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ON (CO)HOMOLOGICAL PROPERTIES OF REMAINDERS OF STONE-CECH
COMPACTIFICATIONS

V. BALADZE

ABSTRACT. In the paper are defined the Cech border homology and cohomology groups of closed
pairs of normal spaces and showed that they give intrinsic characterizations of Cech (co)homology
groups based on finite open coverings, cohomological coefficients of cyclicity, small and large coho-
mological dimensions of remainders of Stone-Cech compactifications of metrizable spaces.

INTRODUCTION

The investigation and discussion presented in this paper are centered around the following problem:

Find necessary and sufficient conditions under which a space of given class has a compactification
whose remainder has the given topological property (cf. [35], Problem I, p. 332, and Problem II, p.
334).

This problem for different topological invariants and properties was studied by several authors
(see [1-3,5-8,11-14,19-25,27,30-36]).

The present paper is motivated by this general problem. Specifically, we study this problem for
the properties: Cech (co)homology groups based on finite open covers, cohomological coefficients of
cyclicity and cohomological dimensions of remainders of Stone-Cech compactifications of metrizable
spaces are given groups and given numbers, respectively.

In the paper we define the Cech type covariant and contravariant functors which coefficients in an
abelian group G,

(-, — Q) :%2 — /b
and
HY (=, = G) : M2 — ab,

from the category %2 of closed pairs of normal spaces and proper maps to the category «7b of abelian
groups and homomorphisms. The construction of these functors is based on all border open covers of
pairs (X, A) € ob(A,?) (see Definition 1.1 and Definition 1.2).

One of our main results of the paper is the following theorem (see Theorem 2.1). Let ///1,2 be the
category of closed pairs of metrizable spaces and proper maps. For each closed pair (X, A) € ob(///pz),
one has

HI(BX\ X, BA\ 4;G) = H*(X, A; G)
and
H(BX\ X, BA\ A;G) = HY (X, 4;G),

where H (BX \ X, 3A\ 4;G) and ﬁ;}(ﬁX\X, BA\ A; G) are Cech homology and cohomology groups
based on all finite open covers of (8X \ X, A\ A), respectively (see [17, Ch. IX, p. 237]).

We also investigate the border cohomological coefficient of cyclicity g, border small and large co-
homological dimensions d/_(X; G) and D/ (X;G) and prove the following relations (see Theorem 2.3,
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Theorem 3.2 and Theorem 3.6):
ng (X, A) =ne(BX\ X, A\ A),
dL(X;G) = d;(BX\ X; @),
DL(X;G) = Dy (BX\ X;G),

where ng(8X\X, BA\A), d;(X\X; G) and D;(SX\X; G) are well known cohomological coefficient of
cyclicity [10,29], small cohomological dimension and large cohomological dimension [28] of remainders
(BX\ X,BA\ A) and X \ X, respectively.

Without any further reference we will use definitions and results from the monographs General
Topology [18], Algebraic Topology [17] and Dimension Theory [28].

1. ON CecH BORDER (CO)HOMOLOGY GROUPS

In this section we give an outline of a generalization of Cech homology theory by replacing the set
of all finite open coverings in the definition of Cech (co)homology group (ﬁ?(X, A; @) HI(X, A;G)
(see [17, Ch. IX, p. 237]) by a set of all finite open families with compact enclosures. For this aim
we give the following definitions.

An indexed family of subsets of set X is a function a from an indexed set V,, to the set 2% of
subsets of X. The image a(v) of index v € V, is denoted by a,. Thus the indexed family « is the
family o = {a, boev, . If |[Va] < o, then we say that o family is a finite family.

Let V,, be a subset of set V. A family {aw}, ey is called a subfamily of family {au}vevs, -

By a = {O‘v}ve(vaya’) we denote the family consisting of family {a,}yev, and its subfamily

{av}vevc;'

Definition 1.1. (see [33]). A finite family o = {a, }yev,, of open subsets of normal space X is called
a border cover of X if its enclosure K, = X \ |J «, is a compact subset of X.

vEVy
Definition 1.2. (cf. [33]). A finite open family o = {ay },e(v,,,v4) is called a border cover of closed

pair (X, A) € A2 if there exists a compact subset K, of X such that X \ K, = |J a, and
vEVy

A\K,C U ap.
veVA
The set of all border covers of (X, A) is denoted by coveo (X, A). Let K2 = K, N A. Then the
family {a, N A} ey is a border cover of subspace A.

Definition 1.3. Let o, 8 € cove, (X, A) be two border covers of (X, A) with indexing pairs (V,,, V.2)
and (V3, VﬁA), respectively. We say that the border cover § is a refinement of border cover « if there

exists a refinement projection function p : (VmVﬂA) — (Va, V&) such that for each index v € Vj
(ve VﬁA) Bo C Qp(v)-

It is clear that cove, (X, A) becomes a directed set with the relation v < 8 whenever 3 is a refinement
of a.

Note that for each o € coveo (X, A), o < , and if for each «, 5,7 € cove (X, A), « < S and 5 < v,
then o < .

Let o, B € cove (X, A) be two border covers with indexing pairs (V,,, V) and (Vj, VﬁA)7 respectively.
Consider a family v = {WU}UG(VW’VWA)7 where V, = V, x V3 and V,YA = VA x VﬂA. Let v = (v1,v2),
where v1 € V,, vy € V3. Assume that v, = oy, N B,,. The family v = {WU}vE(VW’VWA) is a border cover
of (X, A) and v > «, B.

For each border cover a € cov®(X, A) with indexing pair (V,,, V.A), by (Xa, Aa) denote the nerve
«, where A, is the subcomplex of simplexes s of complex X, with vertices of Voj“ such that Car,(s) N
A # ), where Car,(s) is the carrier of simplex s (see [17, pp. 234]). The pair (X,, 4,) is a simplicial
pair. Moreover, any two refinement projection functions p,q : § — « induce contiguous simplicial
maps of simplicial pairs p2, ¢? : (X3, Ag) = (Xa, Aa) (see [17, pp. 234-235]).
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Using the construction of formal homology theory of simplicial complexes [17, Ch. VI] we can define
the unique homomorphisms
pg* cHp(Xpg,Ag 1 G) = Hy(Xa, A G)
and
pg* cH"(Xo, Ao 0 G) — Hn(XﬂvAﬁQG)a
where G is any abelian coefficient group.
Note that pg, = 14, (x.,4.:¢) and pg* = lgn(x, a.:c)- If v > B > «a than

Pl = Dl D}

and
Py =py Pl
Thus, the families
{Hn(Xa, Ao; G),pg*,covm(X, A)}
and
{Hn(Xa7Aa;G),p§*,COVOO(X, A)}
form inverse and direct systems of groups.
The inverse and direct limit groups of above defined inverse and direct systems are denoted by

symbols
HX(X,A;G) = lim {H, (X, Ay; G),pg*, coveo (X, A)}
pa

and
19:0(‘<7‘17 G) liHl {]in(‘ftw‘lcm G)apﬁ*vcovoo(‘<741)}
—

(e

and called n-dimensional Cech border homology group and n-dimensional Cech border cohomology
group of pair (X, A) with coefficients in abelian group G, respectively.
For a pair (X, A) € ob(.4,?) and a proper map f : (X, A) — (Y, B) of pairs, the induced homomor-
phisms
£ HX (X, 4, G) — HX(Y, B; G)
and
fo: HL (X, A:G) — HL(Y, B G),
and the boundary and coboundary homomorphisms

0% - H(X, A;G) = A2, (A;G)
and
6" HY YA G) — HY (X, A;G)
are defined. For details of these definitions, see Eilenberg and Steenrod [17].
We have the following theorems.

Theorem 1.4. There exist the covariant and contravariant functors
H®(—,— Q) : %2 — @b
and X
H: (-, —G): %2 — @b
given by formulas
HX (=, = G)(X, A) = H®(X, A;G), (X, A) € ob(A,})
HY (=, = G)(f) = £, [ € Mor42((X, A), (Y, B))
and
Hi (= = G) (X, A) = H (X, A,G), (X, A) € ob(A,?)
Hi (= =G (f) = i f€Moryz((X,A), (Y, B)).
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Theorem 1.5. Let f: (X, A) — (Y, B) be a proper map. Then hold the following equalities
(fla)s® - 0" =057 - f°

and
T (fila)se = fa 05
Theorem 1.6. Let (X, A) € ob(A,?) and leti: A — X and j : X — (X, A) be the inclusion maps.
Then the Cech border cohomology sequence
n—1

e HPTN (A G) D H(X, AL Q) e B (X G — e HE (A G) e

is exact while the Cech border homology sequence
e (A Q) <D (X, A Q) < (X Q) < (A G) ~——

is partially exact.

Theorem 1.7. Let (X, A) € 0b(%2) and G be an abelian group. If U is open in X and U C intA,
then the inclusion map i : (X \U, A\ U) = (X, A) induces isomorphisms

i HO(X\U,A\U) = HX(X, A;G)

and
it B (X, A:G) — HL(X\ U, A\U)

Theorem 1.8. If X is a compact space, then for each n # 0,
HX(X;G) = 0= HL(X;G)

and
H3*(X;G) = G = HY(X;@).

Theorem 1.9. Let (X, A, B) be a triple of normal space X and its closed subsets A and B with
B C A. Then the Cech border homology sequence

oo

. ?) . i . i .
< H® (A, B;G) <—— HX(X, A;G) <=— HX(X, B;G) <— HX(A, B;G) ~——
and the Cech border cohomology sequence
5
H” 1(ABG)—>H”(XAG) H"(XBG)HH”(ABG)

are partially exact and exact, respectively. Here 93° = j;;’fl 00, 61 = 0, ~j:)’ol_1 and j;{’fl, j(;g_l, Jx,
oo

7, andf , 1% are the homomorphisms induced by the inclusion maps j : A — (A, B), i: (A, B) —
(X.B), ] : (X.B) - (X, A).

The proofs of formulated theorems are similar to the proofs of corresponding theorems of Eilenberg
and Steenrod (see [17], Ch. IX, Theorem 3.4, Theorem 4.3, Theorem 4.4, Theorem 5.1, Theorem 6.1,
Theorem 7.6) and hence they will be omitted.

2. ON CECH (CO)HOMOLOGY GROUPS AND COEFFICIENTS OF CYCLICITY OF REMAINDERS OF
STONE-CECH COMPACTIFICATIONS

Now we are mainly interested in the following problem: how to characterize the Cech homology
and cohomology groups, and coefficients of cyclicity of remainders of Stone-Cech compactifications of
metrizable spaces.

Our main result about the connection between Cech (co)homology groups of remainders and Cech
border (co)homology groups of spaces is the following theorem:
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Theorem 2.1. Let (X, A) € ob(///pz) and let (X, BA) be the pair of Stone-Cech compactifications of
X and A. Then

HJ(BX\ X, BAN\ A;G) = H*(X, A;G)
and . R
HY (BX\ X, BA\ A;G) = HL(X, A;G).
Proof. Let a = {a”}ve(v yAaNAy and o = {O‘;U}we(W(, Wi be the closed covers of pairs
(BX\X,BA\A) and @ > a’. By Lemma 4 of [33] there exist open swellings 5 = {B Foe v, viaay and
g = {5w}w€(WQI7WBIA\A) of a and o’ in BX, respectively. Assume that c, C awk, k = 1,2, ey My,
Let

1ﬂ(ﬂﬁ;}k)’ v e V,.
k=1

Note that a, C 3, C B} for each v € V,. It is clear that 3 = {ﬂv}ve(v(,,v(;‘) is a swelling of
o = {O[U}ve(va,vuﬁA\A) and ﬁ > ﬁ/.

The swelling in 8X of closed cover « of (8X \ X, 5A\ A) is denoted by s(a). Let S be the set of
all swellings of such kind.

Now define an order > in S. By definition,

s(a/) >’ s(a) & s(a/) >s(a) A o > o
It is clear that S is directed by >". Let ((8X \ X)s(a)s (BA\ A)g(ay) be the nerve of s(a) € S and

Ps(a)s(a’) be the projection simplicial map induced by the refinement o > a. Consider an inverse
system

{HA((BX N\ Xy (BAN A)y(ai @), 55, S}
and a direct system
(H((BX\ X)s(as (BAN A) sy G), 120", 5.
Let ¢ : S — covf(BX \ X,BA \ A) be the function in the set of closed finite covers of pair
(BX\ X,BA\ A) given by formula
p(s(e) =a, s(a)es.
Note that ¢ is an increasing function and
P(S) = covf (BX\ X, BA\ A).
For each index s(a) € S, we have
Hi((BX\ X)s(a): (BAN A)s(0); G) = Hn((BX\ X)a, (BAN A)a; G)
and
H"((BX\ X)s(a), (BAN A)s(a); G) = H((BX\ X)a, (BA\ A)a; G).
It is known that for normal spaces the Cech (co)homology groups based on finite open covers and
on finite closed covers are isomorphic. By Theorems 3.14 and 4.13 of [17, Ch. VIII] we have

HY(BX \ X, BA\ A; G) ~ lim { Hp ((BX\X)g(a) (BA\A) s G), w3 S} (2.1)
and /

HP(BX \ X, BAN\ A; G) & lim {H™ (BX\X)g(a) (BA\A)s(a) @) P S} (2:2)
For each swelling s(a) = {s(a).}, . v, yavay €5, the family

( )/\X:{( )vﬁX} Vi, VA4

is a border cover of (X, A).
Let 1 : S — cove (X, A) be the function defined by formula

Y(s(a) =s(a) AN X, s(a)eS.
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The function ¢ increases and ¢(S) is a cofinal subset of cove (X, A). Note that the correspondence

((BX \ X)s(a)7 (ﬁA \ A)s(a)) - (Xs(a)/\X7As(a)/\X) : S(O‘)v — S(Q)v n X7 veVy

induces an isomorphism of pairs of simplicial complexes. Thus, for each s(«) € S, we have the
isomorphisms

Hﬂ((ﬁX \ X)s(oz)v (BA \ A)s(a); G) = Hn(Xs(oz)/\X» As((x)/\X§ G)
and
Hn((BX \ X)s(a)7 (BA \ A)s(oz); G) = Hn(Xs(Oc)/\Xa As(a)/\X; G)
By Theorems 3.15 and 4.13 of [17, Ch.VIII], we have

H2 (X, A5 G) = lim {Hy ((BX\X) (s (BA\A) a3 G), p(0 ) S} (2:3)
and /
(X, A: G) = lim {H, (BX\X, BA\A) ) O). piic)". 5. (2.4)

From (2.1), (2.2), (2.3) and (2.4) it follows that
H (X, A;G) = H(BX\ X, BAN\ A; G)

and
HIL (X, A;G) = H} (BX \ X, BA\ 4;G). O

The cohomological coefficient of cyclicity ng (X, A) of pair (X, A) was defined and investigated by
S. Novak [29] and M. F. Bokstein [10].
Now give the following definition and result.

Definition 2.2. Let G be an abelian group and n nonnegative integer. A border cohomological
coefficient, of cyclicity of pair (X,A) € ob(.#;) with respect to G denoted by n&F(X,A) is n, if
H™(X, A;G) =0 for all m >n and H” (X, A;G) # 0.

Finally, ng (X, A) = +o0 if for every m there is n > m with H™ (X, A; G) # 0.

Theorem 2.3. For each pair (X, A) € ob(.43),

Proof. This is an immediate consequence of Theorem 2.1. Indeed, let ng(8X \ X, A\ A) = n. Then
for each m > n, H}”(BX\X, BA\ A;G) =0 and HJ’}(BX\X7 BA\ A;G) # 0. From the isomorphism

HF(BX \ X, BA\ A;G) = Hf(X, A; G)

it follows that f[gg(X7A;G) = 0 for each m > n, and ﬁ;’o(X,A; G) # 0. Thus, n¥(X,A) =n =
ne(BX\ X, A\ A). O

3. ON COHOMOLOGICAL DIMENSIONS OF REMAINDERS OF STONE-CECH COMPACTIFICATIONS

The theory of cohomological dimension has become an important branch of dimension theory since
A. Dranishnikov solved P. S. Alexandrov’s problem [16] and he and other authors developed the theory
of extension dimension.

Our next aim is to study some questions of theory of cohomological dimension. In particular, we in
this section give a description of cohomological dimension of remainder of Stone-Cech compactification
of metrizable space.

Following Y. Kodama (see the appendix of [28]) and T. Miyata [26] we give the following definition.

Definition 3.1. The border small cohomological dimension dg:o (X; G) of normal space X with respect
to group G is defined to be the smallest integer n such that, whenever m > n and A is closed in X, the
homomorphism @  : H™(X;G) — H7(A; G) induced by the inclusion i : A — X is an epimorphism.

The border small cohomological dimension of X with coefficient group G is a function df_ : A4 —
NU{0,4+oc} : X — n, where d/_(X;G) =n and N is the set of all positive integers.
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Theorem 3.2. Let X be a metrizable space. Then the following equality
dL(X;G) = dg (BX\ X;G)
holds, where d¢ (X \ X;G) is the small cohomological dimension of BX \ X (see [28], p. 199).

Proof. Let A be a closed subset of X. Assume that df(8X \ X;G) = n. Then for each m > n
the homomorphism i\ v . : ﬁ}"(ﬁX \ X;G) — ﬁ}"(ﬁA \ 4;@G) is an epimorphim. Consider the
following commutative diagram

A7 (X Q) ~ HP (BX \ X;G)
i’;‘yml ii;A\A (3'1)
H(4;G) ~ HP(BA\ 4;G)

It is clear that the homomorphim
0ot HPH(X;G) = HP'(A4;G)
also is an epimorphim for each m > n. Thus,
dl(X;G) <n=d;(BX\ X;G). (3.2)

Let df_(X;G) = n. To see the reverse inequality, let B be a closed subset of 3X \ X and let m > n.

Consider an open in fX \ X neighbourhood U of B. There exists an open neighbourhood V' of B
in AX \ X such that VAX\X ¢ UU. By Lemma 5 of [33] we can find an open set W in X such that
WN(BEX\X)=Vand WX N (BX\ X)CU. Let A=WFAX N X. It is clear that fA = APX.

We have

- - X = '
WEX —CWAX X cWAxnX  cWhx " —eX,
——B8X
Consequently, 8A = WBX N Xﬁ = WAX . This shows that
BCBAN(BX\X)CU.
Hence, we have
BCpBA\NACU.

Thus, for each closed set B of X \ X and its open neighbourhood U in X \ X there exists a
closed subset A in X such that B C A\ ACU.

Let a € H} (B;G). There is a closed finite cover o of B such that an element a, € H™(N(a); G)
represents the element a. }

Using Lemma 4 of [33] we can find the swellings & and & of a in B and SX \ X, respectively, such
that &g = &. Let U be the union of elements of &. There is a closed set A of X with B C BA\A C U.
The nerves N (), N(&) and N (& g4\ 4) are isomorphic. We can assume that

H"(N(a);G) = H"(N(a);G) = H"(N(&a\a); G).
Hence, the element a,, also belongs to the group H™ (N (54‘ ga\4); G). Consequently, it represents some
element b of H"(BA\ 4;G).

The inclusion i4 : A — X induces an epimorphism % . : HZ}(X;G) — H™(A;G). From diagram
(3.1) it follows that the homomorphism i} 4, 4 : H™(BX\ X;G) — H™(BA\ A;G) is an epimorphism.
Consequently, there is an element ¢ € H™(8X \ X;G) such that i5a\a(c) = b. The homomorphism
g5 - H™(BA\ A;G) — H™(B;G) induced by the inclusion jp : B — SA \ A satisfies the condition
J5(b) = a. From equality iga\ 4 - jp = ip it follows that i;(c) = a.

Thus the inclusion ip : B — X\ X also induces an epimorphism i’ : H™(8X\X;G) — H™(B; Q).
Hence, we obtaine

dr(BX\ X;G) <n=dL(X;G). (3:3)

From the inequalities (3.2) and (3.3) it follows that

dl(X;G) =dy(BX \ X;G). O
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Theorem 3.3. Let A be a closed subspace of a normal space X. Then
dl,(4;G) < dL(X;G).

Proof. Let B be an arbitrary closed subset of A and jg : B — A, i4 : A — X and kp : B - X
be the inclusion maps. Note that kg = i4 - jp. The induced homomorphisms kj . : H% (X;G) —
H™ (B; G), oo H™ (X;G) — H(A;G) and JBoo H" (A;G) — H™ (B;Q) satisfy the equality
KB oo = IB00 " 14 00°

Let n = d7°(X;G). For each m > n, the homomorphisms k% . : H(X;G) — HI(B;G) and
%00 - HY(X;G) — HI(A;G) are epimorphisms. Hence, the homomorphism ji o @ HZ(4;G) —
H™(B; @) is also an ephimorphism for each m > n. Thus, dF(4;G) <n=d¥(X;G). O

Corollary 3.4. For each closed subspace A of a metrizable space X,
dl(A;G) < dp(BX\ X; Q).

Definition 3.5. The border large cohomological dimension D (X; G) of normal space X with respect

to group G is defined to be the largest integer n such that H. (X, A;G) # 0 for some closed set A
of X.

The border large cohomological dimension of X with coefficient group G is a function D{ : .4 —
N U {0,400} : X — n, where D/ (X;G) = n and N is the set of all positive integers.

Theorem 3.6. For each metrizable space X, one has
DL(X;G) = Dy (X \ X:G),
where Dy (BX \ X; Q) is the large cohomological dimension of BX \ X (see [28], p. 199).

Proof. Let Dy(BX \ X;G) = n. Consider an arbitrary closed subspace A of X. The remainder SA\ A
is a closed subset of X \ X. By the assumption, we have H™(3X \ X, BA\ A; G) = 0 for each m > n.
Theorem 2.1 implies that H7 (X, A; G) = 0 for each m >n and A C X. Thus,

DI (X;G) <n=D;BX\X;Q). (3.4)

Let D/ (X;G) = n. Assume that D(8X \ X;G) = nq > n. Then there is a closed set B in X \ X
such that H™ (38X \ X, B; G) # 0. Using Lemma 4 of [33] and the proof of Theorem 3.2 we can show
that there is a closed set A of X such that B C A\ 4, and H™ (BX\X,BA\ A; G) # 0. By Theorem
2.1 H™" (X, A;G) # 0. But it is not possible because D7 (X;G) = n. Therefore, n; < n. Thus,

Di(BX \ X;G) <n= DI (X;G). (3.5)
The inequalities (3.4) and (3.5) imply
DL (X;G) = Dy(BX\ X;G). O

Theorem 3.7. If A is a closed subset of normal space X, then
DI (A;G) < DL (X;G).
Proof. By Theorem 1.9, for each closed set B of A, there is the exact Cech border cohomological

sequence

e (A5 G) S X A G) o (X, Bi G) = A (A B G) —— -
It is clear that, if m > DI (X;@), then H?(X, A;G) = H?(X,B;G) = 0. Consequently,
H™(A, B;G) = 0. Thus, we have
D! (A;G) < DL(X;G). O

Corollary 3.8. For each closed subspace A of metrizable space X, one has

DI (A;G) < Dy(BX\ X; @),
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Theorem 3.9. If X is a normal space then
dl,(X;G) < DL (X;G).

Proof. Let A be a closed subset of normal space X. Consider the exact Cech border cohomological
sequence of pair (X, A)

e H VA B G) e H (X, A G) —2 AT (X3 G) —=m HT (A G) — -
Let m > DI (X;@G). Note that j* : H? Y(X;G) — H™ (A4; @) is an epimorphism. Hence,
d,(X;G) < DL(X;G). O
Corollary 3.10. For each metrizable space X, one has
df(BX \ X;G) < DL(X;G)

and
dl (X;G) < Dy(BX \ X;Q).

Remark 3.11. The results of this paper also hold for spaces satisfying the compact axiom of count-
ability. Recall that a space X satisfies the compact axiom of countability if for each compact subset
B C X there exists a compact subset B© C X such that B ¢ B and B has a countable or finite
fundamental systems of neighbourhoods (see Definition 4 of [33], p.143). A space X is complete in
the sense of Cech if and only if it is G type set in some compact extension. Each locally metrizable
spaces, complete in the seance of Cech spaces [15] and locally compact spaces satisfy the compact
axiom of countability.

ACKNOWLEDGEMENT

The author was supported by grant FR/233/5-103/14 from Shota Rustaveli National Science Foun-
dation (SRNSF) and by grant for scientific Research of 2019 year from Batumi Shota Rustaveli state
university.

REFERENCES

1. J. M. Aarts, Completeness degree. A generalization of dimension. Fund. Math. 63 (1968), 27-41.
. J. M. Aarts, T. Nishiura, Dimension and Extensions. North-Holland Mathematical Library, 48. North-Holland
Publishing Co., Amsterdam, 1993.

3. Y. Akaike, N. Chinen, K. Tomoyasu, Large inductive dimension of the Smirnov remainder. Houston J. Math. 34
(2008), no. 2, 501-510.

4. P. Alexandroff, On the dimension of normal spaces. Proc. Roy. London. Ser. A. 189 (1947), 11-39.

5. V. Baladze, On some combinatorial properties of remainders of extensions of topological spaces and on factorization
of uniform mappings. (Russian) Soobshch. Akad. Nauk Gruzin. SSR 98 (1980), no. 2, 293-296.

6. V. Baladze, On Uniform shapes. Bull. Georgian Acad. Sci., 169 (2002), 26-29.

7. V. Baladze, Characterization of precompact shape and homology properties of remainders. Topology Appl. 142
(2004), no. 1-3, 181-196.

8. V. Baladze, L. Turmanidze, On homology and cohomology groups of remainders. Georgian Math. J. 11 (2004),
no. 4, 613-633.

9. B. J. Ball, Geometric topology and shape theory: a survey of problems and results. Bull. Amer. Math. Soc. 82
(1976), no. 6, 791-804.

10. M. F. Bokshtein, Homology invariants of topological spaces. (Russian) Trudy Moskov. Mat. Obshch. 5 (1956),
3-80.

11. A. Calder, The cohomotopy groups of Stone-Cech increments. Nederl. Akad. Wetensch. Proc. Ser. A 75, Indag.
Math. 34 (1972), 37-44.

12. M. G. Charalambous, Spaces with increment of dimension n. Fund. Math. 93 (1976), no. 2, 97-107.

13. A. Chigogidze, Inductive dimensions for completely regular spaces. Comment. Math. Univ. Carolinae, 18 (1977),
no. 4, 623-637.

14. A. Chigogidze, On the dimension of increments of Tychonoff spaces. Fund. Math. 111 (1981), no. 1, 25-36.

15. E. Cech, On bicompact spaces. Ann. of Math. (2) 38 (1937), no. 4, 823-844.

16. A. N. Dranishnikov, On a problem of P. S. Alexandrov. (Russian) Math. USSR-Sb. 63 (1989), no. 2, 539-545.

17. S. Eilenberg, N. E. Steenrod, Foundations of Algebraic Topology. Princeton University Press, Princeton, New
Jersey, 1952.

[\



10

18
19
20

21.

22.

23.

24.

25.

26.
27.

28.

29.
30.

31.
32.

33.

34.

35.

36

V. BALADZE

. R. Engelking, General Topology. PWN-Polish Scientific Publishers, Warsaw, 1977.

. H. Freudenthal, Neuaufbau der Endentheorie. (German) Ann. of Math. (2) 43 (1942), 261-279.

. H. Freudenthal, Kompaktisierungen und bikompaktisierungen. (German) Nederl. Akad. Wetensch. Proc. Ser. A.
54, Indagationes Math. 13 (1951), 184-192.

H. Inasaridze, On extensions and growths of finite order for completely regular spaces. (Russian) Dokl. Akad. Nauk
SSSR 166 (1966), 1043-1045.

J. Keesling, The Stone-¢ech compactification and shape dimension. Proceedings of the 1977 Topology Conference
(Louistana State Univ., Baton Rouge, La., 1977), II. Topology Proc. 2 (1977), no. 2, 483-508 (1978).

J. Keesling, Decompositions of the Stone-Cech compactification which are shape equivalences. Pacific J. Math. 75
(1978), no. 2, 455-466.

J. Keesling, R. B. Sher, Shape properties of the Stone-Cech compactification. General Topology and Appl. 9 (1978),
no. 1, 1-8.

S. Mardesi¢, J. Segal, Shape Theory. The Inverse System Approach. North-Holland Mathematical Library, 26.
North-Holland Publishing Co., Amsterdam-New York, 1982.

T. Miyata, Cohomological dimension of uniform spaces. Quaestiones Math. 19 (1996), no. 1-2, 137-162.

K. Morita, On bicompactifications of semibicompact spaces. Sci. Rep. Tokyo Bunrika Daigaku. Sect. A. 4 (1952),
222-229.

K. Nagami, Dimension Theory (with an appendix: Y. Kodama, Cohomological Dimension Theory). Academic
Press, New York and London, 1970.

S. Nowak, Algebraic theory of fundamental dimension. Dissertationes Math. (Rozprawy Mat.) 187 (1981), 54 pp.
E. G. Skljarenko, Some questions in the theory of bicompactifications. (Russian) Izv. Akad. Nauk SSSR Ser. Mat.
26 (1962) 427-452.

Ju. M. Smirnov, On the dimension of proximity spaces. (Russian) Mat. Sb. N.S. 38(80) (1956), 283-302.

Ju. M. Smirnov, Dimension of increments of proximity spaces and of topological spaces. Dokl. Akad. Nauk, Russian
Academy of Sciences, 178 (1966), no. 3, 528-531.

Ju. M. Smirnov, On the dimension of remainders in bicompact extensions of proximity and topological spaces.
(Russian) Mat. Sb. (N.S.) 69 (111) (1966), 141-160.

Ju. M. Smirnov, On the dimension of remainders in bicompact extensions of proximity and topological spaces. II.
(Russian) Mat. Sb. (N.S.) 71 (113) (1966), 454-482.

Ju. M. Smirnov, Proximity and construction of compactifications with given properties. General Topology and its
Relations to Modern Analysis and Algebra, (1967), 332-340.

. H. de Vries, Compact spaces and compactifications. Doct. Diss, Amsterdam, 1962.

(Received 07.10.2018)

DEPARTMENT OF MATHEMATICS BATUMI SHOTA RUSTAVELI STATE UNIVERSITY
E-mail address: vbaladze@gmail.com



