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Abstract

We study a mixed boundary value problem (BVP) arising in the linear theory of
piezoelasticity. The Dirichlet boundary conditions, consisting of the prescribed displace-
ment vector and electric potential, are imposed on one portion of the boundary of the
body, while the Neumann boundary conditions, namely the mechanical traction vector
and the normal component of the electric displacement, are prescribed on the comple-
mentary portion of the boundary.

Employing the so-called alternative potential method, we look for a solution to the
mixed BVP in the form of a linear combination of single- and double-layer potentials,
with densities supported on the Dirichlet and Neumann parts of the boundary, respec-
tively. This approach reduces the original mixed BVP to a system of boundary integral
(pseudodifferential) equations that involves neither a Steklov—Poincaré type operator nor
the inverse of the single-layer boundary integral operator, both of which are not available
in explicit form. Moreover, within this framework, we do not need extensions of the
Dirichlet or Neumann boundary data to the entire boundary. The right-hand sides of
the resulting boundary integral equations coincide directly with the prescribed Dirichlet
and Neumann data of the original problem. We establish the invertibility of the associ-
ated matrix integral operator in suitable Bessel potential and Besov spaces and, on this
basis, prove the corresponding existence and uniqueness results for the mixed interior
and exterior BVPs under consideration. Finally, we investigate the regularity properties
of solutions in a closed neighbourhood of the collision curve where the different types
boundary conditions meet, and we obtain almost optimal Holder continuity results. The
alternative potential method employed in this paper, based on an efficient representation
of solutions as linear combinations of layer potentials, provides a robust foundation for
the development of efficient numerical algorithms for mixed boundary value problems in

the theory of piezoelasticity.
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1 Introduction

Piezoelectric elastic materials play a crucial role in measurement and control devices,
electromechanical converters (transducers), piezoelectric stack actuators, and a wide range of
related technological applications. The first linear mathematical model of an elastic medium
accounting for the interaction between mechanical and electric fields was developed by W.
Voigt [Vol], who derived the corresponding system of differential equations. Subsequently,
more refined models incorporating a polarization vector and its gradient were proposed by
R. Toupin, R. Mindlin, L. Knopoff, S. Kaliski, and J. Petikiewicz (see [Tol], [Mil], [Mi2],
[Mi3]). For an extensive collection of examples and further bibliographic references, we refer
the reader to [BCNS1], [Ka], [Lal], [Nol], [Pal], [Qil], and the references therein.

In this paper we study a mixed boundary value problem (BVP) arising in the linear
theory of piezoelasticity. The Dirichlet boundary conditions, consisting of the prescribed
displacement vector and electric potential, are imposed on one portion of the boundary of
the body, while the Neumann boundary conditions, namely the mechanical traction vector
and the normal component of the electric displacement, are prescribed on the complementary
portion of the boundary.

Employing the so-called alternative potential method, we look for a solution to the mixed
BVP in the form of a linear combination of single- and double-layer potentials, with den-
sities supported on the Dirichlet and Neumann parts of the boundary, respectively. This
approach reduces the original mixed BVP to a system of boundary integral (pseudodifferen-
tial) equations that does not involve either a Steklov—Poincaré type operator or the inverse
of the single-layer boundary integral operator, both of which are not available in explicit
form. Moreover, within this framework, no extension of the Dirichlet or Neumann bound-

ary data to the entire boundary is required. The right-hand sides of the resulting boundary



integral equations coincide directly with the prescribed Dirichlet and Neumann data of the
original problem. We establish the invertibility of the associated matrix integral operator in
suitable Bessel potential and Besov spaces and, on this basis, prove corresponding existence
and uniqueness results for the mixed BVP under consideration. Finally, we investigate the
regularity properties of solutions in a neighbourhood of the collision curve where the different
types boundary conditions meet, and we obtain almost optimal Holder continuity results.

The alternative potential method employed in this work, based on an efficient represen-
tation of the solution as a linear combination of layer potentials, provides a solid foundation
for the development of efficient numerical algorithms for mixed boundary value problems in
the theory of piezoelasticity.

It should be noted that the differential operator arising in the theory of piezoelasticity is
strongly elliptic but not formally self-adjoint. The present paper constitutes the first attempt
to develop an alternative potential method for mixed boundary value problems associated
with non-selfadjoint operators. For several elliptic self-adjoint operators, the alternative
potential method has been studied in various function spaces (see, for example, [McLean],
[NT1], [NT2], and [NMT1}).

The paper is organized as follows. In Section 2, we present the governing equations of the
linear theory of piezoelasticity, introduce the associated matrix partial differential operators
and generalized boundary stress operators, formulate the interior and exterior mixed bound-
ary value problems and prove the uniqueness theorems using Green’s identities. In Section 3,
using the alternative potential method, we reduce the mixed BVPs to a system of boundary
integral equations and show that the corresponding matrix integral operator is coercive in ap-
propriate function spaces for smooth and Lipschitz boundary surfaces. On the basis of these
results, we prove the existence theorems for solutions to the interior and exterior mixed BVPs
in Sobolev-Slobodetskii, Bessel potential and Besov spaces, and establish Holder continuity
of solutions in a closed domain € occupied by the piezoelastic body. Finally, in Section 4, we
analyse the solvability of the mixed BVPs in the Bessel potential space H;(Q) and specify
the admissible range for the parameter p.

For the convenience of the reader and to ensure the self-sufficiency of the article, we
present several well-known results together with some auxiliary new results in Appendices A,

B, and C, which are used extensively in the main text.



2 Basic field equations, Green’s identities, and formulation of

the mixed BVPs

Let a piezoelectric anisotropic elastic body occupy a bounded three-dimensional domain
Q2 = QF ¢ R? with the simply connected boundary S = 05, which is divided into two
nonempty sub-manifolds Sp and Sy, S = Sp U Sy. Denote by ¢ the common boundary
curve of these sub-manifolds: ¢ = 9Sp = 0Sy. By n = (n1,n2,n3) we denote the outward
unit normal vector to S. Denote by 2~ the complement of  to the whole space: 2~ = R3\Q.
The symbols {-}T and {-}~ stand for the one-sided limits (one-sided traces) on S from Q%
and 2~ respectively.

By Ly, Wy, H,, and Bj, (withr >0, s e R, 1 <p < oo, 1 < g < oo) we denote,
respectively, the Lebesgue, Sobolev-Slobodetskii, Bessel potential, and Besov spaces of real
or complex valued functions (see, e.g., [Trl], [Tr2], [BL]). Recall that Hj = W3 = Bj,,

Hj = Bs,, Wi =B,

k _ 1k .
o and Hy = W7, for any r > 0, for any s € R, for any positive and

non-integer t, and for any non-negative integer k.

Let us introduce also the spaces:

H3(S1) == {f : f € H(S), supp f C 51},
Bj (S1) = {f : f € B},(S), supp f C S},
H3(S)) = {ry, [ : | € Hy(S)},

B; (S1) ={r [ : [ € B3,(5)},

where S; € {Sp, Sy} and Ts, is the restriction operator onto 5.

Throughout the paper we assume that the boundary S, the sub-manifolds Sp and Sy, and
the curve ¢ are either sufficiently smooth (C'* say) or belong to Lipschitz classes. The results
for domains with Lipschitz surfaces will be always singled out and formulated separately
in fixed function spaces with p = 2, in contrast with the smooth cases where we consider

problems in wider classes of function spaces.

Remark 2.1 Let a function f be defined on an open proper submanifold S1 of a closed
manifold S without boundary. Let f € B, (S1) and f be the extension of f by zero to S\ Sy.



If the extension preserves the space, that is, if f € E;,q(sl), then we write [ € §;7q(5’1)
instead of f € s, E;q(Sl), when it does not lead to misunderstanding.
Note that E;,q(Sl) and B",(51) with %—i—l% =1 and %—i—% = 1 are dual spaces. Similarly,
Hy(S1) and H,,*(51) are dual spaces as well (for details see [McLean], [Mur], [Tr1], [Tr2]).
Therefore, for functions [ € B;fq,(Sl) and g € é;’q(Sl) (resp., f € H;s(Sl) and g €
flg(Sl)) the duality relation <f, 9>51 is well defined and it generalizes the classical Lo-inner
product,

(.95, = [ F@3@Ids for f.9€ La(Sh).
S1

where the over bar denotes complex conjugation.

2.1 Field equations

The piezoelastic field U = (u, @) =: (u1,ua,u3,us) " in Q is described by the displacement
vector u = (u1,us,u3) " and the electric potential function ¢ = uy.

In the theory of elasticity of piezoelectric bodies the entries of mechanical stress tensor
0i; (U), the components of electric displacement vector D (U), and the electric field vector

E(p), respectively, read as:

044 (U) = Cijlk Sik (U) + €Lij 8k§0, Za] = 17 27 37 (21)
Di (U) = €kl Skl (U) — ik akS07 i = 17 27 37 (22)

E’i:_ (2 7::172737

where 0 = %, 0y = (O1,02,03), sy (u) = % (Oug + Okwy), k,1 =1,2,3, are elements of the
mechanical strain tensor. Here and in what follows, the summation over repeated indexes is
assumed from 1 to 3.

The components of the mechanical stress vector acting on a surface element with the

normal n = (ny,ng, ng) are evaluated by the formulas
Tij N = Cijik N Opug + e m; Oy for j =1,2,3,
while the normal component of the electric displacement vector (with opposite sign) is

—Djin; = —ejp ni Opuy, + €41 Opp.



Here ¢;jii, erji, and ey, are the elastic, piezoelectric, and dielectric (permittivity) real con-

stants, respectively, satisfying the symmetry conditions:
Cijlk = Clkij = Cijkl, ©kjl = €klj, Elk = €kl, 47,0,k =1,2,3. (2.3)
Moreover, for arbitrary real &;; = &;; and £ = (£1,&2,€;) € R? the following inequalities hold:

Cijik ij Stk = 01 &k Sk €k &1k = 0261 &, (2.4)

where 01 and do are some positive constants depending only on the elastic, piezoelectric and
dielectric material parameters.

Due to the symmetry conditions (2.3) , with the help of inequalities (2.4), we easily derive

Crjit Grj Crt > 61 G Cts €16 e GG > 02[¢[%, 25
for all (x; = (jx € C and for all ¢ = (¢1, ¢, (3) € C.

The mechanical static equilibrium equations and the static electric field equation, respec-

tively, in the case of absence mass force and electric charge read as
alal] =0, j=12,3, (26)
—-0;D =0. (2.7)

Using relations (2.1)-(2.2) from equations (2.6) and (2.7) we obtain the system of second
order partial differential equations of piezoelasticity with respect to the vector U = (u, cp)T
(see, e.g., [Nol]):

Cijik 05 Oy up(x) + €pjq Op Og p(x) =0, j=1,2,3,

—e€pig Op Oq w () + €pq Op Og p(z) = 0.

These equations can be rewritten in matrix form

where

A(0z) = [Ajk(02)] 44 »
A]k(ax) = Cijlk 0; 8l7 jvk =123,
Aja(0r) = —A4j(02) = €pjq 0p 0y, § =1,2,3,

A44(8x) = Epq 817 8q.



Note that for arbitrary real ¢ € R? and for all complex n € C* the following inequality holds

Re(A(€)n - n) = 631¢ [nl?,

where the central dot denotes the scalar product of two vectors in the complex vector space

N : _ N
CY,ie.,a-b= ijl

a; E for a,b € CV, and 83 is a positive constant depending only on the
elastic, piezoelectric, and dielectric constants. This inequality shows that A(9,) is a strongly
elliptic but not formally self-adjoint differential operator.

Denote by A*(9,) the differential operator formally adjoint to A(9,), A*(9,) = AT (—0).

Evidently,

A%(02) = [A3(00)] 4y = [Aki (=00)] s = [ARj (02)]400q (2.8)
(00) = Ap(@s) = e 00 for jk=1,2,3,

(0r) = —Aja(02) = —€pjq Op 0y for j=1,2,3,

Azj(ax) = —A4j(0z) = €pjq0p0, for j=1,2,3,

(0z) = Aua(0z) = £pq Op Oy

Now, let us introduce the generalized boundary stress operator associated with the operator

A(0r)

T(0:n) = [Tjr(0,n) |axa, (2.9)
where
Tik(0z,n) = cijien; 0y  for 1<,k <3,
Tja(Oz,m) = eyjn; 0y for 1 <5 <3,

(Oz,m) =
(Oz,m) = (2.10)
ﬁk(ar,n) = — €kl Ny al for 1 S k< 3,

( )::Eﬂn@ap

)T

The generalised stress operator applied to a vector U = (u,¢)' gives a four-dimensional

vector
-
T (0z,n) U = [ 41 ni, 032 iy 033 i, —Dim |

)

where the first three components correspond to the mechanical stress vector, while the fourth
one is the normal component of the electric displacement vector (with opposite sign).
We consider the following mixed interior boundary value problem of the piezoelasticity

theory: Find a real valued vector function U € [W) (Q)]* = [H}(Q)]* satisfying the differential



equation

A(0)U(x) =0 in £, (2.11)
the Dirichlet type boundary condition on Sp
{U@)}* = f(z), =€ Sp, (2.12)
and the Neumann type boundary condition on Sy
{T(0,n)U(x)}" = F(z), € Sy, (2.13)

where

e By (o), FelBgsw]" (2.14)

The mixed exterior boundary value problem is formulated quite similarly: Find a vector

function U € [Wpl,loc(Q_)]4 = [H!

ol oo (27)]* satisfying the differential equation

A(0y)U(x) =0 in Q7 (2.15)
the Dirichlet type boundary condition on Sp
{U(x)}™ = f(x), xe€Sp, (2.16)
the Neumann type boundary condition on Sy
{T(0,n)U(x)}” = F(x), x¢€Sn, (2.17)
and the decay condition at infinity
Uz) = O(|z|™") for |z| — oo, (2.18)

where the boundary data satisfy the conditions (2.14).

2.2 Green’s formulas and uniqueness theorem

We have the following Green’s formulas for smooth real valued vector functions in the

domain € (see, e.g., [BG1], [BCNS1], [NBC1)):



[A(O)U -V +EU, V)] do = /{T(a, n)U}T - {V1TdS, 2.24 (2.19)
o0

[A@)U -V —U - A"(0)V] dx

= - / {TOmUY VYT = (U} - A{T@n)vy*|ds,  (2.20)
o0

T

where U = (u1,ug2,u3,¢)" and V = (v, v2,v3,7)" are real valued vector functions of the

space [CZ(Q)]4, E (U,V) is the bilinear form associated with the density of the potential

energy,

EU,V) = cijik Oiwj Orvr + epjq Opp 0q0j — epjq guj Opth + €pg Opp O, (2.21)

T(0,n) is the boundary differential operator associated with the adjoint operator A*(9,),
T(9,n) = [ Tir(,n) Jaxa, (2.22)

with

Tix(0,n) = Tjx(9,n) = cijix ni Oy for 1<yj,k<3,

7~}4(8, n) = —=T;4(0,n) = —eyjn; 0 for 1<5 <3,
(2.23)

Tae(9,n) = —Tak(d,n) = ejyn;i & for 1<k <3,

Taa(9,m) = Taa(0,n) = cun; 0.
The above Green formulas (2.19) and (2.20) are also valid for Lipschitz domains and for

vector-functions (for details see [Nel], [McLean])

4 4

Ue [Wy()], Ve[W; ()],

satisfying the inclusions

4 4

AU € [Ly)]", A9V € [Ly()]*) 1

1
-+ 1.
p g

In this generalized case, when the integrals appearing in (2.19)-(2.20) do not exist in the
usual sense, we understand them as the duality brackets between the corresponding functional
spaces, e.g., between the mutually adjoint spaces [B;p(S)]4 and [B; 208 )]4. It will be clear

from the context when we shall refer to an ordinary integral or to a functional relation.



Remark 2.2 For complex valued vector functions U and V' the Green formulas (2.19)-(2.20)
hold with

EU,V)= Cijik Oiuj Qv + epjq Opp Ogvj — €epjq Oquj (9;,71,& + epq Opp 8(]7 (2.24)
The following uniqueness theorem is true.

Theorem 2.3 Let Q be a domain with Lipschitz boundary. The mized BVP (2.11)-(2.14)

possesses at most one solution for p = 2.

Proof. Due to the linearity of the problem it is sufficient to show that the homogeneous
mixed BVP (with f = 0 and F' = 0) has only the trivial solution. Let U € [H%(Q)]4 be a
solution to the homogeneous mixed BVP under consideration and write the Green identity

(2.19) for U and V =U,
/ B(U.U)dz = ({T@,nU}, U} (2.25)
Q

= ({TO.nUY" {U})y +{T@,n)UY, {U}T)g =0. (2.26)

~_1 1
Since, {T(0,n)U}* € [H, 2(SD)]4 and {U}* € [HJ (SN)]4 the duality brackets in (2.26)
are well defined.

By virtue of the symmetry conditions (2.3) and inequalities (2.4) from (2.21) we have
FE (U, U) = Cijlk C%Uj oy, + Epq 8p(p 8qg0 = Cijlk Sij (u) slk(u) + Epq (%(p 8q<,07
> 5181']' (u) Sij (u) + & 8p<p8p<p. (227)

In accordance with (2.26) and (2.27) we deduce E (U,U) = 0, implying that s;;(u) = 0 and
Opp =01in Q for ¢, j,p = 1,2, 3. Consequently, u = (uy, ug, u3) " is a rigid displacement vector
and ¢ is a constant in 2. Therefore, the Dirichlet type condition on Sp yields ©v = 0 and

o = 0in €, which completes the proof. |

10



3 Reduction to the boundary pseudodifferential equations

and existence theorems

3.1 Reduction to the boundary pseudodifferential equations

First, we consider the interior mixed BVP (2.11)-(2.13) for p = 2 and look for a solution U
as a linear combination of the single- and double-layer potentials with densities, respectively,

supported on the Dirichlet and Neumann parts of the boundary:
U(z) = =V(h)(x) + W(g)(x), =€, (3.1)

where V' and W are the single- and double-layer potentials defined by relations (5.2) and
(5.3) respectively (see Appendix A), and the unknown density vector functions satisfy the

inclusions

4

1 1
h = (h1,ha, h3, ha)' € [H, 2(513)]4, 9=1(91,92,93,94)" € [HF(Sn)]". (3.2)

Using the properties of layer potentials described in Theorem 5.1(ii) and the mixed boundary
conditions (2.12)-(2.13) along with the inclusions (3.2), we obtain the following system of

integral (pseudodifferential) equations for the unknown density vector functions h and g:

—Hh+Kg=f on Sp, (3.3)

—~Kh+Lg=F on Sy, (3.4)

where H, IC, 1%, and L are the boundary integral operators generated by the single- and
double-layer potentials given by formulas (5.4)-(5.7) respectively, and the right-hand side

vector functions satisfy the inclusions:
3 4 i 4 -3 4 -3 4
fe [B2,2(SD)} = [Hz (SD)] , Fe [32,2 (SN)] = [Hz (SN)] .

Let us introduce the matrix pseudodifferential operator generated by the left-hand side ex-

pressions of the system (3.3)-(3.4),

5 —rg, " 15 K | (3.5)

—r. K rqo L

SN SN

where s, and Ts, are restriction operators on Sp and Sy respectively.

11



The system (3.3)-(3.4) can be then rewritten in matrix form
Bo=Q, (3.6)

where

with

Evidently, H and H are mutually adjoint spaces.

The norms in the spaces H and H are defined as:

1®[1Z = [IhlI>__, +1lgll*_ 1 for arbitrary ® = (h,g)" € H,
[H, 2(Sp)]* [HF (Sn)]4

QI = [I£11* , +F? for arbitrary Q = (f,F)' € H,
[HZ (Sp)]* [H, 2 (Sn))*

In acordance with Theorem 5.2, we have the following mapping property for the operator B
B:H— H. (3.7)

Our goal is to show that the operator (3.7) is invertible.

We start with the following injectivity result.
Lemma 3.1 Equation (3.6) possesses at most one solution in the space H.

Proof. It suffices to show that the homogeneous equation B® = 0 has only the trivial
solution. Let ® = (h,g)" € H be a solution of this homogencous equation and construct the
vector function U by formula (3.1). Then, due to Theorem 5.1(i) in Appendix A, we have
U € [H}(2)]* and in view of equation B® = 0 the vector function U solves the homogeneous
mixed BVP. Therefore, by the uniqueness Theorem 2.3 we conclude U = 0 in €.

Note that in virtue of the asymptotic properties at infinity of the fundamental matrix
['(z) = O(|z|™!) and 9;T'(z) = O(|z|?), we have U(z) = O(Jz|™!) and 9;U(z) = O(jz|7?)
for sufficiently large || and j = 1,2,3 (see (5.1) in Appendix A). Therefore, U belongs to
the Beppo-Levi space in Q= (for details see, e.g., [DL1], Ch. 11, Part B),

1

Uc[BLOQ)*= {Y R ERrBRE

Y € [La(Q7)]Y, 9,V € [La(Q7)]*, 5= 1,2,3} .

12



The norm in Beppo-Levi space is defined by the relation

3
1Y Wspgaoys = 11+ 227 2Y P oy + S 1100Y [ ey
k=1

The semi-norm defined by the last summand in the right-hand side of the previous equality
is an equivalent norm in the space [BL(Q7)]* (see [DL1], Ch. 11, Part B, §1, Theorem 1).

The representation (3.1) and the inclusions (3.2) imply (see Theorem 5.1(ii)):

{U}"={U}T=0 on Sy, {TU} ={TU} =0 on Sp. (3.8)
Since U € [BL(Q7)]*N [H217IOC(Q*)]4, we can write the Green formula in the exterior domain
a-,
/ [A@)U -V + E(U,V)] de = —{T@.n)U}", {V} ). (3.9)
O

Using the relations (3.8), from (3.9) we get
/ E(U’ U) de = — <{T(aan)U}_ ) {U}_>SD - <{T(8,H)U}_ ) {U}_>SN = 07 (310)
O

Based on the same reasoning as in the proof of Theorem 2.3, from (3.10) we conclude U = 0

in Q7. Now, the relations:
{UYr ={U} " =g=0 on S, {TU}  —{TU} =h=0 on S,
complete the proof. |

Further, we prove the following auxiliary assertion which plays a crucial role in our anal-

ysis.
Lemma 3.2 Operator (3.7) is coercive, i.e., there is a positive constant 64, such that for
arbitrary complex valued vector function ® = (h,g)" € H the following inequality holds

Re (B®, ®) = Re ((—Hh, hyg, +(Kg. h)g, + <_/€h, g>SN +(Lyg, 9>SN>

> a0 (IRl + gl
* [ (

o 2
[, 2(Sp)] 14> = aI®ll (3.11)

N

where < , > denotes the duality pairing between the mutually adjoint spaces H and H.

13



Proof. For arbitrary complex valued vector function ® = (h,g)" € H let us consider a
complex valued vector function U = (u1,us2,u3, )" constructed by formula (3.1). Due to the
continuity property of the single-layer potential across the surface Sp and since g is supported

on Sy, it is evident that
U € [Hy1(R*\ Sp))*, U € [Hy(Q1)]", U e [BLQ)]"

Therefore, we can write the Green formulas (2.19) and (3.9) for U and V = U. By summing
these formulas and using the jump relations for U and 7U across the boundary S, (see

Theorem 5.1(ii) in Appendix A)
1
{UYE = —Hh+ 39+Kg, {TUYE = i h—Kh+ Ly,
we arrive at the equality

/E (U,U) dx—i—/E (U, U)de = {TUY"  {U}") o — {TU}, {U}")g

=({TUY" AU —{U}) s - {TU} —{TU}" {U} )4
(—h, Hhyg, + (h, Kg)g, + (—Kh, g)sy +(Lg, 9)s, - (3.12)

where in view of Remark 2.2
E(U,U) = ciji Oiuj Opur + epjq Optp Oqtij — €pjg Oqtt Opp + pg Opp Ogp. (3.13)
Using the inequalities (2.5) we deduce
Re E(U,U) = Re(cijlk dyuj Oy, + epjg Dpp guuj — epjq Oquij Dpp + epg Dpp @)
= Re(cijlk 8iuj‘ Oy, + Epq 8p<,0 6(70)
> G185 (u) sij(w) + 62 OppTpip. (3.14)

From the relation(3.12) we get
/E(U, U) d + /E(U, U) da

= Re( —h, Hh)s, + (h, Kg)s,, + (-Kh, 9)sy +(Lg, g>5N>
= Re((—Hh, s, + (b Kghsy + (—Kh. g)s, + (L9, 9)si)

= Re (B, ®). (3.15)

14



By Theorem 3 in the reference [KO1, Section 3] along with the inequality (3.14) and the

equivalence of the seminorm and the norm in Beppo-Levi spaces we have

Re (B®, @) = /EUdeJr/EUU = Re / E(U,U)dx
R3\ SN

> / (1555 (1) 525 () + 02 OypipByp]

R3\Sy
[Z 05 +Z|3390| | da
R3\Sy BT
= a ||UH[BL(R3\SN)]4' (3.16)

Here and in what follows aj are positive constants independent of ®.

Now, on the one hand, by the trace theorem we have
2 S +112 2 '
1Vlssyp > as (IROYIR 5 -+ IOV ) (3.17)

oa (IO =0V IR 4 )

_ 2
=9l sy
Consequently, in view of (3.16)
Re (B®, ®) > aallgll”_, (3.18)
[

H (Sn))*
On the other hand, thanks to Theorem 5.3 in Appendix A, since U is a solution of the

homogeneous equation A(9)U = 0 in 2 and 2, we have the representation
U)=V ((H]HU}) (), ze€*.

Therefore,

{TUYE = (:F%I4+I€)H_1{U}i on S. (3.19)

Using the boundedness of the integral operators involved in (3.19) (see Theorem 5.2 in Ap-

pendix A)



we find

U= U= 3.20
I{TU} H[HQ_%(S)]4 < as [{U}]] h (3.20)
With the help of (3.17) from (3.20) we conclude
||{TU}i|| 5 (e < a6 [|Ulpr@s\sy)p-
Therefore,
Jr —
10 lip 2o\ cw(H{TU}\I gy IO WHQaSWJ
> ar|{TUYT = {TUY|| _1 = arl||h
ATUY = 4TOY g =l g
and by (3.16) we get
Re (B®, ®) > as||h||? (3.21)
(H, 2

Finally, combining (3.18) and (3.21) we deduce

Re (B®, @) > 6, (\|h|\2

gyt ) = @1 01 = minfas,as} >
[H, 2 (9)]* Hy (5))4

which completes the proof. |

Remark 3.3 Lemmas 3.1 and 3.2 remain also valid when S, Sp, and Sy are Lipschitz

surfaces. The proofs can be performed verbatim.

Corollary 3.4 Let S, Sp, and Sy be Lipschitz surfaces and QQ € H. Then the operator (3.7)

is isomorphism and, consequently, equation (3.6) is uniquely solvable in the space H.

Proof. The proof immediately follows from Lemma 3.2 and the well-known Lax-Milgram

theorem. [ |

Remark 3.5 From Corollary 3.4 it immediately follows that the adjoint operator B* to the
operator (3.7) is isomorphism as well. Moreover, using the arguments employed in the proof

of Lemma 3.2, one can show that the operator B* is coercive as well.
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3.2 Existence theorem for Lipschitz domains

Now we are in a position to formulate the following existence theorem in the space [Ha(2)]*

for Lipschitz domains.

Theorem 3.6 Let 2 be a domain with Lipschitz boundary S and let Sp and Sy be a Lipschitz
dissection of S. Let the boundary data in the Dirichlet and Neumann type boundary conditions
satisfy the inclusions (2.14) with p = 2,

7 e [BiySp)' = [Hi(5p))", Fe [Byj(sw]' = [H; ()"

Then the mized BVP (2.11)-(2.13) possesses a unique solution U € [Hy(Q)]* = [Bj,(Q)]*

which can be represented by the linear combination of single- and double-layer potentials (3.1),
~_1 ~1

where the density vector functions h € [HQ 2 (SD)]4 and g € [H22 (SN)]4 solve the system of

boundary integral equations (3.3)-(3.4).

Proof. The proof directly follows from representation (3.1), Lemmas 3.1 and 3.2, Remark

3.3, Corollary 3.4, and the uniqueness Theorem 2.3. |

Remark 3.7 [t is evident that for the mized exterior BVP (2.15)-(2.18) we have a similar
existence theorem. First of all, note that the exterior problem has at most one solution, which
follows from the decay condition (2.18) and the Green identity (3.9). Moreover, if we look
for a solution U to the exterior problem (2.15)-(2.18) in the form (3.1), keeping in mind
the inclusions (3.2), we arrive again at the uniquely solvable boundary integral equations
(3.3)-(3.4). Therefore, the mized exterior BVP (2.15)-(2.18) is uniquely solvable and the
solution vector is representable in the form (3.1) satisfying the inclusion U € [BL(Q7)]* C
[H 1, (27)]* = [Bg10.(27)]*

3.3 Existence theorem for smooth domains and regularity results

In what follows, we assume that the boundary S is sufficiently smooth (C*°-smooth say) and
show existence of solutions to the mixed BVPs in the Besov spaces. This gives us possibility
to analyse almost optimal regularity properties of solutions near the collision curve £.

Let

a1 = min{a,a; }, a2 =max{aj,a;}, (3.22)
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where aF and a3 are defined in Appendix C (see (7.4), (7.5)). Due to (7.6) we have

L]
——<a <a —.
g ~ TIN5

It is evident that Theorems 7.1-7.5 remain valid if the numbers aic and a%t are replaced by

the numbers a; and as respectively.

Theorem 3.8 Let S € C* and the Dirichlet and Neumann boundary data satisfy the con-

ditions:
4 — 4
Fe[Byo(Sp)]", Fe[B3(Sv)], p>1, (3.23)
with
—jtaa<s—1L<idta, (3.24)
s>2-4, s>3. (3.25)

Then the system of pseudodifferential equations (3.3)-(3.4) is uniquely and unconditionally

solvable, and for the solution vector functions h and g the following inclusions hold:
s—1 4 =3 4 -3 4
h e [Bp,Q (Sp)]” € [Hy *(Sp)]” = [Bys (Sp)] ", (3.26)

§Q(SN)}4. (3.27)

g€ [Ba(sn)]"  [H (Sw)]* = [B

Proof. Note that if

2 2
l<pg<oo, 1<r<oo, —co<t<s<oo, s——2=21t——,
p q
then
S * t * s * t *
H3(S%) € HUS®), BS,(S") C BL(S"), (3.28)
where S* € {S,Sp, Sn} (see [Trl, Section 4.6]).
Therefore, if the inequalities (3.25) hold, then
s—1 4 -3 4 -3 4
[B,2 (Sp)]" € [By3(Sp)]” = [H, *(Sp)], (3.29)
s 4 i 4 1 4
[Bpa(Sn)]™ € [B3o(SN)]" = [HF (Sv)], (3.30)

and in view of (3.23) we have that the vector functions f and F' satisfy also the following
inclusions:
1 4 1 4
f e [B3,(Sp)]" = [H3 (Sp)]", (3.31)

1

Fe[By3(sn)" = [Hy *(50)]* (3:32)

18



Due to Corollary 3.4 the system of integral equations (3.3)-(3.4) with the right-hand side
vectors f and F satisfying the inclusions (3.31) and (3.32), is uniquely solvable in the space
H, i.e.,

~_1 ~ 4

~_1 4 _1 4 1 4 ~1
he [Hy?(Sp)]” = [By3(Sp)]", g€ [HF(Sy)] = [B3,(Sn)]"
Let us construct the vector functions UM and U®?) using the solutions h and ¢ as densities:

UN(z) = =V(h)(z) + W(g)(x), xzeQt, UWD e[HI QD (3.33)

U (@) = =V(h) (@) + W(g)(x), zeQ . UPe[BLOQ)'C [Hyp ()] (3.34)

Now, on the one hand, since (h,g)" is a solution pair of the system of integral equations
(3.3)-(3.4), in accordance with Theorem 3.6 and Remark 3.7, it is evident that U™ and U(?)
defined by (3.33) and (3.34) are unique solutions, respectively, to the mixed interior BVP
(2.11)-(2.13) and mixed exterior BVP (2.15)-(2.18) with the same Dirichlet and Neumann
data, f and F. On the other hand, the mixed interior and exterior BVPs with the same
boundary data f and F' satisfying inclusions (3.23), have unique solutions belonging to the

s+l stl
spaces [Bpj;"(Q"’)]4 and [B o (27)]* in virtue of Theorems 7.4 and 7.5 in Appendix C

p,2,loc
if conditions(3.23)-(3.24) are satisfied. Therefore, due to the uniqueness of solutions to the
interior and exterior mixed BVPs the vector functions defined by (3.33) and (3.34) satisfy
also the inclusions

+1\14 (2) sty
@, Uv¥elB

1 sty
U( ) € [B ! p,2,loc

0.2 (]l (3.35)

From (3.33), (3.34), and (3.35) we find
U U} =g e [Bro(sw)', {TUDY —{TU®} =he[B5'(Sp)]",
which along with (3.28), (3.29), and (3.30) complete the proof. |

Remark 3.9 The arguments applied in the proof of Theorem 8.8 imply that if conditions
(3.23)-(3.25) hold, then the following operator is invertible

B [By3' (Sp)* x [Bya(Sn)I* = [B2(Sp)]* x [Bys' (Sn)]*,
where B is defined in (3.5).

Now, we can prove the following assertion about existence of solutions to mixed BVPs and

their regularity properties.
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Theorem 3.10 Let conditions (3.23)-(3.25) be satisfied.
(i) Then the interior and exterior mized BVPs have unique solutions UM in QF and U?) in

O™, respectively, belonging to the following spaces:

v e [HIO)]) N [B;ﬁ(m)]“, (3.36)
lﬂme[BLKFH4HUQMAQUFH[QZ%JQWF. (3.37)

The solutions are representable in the form of linear combination of the single- and double-
layer potentials (3.1), UV = —V (k) + W(g) in QT and U® = —V(h) + W(g) in Q~, where
the density vector functions h and g solve the system of integral equations (3.3)-(3.4) and
belong to the spaces (3.26)-(3.27).
(i) If, in addition to (3.23)-(3.25),

1 1 1
2 27 2 9 a g a - ) .
P a; =0 5 s<2+p+a1 (3.38)
then the following inclusions hold:
R _
U = ~V(R) +W(g) € [m3@9)]) N [B,," (@] < [¢"@D)]", (3.39)
4 4 sto 4 =14
U(Q) = _V(h) +W(g) € [BL(Q )] N [H%,IOC(Q )] N [Bp,Q,Il)oc(Q )] - [Ct(ﬂ_)] ) (340)
~s 4 4
g€ [ p,2(SN)] C [Ct(s)] y Tsy9 =0, (3.41)
where
=it (3.42)
5 1 » . .
(iii) If, in addition to (3.24)-(3.25),
—l< <0, 4< <—i 0<1—2< —g<1—1+ (3.43)
4 aq 5 P al, 9 D XS P 9 D aj, .
then the following inclusions hold:
S 1 —_—
UM = —V(h)+ W(g) € [H}QN] N [B,r(@N)]* ¢ [c1@n))", (3.44)
4 _\14 sto 14 =14
U® = —V(h) +Wl(g) € [BLOQ)]" N [Hy10e(27)]" 1 [B, 57, (27)]" € [CHQ7)]", (3.45)
= 4 4
g€ [ pQ(SN)] C [Ct(S)] ; Ty 9=0, (3.46)
where
1 2 2 1 1



Proof. The first part of the theorem directly follows from Theorem 3.8, Remark 3.9, and
mapping and jump properties of the single- and double-layer potentials (see Theorem 5.1 in
Appendix A).

To prove the second and the third parts of the theorem, let us recall that (see [Tr1, Section
4.6])

B (S) CCT(S), B, (Q)cC(®), (3.48)

2 3
l<p<oo, 1<qg<oo, 720, r>74+—, 120, s>t+ —,
p D

where C!(Q2) and C7(S) with ¢ > 0 and 7 > 0 denote the Zygmund spaces, which for non-
integers ¢ and 7 coincide with the Holder spaces with smoothness indices ¢ > 0 and 7 > 0.

Note that if t and 7 are not integers, then in (3.48) we can take 7 =r — % and t =5 — 3.

p
~ s+1 s+1

Therefore, from the inclusions g € [B;”Z(SN)]{ UAONS [Bp;”(Q*)]{ U® e [BPT;’ZOC(Q_)]{

and inequalities (3.38) and (3.43), we obtain the regularity results (3.39)-(3.42) and (3.44)-

(3.47).

4 Existence results in the spaces [H,(Q)]* and [H},,.(Q7)]*

Jloc

Finally, we consider the mixed interior and exterior BVPs, respectively, in the spaces

[Hy ()] = W, ()" and [Hy, (Q7)]" = [W,

piloc ploc(Q_)]4 assuming that the Dirichlet and

Neumann boundary data in both cases are the same and satisfy the conditions:

1-1 4 _1 4
f€ By’ (Sp)]", Fe[Bpp(Sn)], p>1 (4.1)
Using the above described approach based on the representation (3.1) we again arrive at the
system of integral equations (3.3)-(3.4) with right-hand sides satisfying inclusions (4.1).
Introduce the notation (cf. (3.22))

af = minfaf,.ar.}, a3 = max{a .z}, (4.2)

where a3, and a3, are defined by (7.12) and (7.13) in Appendix C (see Remark 7.6). Due to
(7.14) we have

1
—§<GT<CL;<

N =
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It is evident that Theorems 7.1-7.5 and their counterpart theorems for the ”adjoint” operators
and mixed BVPs remain valid if the numbers af, a2i and ai, aét* are replaced by the numbers
a1, az and aj, a; respectively (see (3.22) and (4.2)).

Now we prove the following assertion.

Theorem 4.1 Let inclusions (4.1) hold with

4 4
3+2at P S 1-2a;

where ay and af are defined in (3.22) and (4.2) respectively.
(i) The system of integral equations (3.3)-(3.4) is unconditionally uniquely solvable and solu-
tion vector functions satisfy the inclusions:

~1-1

h e [E;I)%(SD)]4, ge [Bp,pp(SN)]4'

(ii) The operator

~1 ~1-1 4

B : [Bypp (Sp)]" % [Bpp” (Sn)]

1

— [Byp" (S0)]* % [By (Sx)]

=

4 (4.3)
is invertible.
(iii) The mized interior and exterior BVPs possess unique solutions, UD and UP, which

are representable by formula (3.1) and

v e who) = [H )]

P ) U(2) € [W]z},loc(Q_)]4 = [H;,loc(Q_)]Ll‘

Proof. It isevident that due to Theorem 5.2 the operator 5 defined in (3.5) has the mapping
property (4.3) for arbitrary p > 1.

It can be easily checked that

4 <2< 4
3+ 2a} 1—2a1

For p = 2 the theorem is true even for Lipschitz domains due to Corollary 3.4, Theorem 3.6,
and Remark 3.7.
Now, let us consider the case

2<p<

. 4.4
1-— 2(11 ( )
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Then the inequalities (3.24)-(3.25) with s =1 — % are satisfied if
1

1—2aq 1 3—2a 1 1
> < - < = 4.5
p 4 7 p 4 7 p 2 (45)
which is equivalent to the relation
1—2aq 1 1
- < = 4.6
I <<% (4.6)

since the third inequality in (4.5) implies the second one. Evidently, (4.6) is the same as
(4.4).
Note that the following inclusions are valid (see [Trl, Section 4.6]):

1-5 1-2 1-1—¢ 1—-1_¢
1 1
C B3,(Sp) = Hy (Sp), p>2, (4.7)

1 1 1 1,

By j (Sn) C Bp&(Sn) C B,{ (Sy) C B3 (Sn)C

_1 1
C Bys (Sn) = Hy *(Sn), p>2, (4.8)

where € is an arbitrarily small positive number. One can take 0 < € < %.

Therefore, if f € [B;,;%(SD)]4 and F € [B;p% (SN)]4 with p satisfying (4.4), then in
view of embedding relations (4.7)-(4.8) and Corollary 3.4 the system of pseudodifferential
equations (3.3)-(3.4) is uniquely solvable in the space H and for the solution (h, g)T we have

the inclusions:
=—3 1 _ 3 4 ~1 4 =l 4
h e [32,2 (SD)] = [HQ (SD)] /S [32,2(SN)] = [HQ (SN)] .
Therefore, on the one hand, for the unique solutions U®) and U® to the corresponding
interior and exterior mixed BVPs with the boundary data (4.1), there hold the representations

and inclusions (3.33)-(3.34).

4 _ 1 . R | 1,1
On the other hand, for 2 <p < =5~ and s =1 — 5 the inequality 52 <s<;+3

is satisfied, and due to Theorems 7.4-7.5 in the Appendix C, the interior and exterior mixed
BVPs are uniquely solvable in appropriate Bessel potential and Besov spaces. Consequently,

in accordance with the uniqueness theorems we have the inclusions

UM e [HYAO] N [BL@]" = [HA@)]" = W), (4.9)
U® € [HY 1o )] () [BLpioe(@7)]" = [Hp 10e(Q7)] " = [Whe(@7)] " (4.10)
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Here we employed the embedding relations

B;,min{lp}(g) = H;(Q) C B;,max{Zp} (Q)7 s € Ra p> 2>

implying
H;(Q) = W;(Q) C le),p(Q)7 le,loc(Q_) = W]},loc(Q_) - B;,p,loc(Q_)'

Note that the traces on S of elements from both spaces H(Q) = W, () and B} ()
1—-1 1-1
belong to the Besov space By ,” (S) = W, *(S) assuming p > 1.
Due to the well-posedness of the mixed BVPs under consideration (see Appendix C) we

have the following norm estimates

WY g g T IHT@emUDYT

Byy” (S)] 7 (s
<o (Il s W+ IFl o), (4.11)
( [Byy” (50)]" [Bp,;’(w)
HU@Y | or 4 {T (8 n)UP | 1
[Byy” (S)]4 By g (S))
<G (I 51 +IF| s , (4.12)
( [Byp” (Sp))4 By.f <SN>14)

with some positive constants C; and C5 .
Therefore, with the help of relations (4.7)-(4.8), inclusions (4.9)-(4.10), and representation
formulas of solutions (3.33)-(3.34) we have

_ ~_1 1 1
h={TUW} —{TUO} € [Hy (S0)]" () [Buf (Sp)]" = [Buf (Sp)],
g={UD}Y —{UD}" e [ (0] () [Brp” (S0)]"* = [Bpp” ()]

and in view of (4.11) and (4.12) we deduce
O =S (O L T, §
(Bp.p (9)]* [Bpp" (9)]* (Bp.p® (Sp)]* [Bp.p (Sn)]*
where Cs is a positive constant.
This yields that the operator (4.3) is invertible for p satisfying (4.4). Thus, the theorem is
true if p satisfies condition (4.4).
Now, let us consider the case

<p<2 (4.13)

3+ 2a]

24



Here we will use the well known fact that a linear bounded operator T : By — Bs between
reflexive Banach spaces By and Bs is invertible if and only if its adjoint operator T* : B; —
By is invertible. Here Bj is the adjoint space to Bj, j = 1,2 (see, e.g., [KaAk, Ch. XII,
Theorem 4, Theorem 5)).
We recall that all the Besov and Bessel potential spaces involved in our analysis are reflexive
Banach spaces.
The adjoint operator B* to the operator B has the following structure (see, (3.5))
P —rg, M —rSDIE*

re K* sy LF 66

In accordance with Remark 5.4 in Appendix A we have the following mapping property for

the adjoint operator to the operator (4.3)

« . (B 7 4 ~1—g 4 1-4 4 -2 4
B* : [Bq,q (SD)] X [quq (SN)} - [Bq,q (SD)] X [Bq,q (SN)] (4.14)
1,1 _
where 5t = 1.
Note that if p satisfies condition (4.13), then ¢ = p%l satisfies the inequality
2<qg< . 4.15
151 o0 (4.15)

Consider the interior and exterior mixed BVPs in Q = Q1 and Q~ for the adjoint operator

A*(0,) in the spaces [Hj(Q)]* and [H]

q,loc(Q_)]4 with the same Dirichlet and Neumann data

f*and F* on Sp and Sy, respectively, satisfying the conditions
. -2 4 . —4 4
fr€[Bgq"(Sp)]", F* € [Bed(Sn)]", a>1. (4.16)

We look for solutions to these mixed BVPs again in the form of linear combination of the

single- and double-layer potentials (cf. (3.1)),
U*(x) = =V* () (z) = W*(g")(x), =€ QF,
assuming initially that the density vectors h* and g* belong to the following spaces:
* * 1k 1k 1ok [ ~_% 4 * * k% kN[ ~% 4
h* = (h, hy, b3, hy) € [HQ (SD)} ) 9 =(91,92,93,91) € [ 2 (SN)} .
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Then both the interior and the exterior mixed BVPs under consideration are reduced to the

same integral equations:

~H*h —K*¢* = f* on Sp, (4.17)
K*h*+ L*¢"=—F" on Sy, (4.18)
ie.,
B*®* = G¥,

with ®* = (h*, g*)T and G* = (f*, —F*)T.

Due to Remark 3.5, the adjoint operator (4.14) is isomorphism for ¢ = 2.

Further, by the word for word arguments employed above in the case 2 < p < ﬁ, one
can prove that the system (4.17)-(4.18) with the right hand side vectors f* and F* satisfying

inclusions (4.16) is unconditionally uniquely solvable, and
x % N_% 4 Nl_% 4
(h*,g") € [Bgd (Sp)]" x [Bgg" (SN)]

if ¢ satisfies condition (4.15).

Moreover, there is a constant C > 0, such that

157l g7l 4 <C§‘<||f*H o I

[5,4(9) [514%(5)] [Bya® (50)] (5,8 (5] )
Consequently, the operator B* in (4.14) is invertible if ¢ satisfies condition (4.15). Therefore,
the operator (4.3) with p satisfying the relation % + % = 1, as the adjoint operator to (4.14),
is invertible under the same condition (4.15). In turn, condition (4.15) for the parameter
p= q%l implies the inequality (4.13).

So, the operator (4.3) is invertible under the condition (4.13).

Thus, the items (i), (ii), and (iii) of the theorem hold true for the values of the parameter

p satisfying (4.13). This completes the proof. |

5 Appendix A: Layer potentials and their mapping properties

26



Denote by I'(-) = [Ty;(-) ], , the fundamental matrix of the operator A(d,) (for details,
see [Jol], [BG1], [McLean], [BCN2]),

2m
M) = P, (47 )] =~ [ 1A as (5.1
0

where F~! is the generalized inverse Fourier transform operator, A = [Akj]3x3 is an orthogo-
nal matrix possessing the property ATz = (0,0, |z|)7, and 7 = (cos6,sin®#,0)". The entries
of the fundamental matrix I'(z) are real valued even functions having singularities of type

O(|z|™!) in a neighbourhood of the origin and at infinity decay as O(|z|~!). Note that
A(O)l(x —y) =0z —y) Ly, D(x-y)=T(y—a),
Fk](x_y):F]k(x_y) for jvk:172737 F4j(x_y) :—F]4(x—y) for j:112737

where I, stands for the 4 x 4 unit matrix and §(-) denotes Dirac’s delta function.

Let us introduce the single- and double-layer potentials:

V(h)(z) = /F(x —y) h(y)d,S, x €R3\ S, (5.2)
S

W (g)(x) = / [T @y )T (— )] 9(y)dyS, =€ R3\ 5, (5.3)
S

where h = (hy,ha, h3,hs)" and g = (g1,92,93,94) " are density vector functions defined on
S = 90 and the boundary operator T (d,n) is defined by (2.22) and (2.23).

For the readers convenience, here we collect some results concerning the layer potentials
and the corresponding boundary integral operators generated by them. The proofs of the
theorems can be found in the references [BG1], [BCD1], [BCNS1], [BCN2|, [CW1], [DNS1],
[NCS1], [Sel].

Theorem 5.1 Let S € C*, 1 <p<oo,1<t< o0, and s € R.

(i) The operators

viBsS)] = (@], v BRI = (B @)]

W BLS) o (@], W [BL9)] - (B @)Y

are continuous.

(ii) For h € [B;;%S)]Zl and g € [B]‘jjt(S)]4 with 1 < p < oo, 1 <t < oo, and s > 0, the
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following jump relations hold:

{V(n } ={V(h)}  =Hh on S,

(TOMVMH)Y =[F 5L+K]h on S,

{ (g } [ + 1 5 1y + IC} on S,

{ T(0,n)W(g) } Z{Tﬁ,n (g)}fzzﬁg on S,

where T(0,n) is the generalised boundary stress operator given by (2.9)-(2.10) and H, K, K,

and L are the boundary integral (pseudodifferential) operators generated by the single- and

double-layer potentials:

H(B) (@) = / T(z—y) hy)d,S, €5, (5.4)
S

K(h)(z) = / [T(@0sn(@))T(@ — )] h(y)d,S, €S, (5.5)
S

K@)a) = [ [T@un)I @~ 0)]  gl)d,S. we s, (5.6)
S

L(g)(x) == { T(9a,n(2))W(g)(x) }*, z€S. (5.7)

The boundary operators H and L are strongly elliptic, but not formally self-adjoint pseu-
dodifferential operators of order —1 and 1 respectively. Their principal homogeneous symbol
matrices are strongly elliptic. The operators I and K are Calderon-Zygmund type singular

integral operators (pseudodifferential operators of zero order).

Theorem 5.2 Let S e C®, 1 <p< oo, 1 <t<oo, se€R. The operators

H[m )] o [18)]Y e [BE)] - [Bus)]
K :[H ()] = [HS)]Y, KK [B(S)]" = [B.(9)]",
L[B! = [H7US)]), £ [B(9)] = [BU(9)],
are continuous.
The following operator equalities hold in appropriate function spaces:
KH=HK, LH=-L+K HL=-1L+K. (5.8)
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Theorem 5.3 There is a positive constant c¢1 such that

Re (—Hh, h)g > c1 || h]?

|:H2—1/2(S):|4 (5.9)

for any complex-valued vector function h € [H_l/Q(S) ]4.

The operators

4

e [H(9)] = [Hy(9)]* '

4

H: (B ') = [Bs.(9)]",

are invertible for all 1 < p < oo, 1 <t < oo, and s € R.
Let U € [WHQ)* = [HY(Q)]* with 1 < p < 0o be a solution to the homogeneous equation

A(0,)U =0 in Q. Then U can be represented in the form of the single-layer potential
Ul)=V (1] H{U}) (x), zeq. (5.10)

The same representation holds also for a solution U € [Bz%,t(Q)rl with 1 < p < oo and
1<t <o0.

Similar representation is also valid in the domain Q~,
Ul)=V ([H]H{U})(z), zeqQ, (5.11)
and the vector function defined by (5.11) belongs to the Beppo-Levi space in Q.

If ©Q is a Lipschitz domain, then some of the above formulated mapping properties of
the layer potentials and the corresponding boundary integral operators still hold true (cf.
[Agl], [Ag2], [Col], [DoM], [Gao], [McLean|, [MeMi], [Nel], [Ver]). In particular, in the case
of Lipschitz domains Theorems 5.1, 5.2, and 5.3 are true with p = ¢ = 2, and s = —1/2,

and the boundary integral operators H, l%, K, and £ have the following continuous mapping

properties:
Mo [Hy 2 (9)] — [HE(S)] (5.12)
£:[H7(9)]" = [Hy2(9)]",
K: (1 (9)]" - [HE(9)]",
c:[H3(9)]) = [, 2(5)]"

Moreover, the coercivity property (5.9) for the operator H remains valid, and hence the op-

erator in (5.12) is invertible for Lipschitz surfaces. Therefore, for a solution U € [W}(Q)]* =
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[H2(2)]* to the corresponding homogeneous differential equation A(9,)U = 0, the integral
representation formulas (5.10) and (5.11) are valid. Note that the operator equalities (5.8)

also remain valid in the corresponding function spaces.

Remark 5.4 It is evident that T*(z) = ' (—2) = T'"(z) is a fundamental matriz of the
formally adjoint differential operator A*(9) = AT(—0) = AT(9) (see (2.8)).

All the above formulated mapping properties in the cases of smooth and Lipschitz domains
are also valid for the corresponding "adjoint” single- and double-layer potentials constructed

by the fundamental matriz T*(z —y) =TT (z — y):

Vi) = [ - 9) ) S, @€ B\ S
S

W*(g)(x) = / [T @y, n(y) T (@ —y)]" ]

S

" g(y)d,S, xR\ S,

and for the boundary integral operators generated by them:

1 (h)(z) = / I*(z —y) h(y) d,S, €S, (5.13)
S

K*(h)(z) = / [%(ax,n(x))F*Q —y)] hy)d,S, =z€S, (5.14)
S

Ro(@)e) = [ [T, @ - )" ] " ) dys, w5,

T (e n(@)W*(g)(2) }*, 2 €S

[
*
—~
NS
~—
—~
8
~
Il
= n

One can easily check that the operators H*, K*, IE*, and L* are formally adjoint operators
toH, K, IE, and L respectively.

We have the following jump relations for the ”adjoint” layer potentials:

V'™ ={vm} =nh on s

(TOmV Y = [FiL+K]h on S,

(W)} =[+4L+K*]g on S,

{(TOnW*g)} = {TO.nW*(g)} =L*g on 8.
Further, the operators H* and L* have the same mapping properties as the operators H and
L respectively, while K* and KC* have the same mapping properties as the operators K and K

respectively (see Theorems 5.1, 5.2, and 5.3). Moreover, any solution U* € [W,(Q)]* with
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1 < p < oo to the homogeneous equation A*(0,) U* = 0 in Q can be represented in the form

of the single-layer potential
U(x)=V* ([H*]_l{U* }+) (x), xe€Q, (5.15)

where { U* } T is the trace of U* on S = 0.

6 Appendix B: Pseudodifferential equations on manifolds

with boundary

Let M € C* be a compact, n-dimensional, nonintersecting manifold with boundary
OM € C* and let A be a strongly elliptic N x N matrix pseudodifferential operator of order
v € R on M. Denote by &(A; x, ) the principal homogeneous symbol matrix of the operator
A in some local coordinate system (x € M, & € R"\ {0}).

Let Ai(x), -+, An(z) be the eigenvalues of the matrix
[S(A;x,0,--- ,0,+1)]*1[6(A;:1:,O,-~ ,0,—-1)], x €M,
and introduce the notation
6;j(z) =Re[ (2md) ' InAj(z)], j=1,---,N.

Here the branch in the logarithmic function In7 is chosen with regard to the inequality
—r<argT <m, j=1,---,N.Due to the strong ellipticity of A we have the strong inequality
—1/2 < §j(z) < 1/2 for x € M.

Fredholm properties of strongly elliptic pseudodifferential operators are described by the

following assertion ( see, e.g., [Eskl], [Grbl], [Sh1]).

Theorem 6.1 Let s€ R, 1 < p < oo, 1< q<o0, and let A be a strongly elliptic pseudodif-

ferential operator of order v € R, i.e., there is a positive constant cy such that
Re[&(A;z,€)¢ - ¢] = e ¢

forz € M, £ € R™ with |£] =1, and ¢ € C™.
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Then the operators

A [HI MY — [H (M), (6.1)
A o [Bs (MY — [BE(M)IY, (6.2)

are Fredholm operators with index zero if

1 v 1
— -1+ su bilz)<s— =< =+ inf 0i(x). 6.3
p xea/\/t,lpgjgN (@) 2 T p  zedM,I<j<N () (6.3)

Moreover, the null-spaces and indices of the operators (6.1) and (6.2) are the same (for all

values of the parameter q € [1,400]) provided p and s satisfy the inequality (6.3).

Remark 6.2 [t is evident, that if the principal homogeneous symbol matriz S(A;x,§) is
positive definite, then all eigenvalues \; are positive numbers and all the numbers 0; equal to

zero. Therefore, the condition (6.3) simplifies and takes the form

1 v 1
-l <s—- <=
P 2 p

7 Appendix C: Qualitative properties of mixed BVP of

piezoelasticity

Here we present the results obtained in [BCN2] about qualitative properties of solutions to
the interior and exterior mixed BVPs. These results are obtained by a different method
which is based on the representation of solutions by formulas (5.10)-(5.11) leading to the
pseudodifferential equations with the Steklov-Poincaré type operators containing the inverse
single layer boundary operator which is not available in explicit form (for details see [BCN2,
Chapter 5)).

The Steklov-Poincaré type operators for the interior and exterior domains are defined,

respectively, by the relations:
AT = (27" L+ )R, A =-2 'L+ K (7.1)

They are pseudodifferential operators of order 1 in view of Theorems 5.2 and 5.3.

HSelC® 1<p<oo 1<t< oo, and s € R, then the operators are continuous in the
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following setting:

At [BS

s ()] = (B (9)] (7.2)

A 2 [B(9)]" = [Bs(9)]"

s (7.3)

Using the Green formulas (2.25) and (3.9) along with (2.27) for the vector function U =
1
V(Htg) with g € [HZ(9)]%, we get

/ E(U,U)dz = (A*g, g),,
Qi

implying that the principal homogeneous symbol matrices of the Steklov-Poincaré type op-

erators AT,
6("4i;x7§17€2) = 6(_271[4 + ﬁ;x7€17§2) 6(%71;.’13,51,52), MRS S7 (61752) € RQ?

are strongly elliptic symbols. Consequently, the operators (7.2) and (7.3) are strongly elliptic
pseudodifferential operators with zero index.

Denote the eigenvalues of the matrices
M* = [S(A%; 2,0,+1) |71 &(AT;2,0,-1), z e,
by /\;E(x), j=1,2,3,4, and put

5%(x) = Re[ (2r i) In A5 (2)] = o arg AE(x) € (— L %), j=1,2,3,4,  (74)

af = inf  6F(x), aF = sup 6F(2). (7.5)

el 1<5<4 J z€l,1<5<4 J
The last inclusion in (7.4) follows from the strong ellipticity property of the Steklov-Poincaré
type operators. Evidently,

1 1 1 1
*§<CLT<CL;<§, f§<af<a2*<§. (76)

In accordance with Theorem 6.1 and Remark 6.2 in Appendix B, we have the following

assertions (cf., Subsection 5.7 in [BCN2]).

Theorem 7.1 The operators

roy AT o [Hy(SM))' = [Hy TN (W],

N

rey AT 1 [Bp SVt = By (SWIY t2 1,

N
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are invertible if

1 1 1
*§+a2i<s—];<§+ali.
Theorem 7.2 Let
(D) -3 g 4 (V) -3 4
e [Bp,p (SD)] ) F7e [Bp,p (SN)] ) (7.7)
and let
4 4
—_— << —. 7.8
3-2af VS 1-24f (7:8)

Then the mized interior boundary value problem (2.11)-(2.13) has a unique solution U €

[T/V][}(QJF)]4 which is representable in the form of single-layer potential,

U=VH (I + 1),

where f(€) € [B;,_pl/p(S)}4 is a fized extension of the vector function fP) e [B;’;I/Z)(SD)]4
from Sp onto S preserving the functional space and f € [ ;l,pl/p(S’N)] is defined by the

uniquely solvable pseudodifferential equation
Tsy At f: FO on Sy

with
e _ 4
FO =FM —p AT £ [B,1/P(Sy)]".

Theorem 7.3 Let conditions (7.7) be fulfilled and

4 4
— <p < —.
3 — 2a, 1—2a;

(7.9)

Then the mized exterior BVP (2.15)-(2.18) has a unique solution U € [WplloC

(Q7)]* which is

representable in the form of single layer-potential,
U=-V(H(f+ 1),

where f(€) e [B;fpl/p(S)rl is a fized extension of the vector function f(P) e [lel,;l/p(SD)]4
from Sp onto S preserving the functional space and f € [ ;pl/p(SN)] is defined by the
uniquely solvable pseudodifferential equation

Ty A f=FO on Sy

N
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with
FO = FY —p A7 £ e [BolP(SN)) "

Theorem 7.4 Let inclusions (7.7) and inequality (7.8) hold and

1 n 1 1 n
—§+a2 <s—;<§+a1, 1 <r<ooc.

Let U € [W, (27)]* be a unique solution to the mized interior BVP (2.11)-(2.13).

Then the following statements are true:

(i) 1f
fP e B, Sp)t FN e B (Sw)],

1
then U € [Hﬁ+r(§2+)}4;
(i) If
P e Byy(Sp)t,  FMe[BiN(Sh)]Y, 1<t< oo,
then

Ue B,

r,

(iii) If « > 0 and

then

where 0 < k = min{a, 3+ af}.

Theorem 7.5 Let inclusions (7.7) and inequalities (7.9) hold, and

1 _ 1 1 _
—§+a2<s—;<§+al, 1 <r<oo. (7.10)
Let U € [WI}JOC(Q*)]4 be a unique solution to the mized exterior BVP (2.15)-(2.18).

Then the following statements are true:

(i) If
P e B, Sp)t FN e B (Sh)IY
then U € [HS—F%(Q_)]A‘;

r,loc
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(ii) If
then

(iii) If &« > 0 and

then

where 0 < k = min{e, 3+ aj }.

Remark 7.6 Similar theorems are valid also for the mized interior and exterior BVPs for
the adjoint operator A*(D). In particular, the interior mized BVP for the operator A*(0) is
formulated as follows: Find a vector function U* € [VV;(Q)]4 = [H;(Q)]{ q > 1, satisfying
the differential equation

A*(0,) U*(x) =0 in £,
the Dirichlet type boundary condition on Sp
{U(2)}" = f*(z), x€Sp,
and the Neumann type boundary condition on Sy
(T@.nU* ()}t = F*(z), =€ Sy,

where
* 1_% 4 * _% 4
fre [Bq,q (SD)] , FTe [Bq,q (SN)] .
The exterior mized BVP is formulated analogously with additional decay condition at infinity
similar to (2.18).
The Steklov-Poincaré type operators associated with the adjoint differential operator A*(9)

for the interior and exterior domains are defined, respectively, by the relation:
AfF = (=27 L+ K [H)Y, A =7 L+ K R (7.11)
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where the operators H* and K* are defined by (5.13) and (5.14). These operators are strongly
elliptic pseudodifferential operators of order —1.

Denote the eigenvalues of the matrices
M;t = [6(A*iv l',O, +1) ]_1 G(A*:tv .’E,O, _1)7 T e E’
by Aﬁ(m), j=1,2,3,4, and put

@i@ﬁ::ReKQWﬂ_”nAﬁﬁw]::%ﬁugAﬁfx)e(——%%),j::L2ﬁi4, (7.12)

+ . " + N
a1 = IEK,I{ISf]’SZL 6]*(56)7 Aoy = xeg?;lgjgll 5]*(1') (713)
Evidently,
1 1 T 1
"9 <aj, <az, < 3 g <ap, < ay, < 5 (7.14)

The Steklov-Poincaré type operators (7.11) have the same mapping properties as their
counterpart operators (7.1) described in Theorem 7.1 with aE, and a3, for at and ai respec-
tively. Therefore, assertions similar to Theorems 7.2, 7.8, 7.4, and 7.5 with ali* and ai for

aiﬁ and aét, respectively, hold also true for the above formulated interior and exterior mized

BVPs for the adjoint operator A*(J).
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