to extend the application area of rough statistical con-
vergence usually used in triple sequence of real numbers to the theory of probability distributions.
The introduction of this concept in probability of rough statistical convergence, rough strong Cesaro
summable, rough lacunary statistical convergence, rough Ny— convergence, rouugh \— statistical
convergence and rough strong (V, ) — summable generalize the convergence analysis to accommo-
date any form of distribution of random variables. Among these six concepts in probability only three
convergences are distinct rough statistical convergence, rough lacunary statistical convergence and
rough A— statistical convergence where rough strong Cesaro summable is equivalent to rough sta-
tistical convergence, rough Ny— convergence is equivalent to rough lacunary statistical convergence,
rough strong (V, \) — summable is equivalent to rough A— statistical convergence. Basic properties
and interrelations of above mentioned three distinct convergences are investigated and some obser-
vations are made in these classes and in this way we show that rough statistical convergence in
probability is the more generalized concept compared to the usual rough statistical convergence.

1. INTRODUCTION

In probability theory, a new type of convergence called statistical convergence in probability was
introduced in Ghosal [7]. Let (Xm”k)m,n,kEN be a triple sequence of random variables where each
Xonk s defined on the same sample spaces W (for each (m,n,k)) with respect to a given class of
events A and a given probability function P : A — R3. Then the triple sequence (X,,,x) is said to be
statistical convergent in probability to a random variable X : W — R? if for any €, > 0

lim L {mgu,ngv,kgw:P(|ank—125)H =0.
uvw—00 UVW

In this case we write X,k 5" 1. The class of all triple sequences of random variables which are
statistical convergence in probability is denoted by S¥.

In this paper we introduce new notions namely rough statistical convergence in probability, rough
strong Cesaro summable in probability rough lacunary statistical convergence in probability, rough
Ny— convergence in probability rough strong (V; A\) — summable in probability and rough A— statis-
tical convergence in probability. Among these six concepts in probability only three convergences are
distinct-rough statistical convergence in probability, rough lacunary statistical convergence in prob-
ability and rough \— statistical convergence in probability, rough Nyg— convergence in probability is
equivalent to rough lacunary statistical convergence in probability, rough strong (V, A\) — summable in
probability is equivalent to rough A— statistical convergence in probability. Basic properties and inter-
relations of above mentioned three distinct convergences are investigated and make some observations
about these classes.

The idea of statistical convergence was introduced by H. Steinhaus and also independently by H.
Fast for real or complex sequences. Statistical convergence is a generalization of the usual notion of
convergence, which parallels the theory of ordinary convergence. Later on the notion was investigated
by Tripathy ([13], [15]), Tripathy and Sen [14], Tripathy and Baruah [16], Tripathy and Goswami
([17-20]) and others.
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Let K be a subset of the set NxNxN, and let us denote the set {(m,n, k)€K :m <wu, n <wv, k <w}
by Kyuypw. Then the natural density of K is given by 6 (K) = lim Kuvul - where | K| denotes

www—oo YW ’
the number of elements in K. Clearly, every finite subset has natural density zero, and we have

§ (K¢ =1-0(K), where K¢ =N — K is the complement of K. If K1 C Ko, then § (K;) < ¢ (K3).

Throughout the paper, R denotes the real of three dimensional space with metric (X, d). Consider
a triple sequence & = (X;nk) such that z,,,r € R, m,n, k € N.

A triple sequence x = (k) is said to be statistically convergent to 0 € R, written as st—lim z = 0,
provided that the set

{(m,n,k) € N ¢ |2 pni] > €}
has natural density zero for any € > 0. In this case, 0 is called the statistical limit of the triple
sequence .

If a triple sequence is statistically convergent, then for every €> 0, infinitely many terms of the
sequence may remain outside the € — neighbourhood of the statistical limit, provided that the natural
density of the set consisting of the indices of these terms is zero. This is an important property that
distinguishes statistical convergence from ordinary convergence. Because the natural density of a finite
set is zero, we can say that every ordinary convergent sequence is statistically convergent.

If a triple sequence & = (X,ny) satisfies some property P for all m,n,k except a set of natural
density zero, then we say that the triple sequence x satisfies P for almost all (m, n, k) and we abbreviate
this by a.a. (m,n, k).

Let (xmm].ke) be a sub sequence of & = (k). If the natural density of the set K = {(m;,n;, k¢) €
N3 : (4,7,¢) € N*} is different from zero, then (mmmjk[) is called a non-thin subsequence of a triple
sequence .

¢ € R is called a statistical cluster point of a triple sequence & = (Z,,k) provided that the natural
density of the set

{(m,n, k) € N* ¢ |Zpmnk — | < €}
is different from zero for every €> 0. We denote the set of all statistical cluster points of the sequence x
by I',.

A triple sequence x = (Z,nk) is said to be statistically analytic if there exists a positive number M

such that
5 ({(m,n,k) € N ¢ [/ HE > M}) =0.

The theory of statistical convergence has been discussed in trigonometric series, summability theory,
measure theory, turnpike theory, approximation theory, fuzzy set theory and so on.

The idea of rough convergence was introduced by Phu [9], who introduced the concepts of rough
limit points and roughness degree. The idea of rough convergence occurs very naturally in numerical
analysis and has interesting applications. Aytar [1] extended the idea of rough convergence into rough
statistical convergence using the notion of natural density just as usual convergence was extended
to statistical convergence. Pal et al. [8] extended the notion of rough convergence using the concept
of ideals which automatically extends the earlier notions of rough convergence and rough statistical
convergence.

A triple sequence (real or complex) can be defined as a function z : N x N x N — R (C), where
N,R and C denote the set of natural numbers, real numbers and complex numbers respectively.
Different types of notions of triple sequence were introduced and investigated at the initial by Sahiner
et al. [10,11], Esi et al. [2-4], Dutta et al. [5], Subramanian et al. [12], Debnath et al. [6] and many
others.

Throughout the paper let r be a nonnegative real number.

2. TRIPLE ROUGH STATISTICAL CONVERGENCE IN PROBABILITY

Definition 2.1. Let r be a non-negative real number. A triple sequence (Znk) is said to be rough
convergent to ! with respect to the roughness degree r (or shortly: r— convergent to x) if for every
€> 0, there exist some numbers u,v and w such that

|xmnk—l’<r+€ forall m>u,n>v, k>w
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and denoted by xy,nrx —" (. if we take r = 0, then we obtain the ordinary convergence.

Definition 2.2. Let r be a non-negative real number. A triple sequence (Z;nk) is said to be rough
statistically convergent to ! with respect to the roughness of degree r (or shortly: r— statistically
convergent to 1) if for every € > 0, the set

{(m,n,k) € N®: |z — I| > 7+ € }
has asymptotic density zero or equivalently, if the condition S — l}cm SUp |Zmnk — U] < r is satisfied
mnk—oo

SP
and we denote by Tpmnir =7 L
If we take r = 0, then we obtain the ordinary statistical convergence.

Definition 2.3. Let r be a non-negative real number. A triple sequence of random variables (X,,nx)
is said to be rough statistically convergent in probability to a random variable X : W — R? with
respect to the roughness of degree r (or shortly: r— statistically convergent in probability to ) if for
each €, > 0,

1
lim
UVW— 0O (uvw)

ngu,ngv,kgw:P“ank—H2r+e)25}‘:07
or, equivalently,

1
lim 7’{m§u,n§v,kSw:l—P(|ank—l| <7‘—|—€) 25}‘ =0,
UVW— 0O (uvu})

and we write X,k —>§P l. The class of all r— statistically convergent triple squences of random
variables in probability will be simply denoted by rST.

Theorem 2.4. If X,k —>;9P l1 and Yok —>fp ly then P{|ly — 3| > r} =0.

Proof. Let €,§ be any two positive real numbers and let

)
3. _ > € h
(u,v,w)e{(m,n,k)eN .P(|X,,m;C ll|_r+2)<2}

ﬂ { (m,n, k) € N*: P( [ Xomnk —lo] > 7+ g) < g } (existence of (u,v,w)

is guaranteed since asymptotic density of both the sets is equal to 1. Then
P(|t =t 2+ €) < P ([ Xpus = 1| 27+ 5 ) + P ([ X = o] 27+ 5) <6
This implies P (Jl; — 3| > 7) = 0. O

Remark 2.5. R R
() If Xppnt =2 13 and Xppnr —5 lo, then P{l; = I} =1 (here r = 0).
(i) If Xt =5 11 and Xpnp =35 Iy, then {P{l; — s} <r} = 1.

Definition 2.6. A discrete random variable X is said to be one-point distribution at the point ¢ if
the spectrum consists of a single point ¢ and P (X = ¢) = 1. Here ¢ is a parameter of the one point
distribution.

Theorem 2.7. If a triple sequence of constants T,nk —>f [ then Tpnk —>fp l.

Proof. Here for every (u,v,w),Zmni can be regarded as a random variable with one element X,
in the corresponding spectrum. Let € be a positive real number. Since ., —> [ then

lim
www—oo (uvw)

ngu,ngv,kgw:’ank—l‘zr—f—e}‘za

= lim
UVW— 00 (uvw)

Hmﬁu,nﬁv,kﬁw:|ank—l‘<r+€}‘:1.
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Now the event {w : w € W and |Xpni (w) — I (w)| < r+ €} is the same as the event |Tpynr — 1] <
r+ € which is here the certain event W for all

(u,v,w) € {(m,n,k) eN?: |xmnk—l| <r+ € }

So P({w:w e W and [ Xy (w) = L (w)| <7+ € }) = P(|Zmnk — | <7+ €) = P(W) =1 for all
(u,v,w) € {(m,n,k) € N*: |zpni — I| < r+ €} . Thus for any § > 0,

{(u7v7w)€N3:1—P(|xww—l|<7’+E)}CN?’\{mgu,ngv,kSw:|xmnk—l|<r+€}
:{mgu,ngv,kgw:|mmnkfl|2r+€}.

In general converse is not true, i.e., if a triple sequence of random variables (%) is a rough
statistical convergence in probability to a real number [ then each of X,,,; may not have one point
distribution so each X,,,xr can not be treated as a constant which is rough statistical convergence to
l i.e., rough statistical convergence in probability is the more generalized concept than usual rough
statistical convergence. O

Example. Let a triple sequence of random variables (X,,,,1) be defined by,
{~10,10} with probability P (X,nr = —10) = P (Xpni = 10),
if (m,n,k) = (u,v,w)2 for some (u,v,w) € N3
{0,1} with probability P (X,ux =0) = P ( Xk = 1),
if (m,n, k) # (u,v,w)* for any (u,v,w) e N3,

anke

Let 0 <e< 1 be given. Then

P(|X 1>t e ) )1 it (myn,k) = (u,v,w)2 for some (u,v,w) € N3
ok - 10 if (mynk) # (u,v,w)? for any (u,v,w) € N3,

This implies X,k —>§ " 1. But it is not ordinary rough statistical convergence of a triple sequence of
numbers to 1.

Theorem 2.8.
. P P
(i) Xonk —>§P <= Xpni — 1 jf 0,
(i) Xpnk =2 | = cXpnk =1

o € where ¢ € R,

e P P P
(iil) Xpnk %;?P i and Ynk %fP lo = Xoink + Yok %fp l1 + o,
(iV) ank —);? ll and Ymnk —>§ 12 — ank — Ymnk) —>§ ll — lg,
P P
(V) ank —)TS 0= X?nnk _>TSZ 07
. P P
(Vi) Xk =7 1= X2 =% Loy 1
. P P P
(Vll) ank _>TS ll and Ymnk _>§ l2 = ank: : Ymnk _>Z+r(\l1+12|2+\l1—L2|) ll : lQa
(vidi) If 0 < Xyt < Yot and Yonns =570 = Xy =570,
(ix) Xpnk—> 1, then for each €>0 there exists (uvw) € N3 such that for any 6 >0

lim
UVW— 00 (uvw)

‘{mguungvykgwP(‘ank_luvw|227'+€)25}‘:0,

which is called rough statistical Cauchy condition in probability.

Proof. Let €, be any positive real numbers. Then for

(i) proof is straight forward hence omitted.
(ii) If ¢ = 0 then the claim is obvious. So suppose assuming ¢ # 0, then

{(m,n,k)€N3:P<|cank—cl|2|c|7“+6> 2(5}

= {mn k) €N < P([Xput 1 2”%) > 6},
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Hence, cX 0k —> c‘ cX.
(iii) P(‘ (Xomnk + Younk) — (1 +12) ‘ >r+ 6) = P(‘ (Xmnk —11) + YVonk — l2) ‘ >+ e) <
P(|ank_ll| 2r+§) + P( [Yink — Lo 2r+§)
This implies
{(m,n,k) e N? :p(| (Xomnk + Yonnk) — (11 + o) | ZrJre) > 5} C

{(m,n,k‘)EN3:P(|(ank—ll)|27~+§) Zg}U
(im0 {120+ 2

Hence X,nk + Yiunk —>§P l1 + 1s.
(iv) Similar to the proof of (iii) and therefore omitted.

) {(m n,k) e N°: (\ X2 >r2+5)} = {(m n,k) € N3 : (\ x2 >r2—|—2r77—|—772)}
(where n=—r+vr?+6 > O)z{ (m,n, k) € N> : (|ank| > 7‘—|—n>} . Hence, X2 . —5, 0.
(vi) X2, = (Xt — D% 420 (Xnp — 1) +12, 50 X2, =575 0 12
(V1) (Kot + Younk)” =55y 0y (1 12)7 a0d (Xt = Vo) =555, 1y (= 12)°
— Xk Yoo = & {{(ank + Yooni)? = (Xomore — Ymnk)2}} _ysP 2y rlasialinta)
L {(11 )% = (1 — 12)2} — 1y -1y,

(viii) Proof is straight forward hence omitted.
(ix) Choose (u,v,w) € N® be such that P (| Xuww — X| > 7+ §) < $. Then the claim is obvious

from the inequality

P<|ank—Xuvw|22r+€) SP(\ank—X|ZT+§)+P(|XWW—X|ET—|—§)
§g+P(|ank—X\2r+§). 0

Theorem 2.9. Let (X,nk) be a triple sequence of random variables then there exists a triple sequence
of real numbers (Tmnr) with the property that Xnk — Tmnk —>§P 0. If m (Xmnk) is a median of Xpnk
then Xpnke — m (Xomnk) —>fp 0 and zmpnke — m (Xmnk) —>fp 0.

Proof. Proof is straight forward hence omitted. O

Theorem 2.10. Letr > 0. Then Xpnk —>fP l <= there exists a triple sequence of random variables
(Younk) such that Yo =5 1 and S — limpmnk—oo P (| Xmnk — Yimnk| > 7) = 0.

Proof. Let X,unk —>§P land A = {(m,n,k) EN3: P (| Xk — | >7+€) > 6}. Then § (A) = 0.

Now we define
{ l if (m,n, k) € N3\ 4
Ymnk: = 5

Xonk + Z  otherwise

where X is a random variable and Z€ (—r,r) with probability P (X,nr = —7) = P (Xink = r) . Then
it is very obvious that

d({ (myn, k) € N2 2 PVt — 1] >€ ) > 5}) =0 and
d({ (M, k) € N3 2 P(| Xy — Vo] > 74+ € ) > 5})
d({ (m,n, k) e N® - (|ank—l|>7"+€) g})
5
2

{ 3
{{mn k) €N (Yt — 1] > g) >
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Conversely, let Ve =5 land S—  lim P(|Xomnk — Yink| > 1) = 0. Then for each €, > 0,

mnk— oo
. 1 € 1)
lim ngu,ngv,kgw:POYmnkfﬂ2—)27}‘:0 and
UVW— 0O (u’Uw) 2 2
. 1 € é
lim {{m<wn<vk<w: P(1Xmm— Yol 274+ £ ) 2 5 ] =
UVW— OO (’LL’U’[U) 2 2

We know the inequality

S
—_ > — ).

:>{(m,n,k)€N3;P(\ank—l|2r+e) > 4§

1)
C {(m,n,k) N3 P(|Ymnk > g) > 5}
3 € )

{(m,n,k) € N P(‘ank *Ymnk| Z T+ 5) 2 5}
Hence X0k —>;?P l. O
Theorem 2.11. If X,k pr I and g : R3 = R? is a continuous function on R3, then there exists
a triple sequence of random variables (Yink) such that g (Yink) —)fp g (1) and g(P(|ank — Younk|
>r)) —57 0.
Proof. The proof is similar to Theorem 2.4 in [7] and hence omitted. O

3. STRONG CESARO SUMMABLE OF A TRIPLE SEQUENCE OF REAL NUMBERS
Definition 3.1. A triple sequence (Z,,nk) is said to be strong Cesaro summable to [ if

. 1 .
ule;IEoo (uvw) Z Z Z |Zmnk — 1| = 0.

m=1 n=1 k=1

In this case we write Zyne —<01 1. The set of all strong Cesaro summable triple squences is
denoted by either |C,1| or |C,1,1].

Definition 3.2. Let r be a non-negative real number. A triple sequence of random variables (X k)
is said to be rough strong Cesaro summable in probability to a random variable X : W — R3 with
respect to the roughness of degree r (or shortly: r— strong Cesaro summable in probability to [) of
for each € > 0,

1
i — 1| > =0.
uv%rgoo (uvw) Z Z ZP (leTLk l| >r+ 6) 0

P
In this case we write Xpnk _>[TC,1_,1] ]

The class of all r— strong Cesaro summable triple sequences of random variables in probability will
be simply denoted by r [C, 1, l]P .

[c1,1)"

Theorem 3.3. The followings are equivalent: (i) Xpmnk —>fP I(i) Xpnk —r L.

Proof. (i) = (ii). First suppose that X,k —>§P l. Then we can write

m=1n=1 k=1

:(w}%)zz 3 P(| Xt — 1] > 7+ €)

m=1 n=1 =1 P(|Xpni—1|>r+e)>3

w

+ 1 Z Z P(|ank—l\2r+€)

(U’UUJ) m=1 n=1 f— _ S
k=1,P(| Xmnk—l|>27r+e)< 5




ROUGH STATISTICAL CONVERGENCE ON TRIPLE SEQUENCE OF RANDOM 117

ngu,ngv,kgw:P(|ank—l|27“+e>>é}‘+g.

~ (uvw) 2

(ii) = (i). Next suppose that condition (ii) holds. Then

Z P(| Xk — U] =7 +¢)

w

ZZi Z P(|ank—l|2r+€)

= =1 k=1,P(| Xymnk—1|>r+e)>d
25{mgu,ngv,kgw:Pﬂanka2r+€) >5}}.

Therefore

.
Hence Xnp —2 1. O

4. TRIPLE ROUGH LACUNARY STATISTICAL CONVERGENCE IN PROBABILITY

Definition 4.1. The triple sequence 0; ¢ ; = {(m4, n¢, k;)} is called triple lacunary if there exist three
increasing sequences of integers such that

mo =0, |;h; =m; —m,_1 = 00 as i — oo and
no =0, hg=ns—ng_1 — 00 as £ — oo,
ko =0, hj =k;j —kj_1 — 00 as j — 0.
Let m; o; = minek;, higj = hihehj and 0; ¢ ; is determine by I; o ; = { (m,n, k) : mi—1 <m < m;

andng,l<n§ngandkj,1<k§kj},qi: Mi g = Wl’(TJ'Z k;

mi—1’ ng— kj—1"

Definition 4.2. Let 0 = {mr”skt}(rst)eNUO be the triple lacunary sequence. A number triple se-

quence (X,nk) is said to be triple lacunary statistically convergent to a real number ! (or shortly:
Sp— convergent to ) if for any €> 0,

lim
rst—o00

{(m,n, k) € gt : | Xonnk — 1| > e}‘ =0

rst

and it is denoted by X,nr —°° I, where Irst = { (m,n,k) :my_1 <m <m, and ns_; <n < ng and
T 7 — S ., — k

kt—1<k§kt}7%~: o qS—ﬁJ]t—k;l-

my_1’

Definition 4.3. Let § = {m,nsk;} be the triple lacunary sequence. A number triple seqeunce (Z,nk)
is said to be Ny— convergent to a real number [ if for any €> 0,

. 1
e Y S =0
mel, nels k€l
In this case we write Zpnr —° L.
Definition 4.4. Let r be a non-negative real number. A triple sequence of random variables (X, )
is said to be rough lacunary statistically convergent in probability to X : W — R? with respect to the

roughness of degree r (or shortly: r— lacunary statistically convergent in probability to 1) if for any
€,0>0

lim
rst—00

{(m,n,k) € Lgt : P(| X — 1| > 7+ ¢) 25}‘ —0,

rst

P
and we write X, ,nk —>f9 l. The class of all r— triple lacunary statistically convergent sequences of
random variables in probability will be denoted simply by 7S} .
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Definition 4.5. Let r be a non-negative real number. A triple sequence of random variables (X,,nx)
is said to be rough Ny— convergent in probability to X : W — R3 with respect to the roughness of
degree r (or shortly: 7 — Ny— convergent in probability to () if for any € > 0,

S S T
rst—00 Nyg¢ méel, nel, kel

P
and we write X,k _>7]nv ¢ [. The class of all r — Ny— convergent triple sequence of random variables
in probability will be denoted simply by rNZ .

Theorem 4.6. Let 0 = {m,,ng, ki} be a triple lacunary sequence. Then the followings are equivalent:
(i) (Xomnk) is a r— triple lacunary statistically convergent in probability to l.
(ii) (Ximnk) is 7 — Ng— convergent in probability to [.

.
Proof. (i) = (ii) First suppose that X, —29" 1. Then we can write

hjst Z Z ZP(‘mmnk—”ZT—&-e)

mel, nels kel

hrlst Z Z Z P(|@mnr — 1] > 7+ ¢€)

mel, nels ke[t7P(|Imnk—”ZT+E)2%

+iz Z Z P(\xmnk—”zr—t—e)

mel, n€ls kel P(|xmne—1|>r+e)<$

<

{(m,n,k) € Lyt : P(|Xopmh — 1] > 74 ¢) > g}‘

hrst
(i) = (i) Next suppose that condition (ii) holds. Then

> 2 2 Pllzmm —llzr+¢)

mel, nels kel

= Z Z Z P(|zmnr — 1] =7+ ¢€)

mel, n€ls k€l P(|xmnk—1|>r+€)>6

> 5}{ My, k) € Liar : P(| Xk — 1| > 74 €) > 5}(

Therefore
1
L 5 3 M (AP
TSt nel, nel, kel
> {(m,n,k)e[mt:Pﬂxmnk—Hzr—l—e)}‘.
rst
SP
Hence X,nr —r? L. O

P P
Theorem 4.7. If Xpnr =57 1y and X —+° Iy then P (|l; — lo| > 1) = 0.
Proof. Similar to the proof of the Theorem 2.4 and therefore omitted. O

5. TRIPLE ROUGH-A—STATISTICAL CONVERGENCE IN PROBABILITY

Let A = (Aupw) be a non-decreasing triple sequence of positive numbers tending to oo such that
Avvwt1 < Ayow + 1, A111 = 1. The collection of all such triple sequence A is denoted by D.

The generalized De la valeé— Pousin mean is defined for the triple sequence (%) of real numbers
by tyww () = ﬁ Z(m’n)k)ewa Trmnk, Where Quow = [(Uvw) — Ay + 1, (wvw)] . A triple sequence
(Zmnk) of real numbers is said to be [V, A] — summable to I, if lim ¢4, (2) = [

Definition 5.1. A triple sequence (Znk) is said to be strong [V, A\] — summable (or shortly: [V, \] —

convergent) to [, if lim 5 > |Zrnk — 1| = 0. In this case we write 2, —[VA 1.
HOwTe T (mn k) €Quuw
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Definition 5.2. A triple sequence (k) is said to be A— statistically convergent (or shortly: Sy—
convergent) to [ if for any € > 0,

lim
UVW—r 00

) € Qoo s =11 €} =0

UVW

In this case we write Sy — lim Zpnk = L or by Zympe —> L.

Definition 5.3. Let r be a non-negative real number. A triple sequence of random variables (X,,nx)
is said to be rough [V, A\] — summable in probability to X : W — R? with respect to the roughness
degree r (or shortly: r — [V, A\] — summable in probability to l) if for any € > 0,

1
lim > i P([Xpnk =1 =7 +€) =0.
UVW—> 00 )\uvw
(m7n7k)€Qu'U’U)
In this case we write X,k —>£.V’)‘]P I. The class all rough [V, A\] — summable sequences of random

variables in probability will be denoted by r [V, )\}P .

Definition 5.4. Let r be a non-negative real number. A triple sequence of random variables (X,,nx)
is said to be rough A— statistically convergent in probability to X : W — R? with respect to the
roughness degree r (or shortly: r — A— statistically convergent in probability to [) if for any €, > 0,

lim
UVW—r 00O

L m.n,8) € Quun = P (i — 1l 27+ ) 2 6| =0,

Uvw

P
In this case we write X, —>f * [. The class of all r — A— statistically convergent triple sequence
of random variables in probability will be denoted simply by rS )1\3 .

Theorem 5.5. For any triple sequence of random variables (X,ni) the following are equivalent:
(i) (Xmnk) is r— [V, A] — summable in probability to l.
(ii) (Xink) @s r — A— statistically convergent in probability to l.

Proof. Tt can be established using the technique of Theorem 4.6, so omitted. g
Theorem 5.6. If X1 —>§f 11 and Xk —>§f ly then P (|ly — 3] > r)=0.

Proof. Tt can be established using the technique of Theorem 2.4, so omitted. 0
Theorem 5.7. If A € D is such that lim (M) =1, then rS¥ c rSP.

uvw

Proof. Let 0 < nn < 1 be given. Since hm()‘““”) = 1, we can choose (r,s,t) € N3 such that

uvw

M—1| < g for all u>r, v > s, w > t. Now observe that for €,5 > 0

uvw

ngu,ngv,kgw:P“anka2r+e)25}’

_ 1 {m < un <ok <w— A s P(| Xt = 1] 2 7+ €) = 6

=
<
£

+ ! ‘{Big\(m,n,k) € Quow : P(| Xk — 1| =7 +¢€) 2(5}‘

(uvw)

< oy {757 € Quuw P([ s 112749 2 0}
<1- (1—%) + (uiw)‘{(m,n,k) € Quow : P(|Xpni — 1| =7+ ¢€) 26}‘

ﬂ )\'U.'Uw 1
2 (wvw)  Aupw
n
2

H(m,n,k) € Quow : P(|Xnk — | =7 +€) 26}‘

hold for all u > r, v > s, w > t. O

{{m,7,%) € Quow : P(1Xomae = 1 2 7+ €) = 6

>\’U4’UU)



120 N. SUBRAMANIAN AND A. ESI

11.

12.

13.

14.

15.

16.

17.

18.

19.

20

REFERENCES

. S. Aytar, Rough statistical convergence. Numer. Funct. Anal. Optim. 29 (2008), no. 3-4, 291-303.

. A. Esi, On some triple almost lacunary sequence spaces defined by Orlicz functions. Research and Reviews, Discr.
Math. Struct. 1 (2014), no. 2, 16-25.

. A. Esi, M. N. Catalbas, Almost convergence of triple sequences. Global J. Math. Anal. 2 (2014), no. 1, 6-10.

. A. Esi, E. Savas, On lacunary statistically convergent triple sequences in probabilistic normed space. Appl. Math.
Inf. Sci. 9 (2015), no. 5, 2529-2534.

. A. J. Dutta, A. Y. Esi, B. C. Tripathy, Statistically convergent triple sequence spaces defined by Orlicz function.
J. Math. Anal. 4 (2013), no. 2, 16-22.

. S. Debnath, B. Sarma, B. C. Das, Some generalized triple sequence spaces of real numbers. Paging previously given
as 111-118. J. nonlinear Anal. Optim. 6 (2015), no. 1, 71-79.

. S. Ghosal, Statistical convergence of a sequence of random variables and limit theorems. Appl. Maths. 58 (2013),
no. 4, 423-437.

. S. K. Pal, D. Chandra, S. Dutta, Rough ideal convergence. Hacee. J. Math. Stat. 42 (2013), no. 6, 633—-640.

. H. X. Phu, Rough convergence in normed linear spaces. Numer. Funct. Anal. Optim. 22 (2001), no. 1-2, 199-222.

. A. Sahiner, M. Gurdal, F. K. Duden, Triple sequences and their statistical convergence. Selcuk J. Appl. Math. 8

(2007), no. 2, 49-55.

A. Sahiner, B. C. Tripathy, Some I-related properties of Triple sequences. Selcuk J. Appl. Math. 9 (2008), no. 2,

9-18.

N. Subramanian, A. Esi, The generalized tripled difference of x3 sequence spaces. Global Journal of Mathematical

Analysis, 3 (2015), no. 2, 54-60.

B. C. Tripathy, Matrix transformations between some classes of sequences. J. Math. Anal. Appl. 206 (1997), no. 2,

448-450.

B. C. Tripathy, M. Sen, On generalized statistically convergent sequences. Indian J. Pure Appl. Math. 32 (2001),

no. 11, 1689-1694.

B. C. Tripathy, On generalized difference paranormed statistically convergent series. Indian J. Pure Appl. Math.

35 (2004), no. 5, 655-663.

B. C. Tripathy, A. Baruah, Lacunary statistically convergent and lacunary strongly convergent generalized difference

sequences of fuzzy real numbers. Kyungpook Math. Journal, 50 (2010), no. 4, 564-574.

B. C. Tripathy, R. Goswami, Vector valued multiple sequences defined by Orlicz functions. Boletim da Sociedade

Paranense de Matematica, 33 (2015), no. 1, 67-79.

B. C. Tripathy, R. Goswami, Multiple sequences in probabilistic normed spaces. Afr. Mat. 26 (2015), no. 5-6,

753-760.

B. C. Tripathy, R. Goswami, Fuzzy real valued P-absolutely summable multiple sequences in probabilistic normed

spaces. Afr. Mat. 26 (2015), no. 7-8, 1281-1289.

. B. C. Tripathy, R. Goswami, Statistically convergent multiple sequences in probabilistic normed spaces. Politehn.
Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys. 78 (2016), no. 4, 83-94.

(Received 07.10.2018)

IDEPARTMENT OF MATHEMATICS SASTRA UNIVERSITY, THANJAVUR-613 401, INDIA.
E-mail address: nsmaths@yahoo.com

2DEPARTMENT OF MATHEMATICS ADIYAMAN UNIVERSITY, 02040, 5 ADIYAMAN, TURKEY
E-mail address: aesi23@hotmail.com



