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CHARACTERIZATION OF SETS OF SINGULAR ROTATIONS FOR A CLASS
OF DIFFERENTIATION BASES

G. ONIANI AND K. CHUBINIDZE

ABSTRACT. We study the dependence of differential properties of an indefinite integral on rotations
of the coordinate system. Namely, the following problem is studied: For a summable function f
of what kind can be the set of rotations v for which [ f is not differentiable with respect to the
~-rotation of a given basis B? The result obtained in the paper implies a solution of the problem for
any homothecy invariant differentiation basis B of two-dimensional intervals which has symmetric
structure.

1. DEFINITIONS AND NOTATION

A collection B of open bounded and non-empty subsets of R™ is called a differentiation basis (briefly:
basis) if for every z € R™ there exists a sequence (Ry) of sets from B such that z € Ry (k € N) and

lim diam R, = 0.
k—o00

For a basis B by B(z) (x € R™) it will be denoted the collection of all sets from B containing the
point x.

Let B be a basis. For f € L(R™) and € R™, the upper and lower limits of the integral means
|T£c| fR f, where R is an arbitrary set from B(z) and diam R — 0, are called the upper and the lower

derivatives with respect to B of the integral of f at the point x, and are denoted by D ([ f,z) and
Dy([ f, ), respectively. If the upper and the lower derivatives coincide, then their common value is
called the derivative of [ f at the point  and denoted by Dg( [ f,z). We say that B differentiates [ f
(or [ f is differentiable with respect to B) if Dg([ f,z) = D g([ f,x) = f(z) for almost all z € R".
If this is true for each f in the class of functions F' C L(R™) we say that B differentiates F. By Fp
denote the class of all functions f € L(R™) the integrals of which are differentiable with respect to B.
The mazimal operator Mp corresponding to B is defined as follows: Mp(f)(z) = supgep(s) ITI;iI SR lfl,
where f € L(R™) and x € R™.

A basis B is called translation invariant (homothecy invariant) if for any set R from B and any
translation (homothecy) M : R™ — R”™ the set M (R) also belongs to B. It is easy to check that each
homothecy invariant basis is translation invariant also. Let us call a basis B convex if each set R € B
is convex.

Denote by I = I(R™) the basis consisting of all n-dimensional intervals. Differentiation with respect
to I is called strong differentiation.

Let us call a basis B non-standard if there exists a function f € L(R™) the integral of which is not
differentiable with respect to B (i.e. if B does not differentiate L(R™)).

The basis I is non-standard (see, e.g., [3, Ch. IV, §1]). Note that (see, [3, Appendix III]) a homothecy
invariant basis B of multi-dimensional intervals is non-standard if and only if sup{I € B : I/ /I;} = oo,
where I and I; are the lengthes of the biggest and of the smallest edges of an interval I, respec-
tively. Moreover, a clear geometrical criterion for the non-standartness it is known also for translation
invariant bases of multi-dimensional intervals (see [14,16]).

By I'(R™) denote the collection of all rotations in R™.

Let B be a basis in R” and v € I'(R™). The y-rotated basis B is defined as follows: B(y) = {y(R) :
R € B}.

Denote by pi (k= 0,1,2,3) the rotation of the plane by the angle 7k/2.
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Let us call a set E C I'(R?) symmetric if for any v € E the rotations p; o7y, p2 0y and p3 oy also
belong to the set FE.

Let us call a translation invariant basis B of two-dimensional intervals symmetric if the bases
B(p1), B(p2) and B(p3) are equal to B. Obviously, the basis I(R?) is symmetric.

The set of two-dimensional rotations I'(R?) can be identified with the circumference T = {(z1,x2) €
R? : 22 + 23 = 1}, if to a rotation v we put into correspondence the point v((1,0)). The distance
d(7y, o) between rotations 7,0 € I'(R?) is assumed to be equal to the length of the smallest arch of
the circumference T connecting the points v((1,0)) and o((1,0)).

A class of functions F' is called invariant with respect to a class of transformations of a variable A
if(feF,AeA)= folePF.

2. INTRODUCTION

The dependence of properties of functions of several variables on rotations of the system of coor-
dinates (that is, on a transformation of the variables that is a rotation) has been studied by various
authors.

Zygmund posed the following problem (see, [3, Ch. IV, §2]): Is it possible to improve an arbitrary
function f € L(R?) by means of a rotation of the coordinate system to achieve strong differentiability
of the integral of f? In [7] Marstrand gave a negative answer to this problem by constructing a
non-negative function f € L(R?) such that Dy ([fo~,z) = oo ae. for every v € T'(R?). In the
works [6,10,13] and [11] the result of Marstrand was extended to bases of quite general type.

As established by Lepsveridze [5], Oniani [8] and Stokolos [15], the property of strong differentiabil-
ity (that is, the class F) is not invariant with respect to linear changes of variables and, in particular,
to rotations. A similar result was proved by Dragoshanskii [2] for the class of continuous functions of
two variables whose Fourier series (Fourier integral) is Pringsheim convergent almost everywhere.

In [11] non-invariance of a class Fp with respect to rotations was proved for any non-standard
translation invariant basis B of multi-dimensional intervals.

Suppose B is a translation invariant basis. Then it is easy to verify that the differentiation of the
integral of a “rotated” function f o~ with respect to B at a point x is equivalent to the differentiation
of the integral of f with respect to the “rotated” basis B(y~!) at the point v~ !(x). Consequently,
we can reduce the study of the behavior of functions f o~y (v € T'(R™)) with respect to the basis B to
the study of the behavior of f with respect to the rotated bases B(7) (v € T'(R™)). Below we will use
this approach.

If for a translation invariant basis B the class Fig is not invariant with respect to the rotations then
there exists a function f € L(R™) having non-homogeneous behaviour with respect to rotated bases
B(v) (v € T(R™)), more exactly, [ f is not differentiable with respect to B(v) for some rotations and
[ f is differentiable with respect B(vy) for some other rotations. Thus, for f some rotations v are
“singular” and some other rotations v are “regular”. In this connection naturally arises the problem:
Of what kind can be the sets of singular and of regular rotations for a fized function? Note that by
duality argument we can restrict ourselves by studying sets of singular rotations.

In connection to the posed problem let us formulate rigor definition of a set of singular rotations:
Suppose B is a translation invariant basis in R™ and E C T'(R™). Let us call E a Wp-set if there exists
a function f € L(R™) with the following two properties: 1) f ¢ Fp(4) for every v € E; 2) f € Fp(y)
for every v ¢ E.

Let us formulate also the definition of a set of “strongly” singular rotations: Suppose B is a
translation invariant basis in R” and E C T'(R™). Let us call E an Rp-set if there exists a function
f € L(R™) with the following two properties: 1) D+ ([ f,2) = oo a.e. for every v € E; 2) f € Fp(y)
for every v ¢ E.

Now the problem can be formulated as follows: For a given translation invariant basis B what kind
of sets are Wp-sets(Rp-sets)?

Note that for a standard basis B, i.e. for a basis B differentiating L(R"™), the problem is trivial.
Here note also that if a translation invariant basis B of two-dimensional intervals is symmetric then
every Wp-set and every Rp-set is symmetric.
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In [1] for an arbitrary translation invariant basis B in R? it was established the following three
structural properties of sets of singular rotations: 1) Each Wg-set is of type Gs,; 2) Each Rp-set is
of type Gs; 3) At most countable union of Rp-sets is a Wx-set.

Sets of singular rotations for the case of strong differentiability process on the plane (i.e., for the
case B = I(R?)) was characterized by G. Karagulyan [4] proving that: 1) a set E C T'(R?) is a
Wir2)-set if and only if E is symmetric and of type Gs,; 2) a set £ C I'(R?) is an Ry(g2y-set if and
only if F is symmetric and of type Gj.

Our purpose is to show that the idea in Karagulyan’s construction works for bases of two-dimensional
intervals of quite general type.

3. REsuLT

For a translation invariant convex basis B let us define the following function og(\) = E} H{ Mgz (xv.)

> AH/|Ve] (0 < A < 1), where V; is the ball with the centre at the origin and with the radius e. Here
and below everywhere y g denotes the characteristic function of a set E. We call op a spherical halo
function of B. It is easy to check that if B is homothecy invariant, then op(X) = [{Mp(xv) > A},
where V is the unit ball.

We say that a translation invariant convex basis B has the non-regular spherical halo function if
@ Aop(N) = cc.

Theorem 1. Let B be a non-standard translation invariant basis of two-dimensional intervals which
is symmetric and has the non-regular spherical halo function. Then:

o a set E C T'(R?) is a Wg-set if and only if E is symmetric and of type Gsy;

e a set E C I'(R?) is an Rp-set if and only if E is symmetric and of type Gs.

In [11] (see Lemma 2.4) it was shown that every non-standard homothecy invariant convex basis B
has the non-regular spherical halo function. Taking into account this fact, we obtain from Theorem 1
the following corollary.

Corollary 1. Let B be a non-standard homothecy invariant basis of two-dimensional intervals which is
symmetric. Then for Wg-sets and Rp-sets characterizations analogous to the ones given in Theorem 1
are true.

4. AUXILIARY PROPOSITIONS

By Br1 and By we will denote the classes of all translation invariant and homothecy invariant
bases in R?, respectively. By 97 it will be denoted the class of all bases consisting of two-dimensional
intervals. The lower left vertex of an interval I C R? denote by a(I). For a set A C R™ with the
centre of symmetry at a point z and for a number o > 0 we denote by A the dilation of A with the
coefficient «, i.e. the set aAd ={x +a(y—z):y € A}.

Let B € %B;. For a square interval @ and A € (0,1) by Qp(Q, \) denote the collection of all intervals
I € B with the properties: a(I) = a(Q),I D Q and |Q|/|I| > . The set Ep(Q, \) will be defined as
the union of all intervals from the collection Q5(Q, A). Obviously, ﬁ fI xq > A for each I € Qp(Q, )

and Ep(Q,A) C {Mg(xq) > A}

Lemma 1. Let B € B11 N B, Q be a square interval and 0 < X\ < 1. Then |Eg(Q,\)| >
c({Mp(xq) > A} — 18|Q|/A), where ¢ is a positive absolute constant.

Proof. Without loss of generality let us assume that @ is a square interval of the type (—¢,¢)%. Let ©
be the collection of all intervals I € B such that |}—| J; xq > X Obviously, {Mp(xq) > A} = Ureo I
Denote by Og the collection of all intervals I € © having at least one side with the length smaller
than 2e. It is easy to check that every I € ©g is contained in the union of the intervals (—3¢, 3¢) x
(—e —2e/Ae+2¢e/A) and (—¢ — 2e/A, e + 2¢/A) x (=3¢, 3¢). Consequently, | U;cq, 1| < 18[Q|/A.
Let R? (k € 1,4) be the k-th coordinate quarter. Denote by O (k € 1,4) the collection of all
intervals I € © \ O for which |[I NR?| = max{|I NR2,| : m € 1,4}. Obviously, © = |J;_, O. The
unions Ule@k I and UIe@m I are symmetric with respect to Oz if k=1,m=2or k=3,m =4 and
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are symmetric with respect to Oz if k =2, m =3 or k = 4, m = 1. Hence, the sets UIeek I(kel4)
have one and the same measure. Consequently,

U= (U] U 1)) 2 5 (st > 01 - 521). )

For arbitrary I € ©1 let us consider the translation T for which T'(I) € Qp(Q, A). It is clear that I C
2T(I). Consequently, U;ce, I C Ureq, (o, 21- Therefore, by (1): |UI€QB(Q,)\) 21| > L({Mgs(xo) >
A} = 18|Q|/A). On the other hand, by virtue of the inclusion U;cq, (o) 21 C {Mrws)(xa) = 1/4},
where A = UIGQB(Q’A) I, and the strong maximal inequality (see, e.g., [3, Ch. II, §3]), we have:
|Ureas@n 2Ll < ClUreay @ II; where C is a positive absolute constant. From the last two
estimations it follows the validity of the lemma. O

Lemma 2. Let B € BiNB1 and 0 < A < 1. If og(N\) > 144/, then for every e > 0 there is a
square interval Q such that diam Q < ¢ and |Eg(Q, )| > cop(X)|Q|/8, where c is the constant from
Lemma 1.

Proof. Taking into account the definition of the spherical halo function op, we can find a ball V5 =
{z € R? : dist(z,0) < §} such that § < /4 and [{Mp(xv;) > A}|/|Vs| > o5()\)/2. Let us consider the
square interval @ superscribed around Vj, i.e. Q = (—4,0)?. Then diam Q < € and [{Mp(xq) > A\}| >
HMgp(xvs) > A} > op(M)|Vs|/2 > op(N)|Q]|/4. Now, taking into account the estimation op(A) >
144/, by virtue of Lemma 1, we write: |Ep(Q,A)| > c(op(N)|@Q|/4 — 18|Q|/A) > cop(N)|Q]/8. This
proves the lemma. O

Suppose, S = (0,¢) x (0,£), 0 < a < 7/4 and n € N. For each k € 1,n let us define the points
PH(S,a), P, (S,a) and the balls V" (S, a, n), V. (S, o, n) as follows:
€ _ e €
P (S, a) = (Zk,Qk tan(a )) P (S a) = (2—k,—2—ktan(a)),
ViH(S,a,n) = {:E € R? : dist(z, P (S, )) < %tan(a)},
V., (S,a,n) = {m € R? : dist(z, P (S,a)) < 4% tan(a)}.

Suppose, @ and S are square intervals with @ D S and a(Q) = a(S) = (0,0), h > 1,0 < a < 7w/4
and n € N. Let £ = £g 5,5,a,n» be the function which is proportional to the function Y, _, XVt (Siam) ~
Y oreq Xy~ (8,a.m)> and satisfies the following conditions: {¢ > 0} = U, Vit (S, a,m), {€ < 0} =
Ur—1 Vi (S,a,n) and ||€]r = 2||hxe| L. The function £g 4.s,a,, we will call (S, o, n)-oscillator corre-
sponding to the function hxgq. It is easy to see that:

1) the balls V;(S, a,n) are disjoint and contained in the square S;

2) the balls V, (S, o, n) are disjoint and contained in the square S~ = (0,¢) x (—¢,0);

3) fv,j(s,a,n) E=— ka_(S,a,n) &€ = h|Q|/n for each k € 1,n.

For v € I'(R?) and € > 0 denote V[y,e] = {p € ['(R?) : dist(p,v) < &}
For a basis B by M p denote the following type maximal operator: Mg (f)(x) = supge p(s) ﬁ i
(f € L(R™), z € R™).

Lemma 3. Let B € B N By. Suppose Q and S are square intervals with Q@ O S and a(Q) =
a(S) = (0,0), h > 1,0 < a < w/4 and n € N. Then for the oscillator £ = g h.5,a,n it is valid the
following estimation: ﬁfw)g > 1 for every I € Qp(Q,1/h) and v € Vpo,a/2]; consequently,

{Mp) (&) > 1} Dv(Ep(Q.1/h)) for every v € V(po, /2.
Proof. Let I € Qp(Q,1/h) and v € V|po, a/2]. Using simple geometry it is easy to see that y(I) D

{€ > 0} and y(I) N {¢ < 0} = 0. Consequently, taking into account the properties of the oscillator &,
we write: Ml—mfy(l)ﬁ = ﬁf{oo}é = |lhxollL/|I| = h|Q|/|I] > 1. The lemma is proved. O
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Remark 1. On the basis of Lemmas 1 and 3 the oscillator £ = £g 5 5,q,n» may be interpreted as the
transformation of the function hyxg that conserves values of integral means with respect to the bases
B(#) for rotations v belonging to the neighbourhood V|[pg, a/2]. In particular, if it is known that the
set {Mp(hxg) > 1} has a big measure, then the sets {M p(,)(£) > 1} have big measures of the same
order for every v € Vpo, /2.

The following Lemma was shown in [4] (see Lemma 2) and plays an essential role in achieving
differentiation effect for desired rotations.

Lemma A. Let S be a square interval, 0 < a < w/12 and n € N. Then for arbitrary rectangle R the
sides of which compose with the line Ox1 angles greater than 3« it is valid the estimation |vy —v_| < 2,
where vy is a number of all points Pt (S,a) (k € T,n) belonging to R and v_ is a number of all points
P (S,a) (k € 1,n) belonging to R.

For a square S = (0,£)? by A(S) denote the union of the strips (—7¢,7¢) x R and R x (—7¢, 7¢).

For a basis B let Mp be the following type maximal operator: Mp (f)(x) = supgep(a) ﬁ| i
(f € L(R™),z € R™).

For a non-empty set E C I'(R?) and a number ¢ > 0 denote V[E, ¢] = {y € T'(R?) : dist(v, E) < ¢}.

Below the set of the rotations pg, p1, p2 and p3 will be denoted by II

Lemma 4. Let Q) be a square interval with a(Q) = (0,0), h > 1 and 0 < o < w/12. Then for every
square interval S C Q with a(S) = (0,0) and every € > 0 there is n € N such that for the oscillator

& =£&0,n,5,an it is valid the following inclusion: {]\/4\1(7)(5) > e} Cy(A(S)) for every v ¢ VI, 3a].

Proof. Suppose x ¢ v(A(S)),y ¢ V[IL,3a], R € I(y)(z) and RNsupp& # 0. For n € N denote by
Ni,N_,Ni,N* Ni* and N** the sets of indexes k € I,n satisfying conditions V" (S, a,n) N R # 0,
Vi (S,a,n)NR # 0, PJ(S, a) € R, P (S,a) € R, V;(S,a,n) C Rand V_ (S,a,n) C R, respectively.

It is easy to see that if n is big enough, then every line [ composing an angle with the axis Ox;
greater than 3o may intersect at most one among balls V" (S, o, n)(V, (S, o, n)). Below we will assume
that n has the just mentioned property. Consequently, the boundary of the rectangle R may intersect
at most 4 among balls V' (S,a,n)(V, (S,a,n)). Thus, there are true the following estimations:
card(Ny \ Ni) +card(Nj \ Ni*) <4 and card(N_ \ N*) + card(N* \ N**) < 4. Herewith, by virtue
of Lemma A: |card N} —card N*| < 2.

Let us estimate | [}, £|. We have

/gj—\z / 5+Z / 5}

kEN+V+(S a,n) kENfV (S,a,n)
> ) e > | e
k€N+V+ S,a,n)NR keNZ ~ (S,a,n)NR

CPINENEDY /
keNﬂ/*(S n)NR keNiV*(s a,n)NR
+’Z / E—Z / 5‘—61-&-@24—&3
keN7V+(S a,n)NR kEN*VJr(S a,n)NR
The term a; can be estimated as follows

wz|> [ e % /

keENZY kGN*

tVE(S,a,n) . (S,am)
< Z / £+ Z / €] = a1+ a2+ a13.
ko \N+*V+(S a,n) keNZ \N**V (S,a,n)
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& =h|Q|/n (k € 1,n), we write:

hlQ|
n )

(S,a,m)

By virtue of equalities fv+(s o) & = f
k fle )

a1 = |card N} — card N |

h
ai,2 < Z / E = card(Ni \Nj:*)%,
kENTAN® V+(S a,n)
h
mes S [ = e\ ven
keN*\N**V (S.m)
h
as < Z / § =card(N; \ Ni)—= ‘Q|
k€N+\N+V+(Sa n)
az < Z / |¢] = card(N_ \N*)h|Q‘.
keN- \N*V (S,a,m)
Consequently,
104/

’/f’ <a1taiptarztastaz<

Since = ¢ v(A(S)), R € I(y)(z) and RNsupp& # 0, it is easy to check that the side lengths of R are
not less than the length of the sides of S. Therefore, |R| > |S|. Hence,

a1 4=

The last estimation implies that if n is big enough, then for every v ¢ V[II, 3a] it is valid the needed
inclusion: {My,)(§) > e} C y(A(S)). The lemma is proved. O

Remark 2. On the basis of Lemma 4 the oscillator £ = £g 1.5,q,n» may be considered as the transfor-
mation of the function hy¢ that decreases values of integral means with respect to the bases I() for
rotations «y not belonging to the neighbourhood VII, 3a].

Let us define an oscillator for more general parameters. Suppose, () and S are square intervals with
Q D S and a(Q) = a(S) = (0,0), h > 1,0 < a < 7/4,n € N,y € ['(R?) and = € R% Denote by T the
translation: T'(y) = y — z. The oscillator £g.n.s.a.n,~. define as the function (g n.s.amn 07 ) 0T,

For v € I'(R?) the set of the rotations v, p1 0, p2 0y and p3 o v will be denoted by IL,.

From Lemmas 3 and 4 we can easily obtain the following two assertions.

Lemma 5. Let B € B11NB1. Suppose, Q and S are square intervals with Q D S and a(Q) = a(S) =
(0,0), h>1,0 < a<7/4, n €N, v €'(R?) and x € R%. Then for the oscillator & = £ n.5,0.m, it
1s valid the following condition: m fv*(I)+w E>1 for every I € Qp(Q,1/h) and v* € V[y,a/2];

consequently, {M p(,)(§) > 1} D v*(Ep(Q,1/h)) + x for every v* € Vv, a/2].
Lemma 6. Let Q) be a square interval with a(Q) = (0,0), h > 1 and 0 < o < w/12. Then for every

square interval S C Q with a(S) = (0,0) and every € > 0 there is n € N such that for every v € T'(R?)
and x € R? the oscillator € = £g.n.s.am.~.« Satisfies the following inclusion:

{]/\4\1(7*)(5) >e} CH(A(S))+ax  for every ~* ¢ V[IL,,3a].

Recall that a one-dimensional interval I is called dyadic if it has the form (k/2™, (k+1)/2™), where
k,m € Z. A square interval @ is called dyadic if it is a product of two dyadic intervals.

The length of the sides of a square @ denote by d(Q). If d(Q) = 1/2™, then let us call the number
m an order of a dyadic square Q.
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Suppose @ and S are square intervals with @ D S and a(Q) = a(S) = (0,0), h > 1,6hd(Q) <

11111

below.

Let W(Q,h) be the smallest square interval concentric with ¢ containing the square 6hQ and
having d(W) of the type 1/27 (j € Z). Note that by virtue of the condition 6hd(Q) < 1, we have:
d(W) < 1. Let us decompose the unit square (0,1)? into pair-wise non-overlapping square intervals
congruent to W(Q,h) and the obtained squares denote by Wi,...,Wi. By z1,...,x, denote the
centres of W1y, ..., Wy, respectively. The order of the dyadic squares W1, ..., Wy denote by m(Q, h).

The function fgn,s.an~ define as follows: fgnsan~y = Zle §Q.h.S,any,z,;- LU is clear that
supp fQ,h,S,(x,n,'y - (07 1)2

Let © be a some collection of rectangles and A be a subinterval of (0,00). Then by ©a denote the
collection of all rectangles R € O the side lengths of which belong to the interval A.

Let B be a some basis consisting of rectangles and A be a subinterval of (0,00). Then by M2
and Mﬁ denote the following type operators: M2 (f)(z) = SUPREB(2)a ﬁ Jr1f] and Mg(f)(z) =
SUD pe B(2)a ﬁ S [, where f € L(R") and z € R".

Let B € B1 N B1r and @ be a square interval. By op,g denote the function defined as follows:
o,Q(A) = [Ep(Q,N)|/|Q (0<A<1).

By P it will be denoted the basis of all two-dimensional rectangles.

Lemma 7. Let B € B11NB1. Suppose, Q and S are square intervals with Q D S and a(Q) = a(S) =
(0,0), h > 1, 6hd(Q) <1,0<a< /12, n €N, v € T(R?), W = W(Q,h) and m = m(Q,h). Then
the function f = fq h.s,a,n,y has the following properties:

D Iflle <1/

2) for every v* € Vv, /2] there is a set A(y*) such that:

(a) () € (Mg ") > 1

(b) [A(v*)| = 05.(1/h)/(300K2);

(c) A(v*) is uniformly distributed in the dyadic squares of order m contained in (0,1)?, i.e. if
Wi,...,Wy are all dyadic squares of order m contained in (0,1)2, then the sets A(y*) N Wy, are
congruent;

(d) A(y*) is a union of dyadic squares of the fized order, moreover, the order is one and the same
for every v* € Vv, a/2];

3) {9 (f) > 0} < 1/m*:
4) Mp(d(W)’OO)(f)(m) < 2/h for every x € R2.

Proof. Let Wj,z; and £ n.s.an.2; (j € 1,k) be parameters from the definition of the function
fQ,h,S,a,n,'y~ Denote gj = gQ,h,S,a,n,'y,:vj (] S 1; k)

Using the inclusion 6hQ) C W it is easy to see that || f||L = Z?Zl &1L = 25:1 2h|Q| = 2h|Qlk =
20k W] < 20 g -1 < 1/

Let I € Qp(Q,1/h),j € 1,k and v* € V]vy,a/2]. Tt is easy to check that the side lengthes of I
belong to the interval [d(Q), hd(Q)]. Consequently, taking into account the inclusion 6hQ C W, we
have: v*(I) + «; C W;. Thus, the rectangle v*(I) + x; does not intersect supports of functions &,
with v # j. Therefore, by virtue of Lemma 5, m fv*(I)erj f= m fv*(l)ﬂzj & > 1. Now
taking into account estimation 6hd(Q) < d(W), we conclude that for every v* € V]vy, /2],

k
* = [d(Q),d(W)]
U U (D) +a) c{Mge5 (f)>1} (2)
j=1 1€Qp(Q,1/h)

For a set E C R? by E(v) (v € Z) let us denote the union of all dyadic squares of order v contained
in E.
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Since the set Fp(Q,1/h) is open and the sets v*(Ep(Q,1/h)) (v* € V[y,a/2]) are congruent, then
it is possible to find a number v > m (see, e.g., [10, Lemma 7] for details) for which

YV (Es(Q,1/h)W)| = v (Es(Q,1/h))]/2 = |E(Q, 1/h)|/2 (3)

for every v* € V[v, a/2].
Let us define the set A(v*) (v* € V[, a/2]) as the union of the translations: v*(Eg(Q,1/h))(v)+z;
(j € 1,k). By virtue of the inclusions v*(I) + z; C W; we obtain:

T (Ep(Q,1/h)(v) +x; C*(Ep(Q,1/h)) +x; C W, (4)

for every v* € V[y,a/2] and j € 1, k.
From (3), (4) and the obvious inclusion W C 12hQ), for arbitrary v* € V[y, a/2] we write

k
g (Ep(Q,1/h))(v) + x5 > kw
Q| |EB(Q,1/h)| 1 ope/h) _ opq(l/h)
=M 1] 2|Q| 21 14402 2 z 300h2

This proves the property (b) of the sets A(y*). The properties (a), (¢) and (d) directly follow from
the definition of the sets v*(Fp(Q,1/h))(v) and the relations (2) and (4).

Let x ¢ U§:1 5(v(Q)+x;). Then it is easy to see that dist(z,supp f) > 2d(Q). Therefore, for every
R € P(2)(0,a(q)) We have: [, f =0, and consequently, MP(O’d(Q))(f)(x) = 0. Thus, {MP(O’d(Q))(f) >0}
C U§:1 5(v(Q) + z;). By virtue of the last inclusion,
Ql 1

<25-1 —
W] 36102 " 12

(MY (£) > 0} < 25Kk(Q| = 25k|W |5

Let 2 € R? and R € P()(qw),00)- By N denote the set of all numbers j € 1,k for which W;NR # 0.
It is easy to check that |J;.ny W; C 5R. This inclusion implies that (card N)[I| = 3_,c v |I;| < 25|R]|.
Thus, card N < 25|R|/|I|. Now we can write,

iy [1n=% [il- Z 21/Q)

JEN, JEN,

RIIQ 3
d N)2h|Q| < 50h——— = 50h|R R|.
= (eand N)201Q] < 502 = SOMR 2z < R

The obtained estimation implies that Méd(w)’oo)(f)(a:) < 2/h for every x € R?. The lemma is
proved. O

Lemma 8. Let Q be a square interval with a(Q) = (0,0), h > 1 and 0 < a < w/12. Then for every
e >0 and k € N there are a square interval S C Q with a(S) = (0,0) and a number n € N such
that for every v € I'(R?) and z1,. ..,z € R? the functions & = £Q.hSamqy,; (J € 1,k) satisfy the
following estimation:

’{J\/J\I(,Y*)<zk:§j) > 5} N (0, 1)2‘ <e forevery ~* ¢ VIIL,,3aql.
j=1

Proof. Let us choose a square interval S C @ with a(S) = (0,0) so that 28y/2diam S < /k, and
using Lemma 6 let us choose a number n € N so that for every v € I'(R?) and x € R? the oscillator
€ = £0.h,S,a,n,7,0 satisfies the following condition: {J\/ZI(W*)(@ > e¢/k} C v*(A(S)) + z for every
v* ¢ VI, 3a].

Suppose, v € T'(R?), z1,...,2; € R? and §; = £Q.n.S,amya; (J € 1,k). Let us consider an arbitrary
~v* ¢ V[IL,,3a]. Then taking into account the estimation ]/\4\1(7*)<Zf:1 §j> < Z] 1 MI (&), w
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have
k

k k
(M (D26) 2 e} € Ut (&) 2 e/k} < | J (M (A(9)) + 25). (5)
j=1 j=1 j=1
Note that: 1) For any strip A it is true the estimation: |A N (0,1)2] < /2 (width of A); 2)
Y (A(S)) +x; (j € 1,k) is a union of two strips with the widthes less than 14 diam S. Consequently,
on the basis of choosing of S, for each j we write: |(v*(A(S))+=;)N(0,1)?| < 2(v/2 14diam S) < ¢/k.
Hence, using (5) we obtain that |{MI(7*)(Z§:1 &) > e}n(0,1)?] < e. The lemma is proved. O

Lemma 9. Let I C R be an open interval. For every s > 1 and € € (0,1) there are pairwise non-
overlapping closed intervals Iy C I (k € N) such that I = \Jg—y I, |Ii| < elI| (k € N), sl C I
(k e N) and Y72 | Xs1,(2) < ¢(s) (x € I), where ¢(s) is a constant depending only on the parameter s.

Proof. Let zp be a midpoint of I and for a number ¢ € (0,1) let us consider the points x,, =
supl —t"™|I]/2, x_p, = 1inf I +t™|I|/2 (m € N). It is easy to check that if ¢ is quite close to 1 then
the intervals [, Tm+1] (m € Z) generate the needed decomposition of I. O

Lemma 10. For an arbitrary non-empty symmetric set E C T'(R?) of type G there are sequences of
rotations () and numbers (ay) from the interval (0,7/12) such that klim Vive, ax/2] = klim VIIL,,,
— 00 —00

30%} =F.

Proof. For an interval I C [0,27) denote It = {(cos(t),sin(t)) : t € I} and I'; = {y € T(R?) :
2(1,0)) € Iz}.

First let us prove the following statement: For an arbitrary non-empty set W C ' r/2) of Gs
type there are sequences of rotations (o,,) and numbers (3,,) from the interval (0,7/12) such that
m@mV[am,ﬁm/ﬂ = m@mV[am,Sﬁm] =W.

Without loss of generality we can assume that pg ¢ W, i.e. W C T'(g z/2). Using identification
of T'(g,x/2) with the interval (0,7/2) by the mapping I'(g.r/2) > v = dist(vy,p0) € (0,7/2) we can
formulate our statement in the following equivalent way: For an arbitrary non-empty set V' C (0, 7/2)
of G5 type there exists a sequence of closed intervals I, C (0,7/2) such that |I,,| < 7/12 and

T L, = T (6L,) = V.
m—00 m—00

Consider a sequence of open sets G,, C (0,7/2) with Gy D G2 D -++ and (),—, G, = V. Let {I;”)}
be the collection of open intervals decomposing G,,. For each n and p let us consider a sequence of
closed intervals (I,(,flq))qu corresponding to the parameters s = 6, = 1/12 and I = I]g") according
to Lemma 9. If we enumerate the intervals I,(:q) by one index m € N, then it is easy to see that the
obtained sequence of intervals (I,,,) will satisfy the needed conditions. This proves the statement.

Now let us consider an arbitrary non-empty symmetric set E C T'(R?) of G5 type. Let (0,,) and
(Bm) be sequences corresponding to the set E'N T r/2) according to the above proved statement. By
[2] (z € R) denote the number min{n € Z : x < n}. Then it is easy to check that the sequences:
Yk = P(k—1)(mod 4) © T[k/a]s Ok = Brr/a] (k € N), will satisfy the needed conditions. O

5. PROOF OF THEOREM 1

Let B be a basis satisfying the conditions of the theorem. In the introduction it was mentioned
that the following three statements are true: 1) Each Wg-set is of type G5, and each Rp-set is of type
Gs; 2) Every Wp-set and every Rp-set is symmetric; 3) Not more than countable union of Rp-sets is
a Wp-set.

Taking into account three statements above it suffices to prove that an arbitrary symmetric set
E C I'(R?) of type Gs is an Rp-set. If E is empty, then the statement is trivial. Thus let us consider
the case of a non-empty set E.

By virtue of Lemma 10 there are sequences v € I'(R?) and oy, € (0,7/12) such that k@o Vv,

ak/Q] = k@o V[H,Yk,?)ak] =F.
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Taking into account non-regularity of the spherical halo function op and the estimation og(1/h) <
Chlnh (h > 2) (which is valid by virtue of strong maximal inequality (see, e.g., [3, Ch. II, §3]) it is
not difficult to choose sequences (h;) and (n;) with the properties: h; > 2,0 < n; < h;, lim h; = oo,

j—oo

jli)rgonj =00, op(1/hy) > 144h;, op(1/h;)/h5 <1, 37 op(1/h;)/h3 = o0 and 3777, n;/hj < 0.

On the basis of divergence of the series op(1/h;)/h} we can choose numbers 1 = jo < j1 <

ja < -+ so that H;’;;i_l (1 — 5160 JB(;?/}”)) < 5 for every k € N. Here c is the constant from

Lemma 1.

Denote Jy ={j € N: ji_1 <j<jr—1} (ke€N).

Using Lemmas 7 and 8 we can find sequences of square intervals (Q;) and (S;) with a(Q;) = a(S;) =
(0,0) and a sequence of natural numbers (n;) for which the functions f; = fq, n;.s;.0;m,7> 95 =
n;f; (j € N) satisfy the following conditions:

1) llgill = njll f31l < nj/hys

2) d(W1) > d(Qq1) > d(Ws2) > d(Q2) > ---. Here W; = W(Q;,h;) is a square interval from the
definition of the function fg n.5.0.n,~;
3) there are sets A;(y) (k € N,y € Vv, ax/2],j € Ji) such that:

() 4;() € (Mg ") > 1) = (1" g) > my)s

(b) |A;(v)| = cop(1/h; )/(2400112)

(c) ;(7) is uniformly distributed in the dyadic squares of order m; = m(Q;, h;) contained in (0,1)?,
if Wl, .., W, are all dyadic squares of order m; contained in (0, 1)2, then the sets A;(y) N W;
1,v) are congruent Here m(Qj;, h;) is the number from the definition of the function fQ h,S,an.y
d) A;(vy) is an union of dyadic squares of the order mj > mj, where m; does not depend on

Y € Vive, o /2];
4) the numbers m; and mj from the conditions 3)—(c) and 3)—(d) satisfy inequalities: m; < mj <
mo < m2 < -
5) 1M1 (4) 5 0)] = (LA (1) 5 0 < 1/h? for every j € N;
6) Mp (d(W;),00 )(gj)( ) =n;Mp (d(wj)’oo)(f )(z) < 2n;j/h; for every j € N and x € R?;
7) |{MI (fJ) > 1/(n;29)} N (0,1)%] < 1/(n;27) for every k € N,y ¢ V[IL,,,3a;] and j € Jj.
Consequently, |{MI(7)(g]) >1/273N(0,1)| < 1/27 for every k € N,y ¢ V[IL,,,3ax] and j € Jy.

(Q5),d(W;)]

(Z€
(

Set g = >_7, gj- First note that [l < >72, [lgjllz < 3272, n/hyj < oo. Thus, g is a summable
function. Suppose v ¢ E. Let us prove that I(v) differentiates [ g. Since suppg C (0,1)?, then I(~)
differentiates [ g at every point = ¢ [0,1]2. Further, denote

Ty = {Mrey) (95) 2 /230 (0,1)°, T = Tn 7.

We have that v ¢ km VII,,,3ax). Consequently, there is kg € N for which v ¢ VIIL,, , 3ay] for
— 00
every k > ko. The last condition on the basis of the estimation 7) implies: |Tj| < 1/27 for every
Jj > jk,- Now taking into account that || < 1 (j € N) we have: Z‘;‘;l |T;| < oo. Consequently,
|T| = 0. Thus, for arbitrary given point z € (0,1)? \ T there is j* € N for which J\/4\I(W) (gj)(x) < 1/27
for every 7> 3% Now taking into account boundedness of the functions g; we write: ]\//.TI(W)(g)(x) <
2521 Mag (95) () < 32021 Mgy (95)(@) + 3252 501 1/27 < oo. Thus, (0,1)*\ T C {My(y)(9) < oo}
Note that by virtue of the result of Besicovitch (see, e.g., [3, Ch. IV, §3]) the sets {g < Dg([g,-) < oo}
and {—oco < Dy([g,) < g} have zero measure. Therefore, taking into account the last inclusion, we
conclude that I(v) differentiates [ g.
Suppose 7 € E. Then v € km VIvk, ar/2]. Thus, the set N = {k € N : vy € V]y,ai/2]} is
—00

infinite. Let k € N. Taking into account the properties 3)—(c), 3)—(d) and 4) it is easy to see that the
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sets A;(v) (j € Ji) are probabilistically independent. Therefore,
U a6 =1 N @02\ 4500 =1 [T 0= 450D
J€Jk JEJk JEJk
Now using 3)—(b) and taking into account the choice of the numbers ji, we obtain: |{J;c; A;(7)] >
1 — 1/2%. From this estimation we conclude: if A denotes the upper limit of the sequence of the sets
Ujes, Ai(7) (k € N), then A is of full measure in (0, 1%, ie. [(0,1)2\ Al =0.
Let F' be the upper limit of the sequence of the sets {Mp (© d(QJ))( ;) > 0} (j € N). By virtue of
the property 5), 37, \{MPO (@) (gj) > 0}] < co. Therefore the set F is of zero measure.
For any x € A\ F let us prove the equality 53(7)( [ g,2) = 4o0. It will imply that the equality is

valid for almost every point from (0, 1)2.

We can find an infinite set N* C N, a sequence j(k) € J (k € N*) and a number j(0) € N with
the properties: i) x € Aj;q(7y) for every k € N*; ii) = ¢ {MP(O’d(Qj))(gj) > 0} for every j > j(0). We
can assume that j(k) > j(0) (k € N*).

For every k € N* we can find a rectangle Ry, € B(7)(2)[4(Q,)).d(W; ) for which ﬁ Jr, 9ie) >
Nj(k)- Let us estimate the integral means on Ry, of the functions g; with j # j(k). Taking into account
the property 2), we have: ﬁka g; = 01if j(0) < j < j(k) and ﬁka g; < mj/hj if 7 > j(k).

Consequently,
J(O) j(k)—1
9j(k /9 /9
|Rk\/ \R|/]<> ~ [Ry| ] ¥ Z NV
Ry,

7(0) 00 7;

|/gj>nm o= 3 G

j= J(k)+1 J=j(k)+1 7

Thus, the rectangles Ry (k € N¥) satlsfy conditions: Ry € B(y)(z) (k € N*), dlam R, — 0
(N* 3 k — 00) and ﬁ ka g — +00 (N* 2 k — 00). Therefore, D, ( [ g,2) = +oc.
Summarizing above established properties of the function g we have: i) g € L(R?) and
suppg C (0,1)%; ii) EB(,Y)(fg,x) = 400 a.e. on (0,1)2 for every v € F; iii) I(y) differentiates
[ g for every v ¢ E.
Set f(z1,22) = 3, iz 9(x1 + 4,29 4 5) /277 ((z1,22) € R?). Then we can easily check that f
satisfies the conditions providing E to be an Rp-set. The theorem is proved.

Remark 3. The function f constructed in the proof of Theorem 1 for any rotation v ¢ E satisfies
stronger condition than it is required. Namely, [ f is differentiable with respect to the basis I(v)
which is broader than the basis B(y).

Remark 4. The function f constructed in the proof of Theorem 1 takes values of both signs. For
non-negative summable functions the problem of characterization of singular rotation’s sets is open
even for the case of the basis I(R?). Some partial results in this direction are obtained in [8] and [12].

Remark 5. For the multidimensional case the problem of characterization of Wygn)-sets and Rygn)-

sets is open. Note that a class of Rygn)-sets is found in [9].
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