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Abstract

We study a mixed boundary value problem (BVP) arising in the linear theory of

piezoelasticity. The Dirichlet boundary conditions, consisting of the prescribed displace-

ment vector and electric potential, are imposed on one portion of the boundary of the

body, while the Neumann boundary conditions, namely the mechanical traction vector

and the normal component of the electric displacement, are prescribed on the comple-

mentary portion of the boundary.

Employing the so-called alternative potential method, we look for a solution to the

mixed BVP in the form of a linear combination of single- and double-layer potentials,

with densities supported on the Dirichlet and Neumann parts of the boundary, respec-

tively. This approach reduces the original mixed BVP to a system of boundary integral

(pseudodifferential) equations that involves neither a Steklov–Poincaré type operator nor

the inverse of the single-layer boundary integral operator, both of which are not available

in explicit form. Moreover, within this framework, we do not need extensions of the

Dirichlet or Neumann boundary data to the entire boundary. The right-hand sides of

the resulting boundary integral equations coincide directly with the prescribed Dirichlet

and Neumann data of the original problem. We establish the invertibility of the associ-

ated matrix integral operator in suitable Bessel potential and Besov spaces and, on this

basis, prove the corresponding existence and uniqueness results for the mixed interior

and exterior BVPs under consideration. Finally, we investigate the regularity properties

of solutions in a closed neighbourhood of the collision curve where the different types

boundary conditions meet, and we obtain almost optimal Hölder continuity results. The

alternative potential method employed in this paper, based on an efficient representation

of solutions as linear combinations of layer potentials, provides a robust foundation for

the development of efficient numerical algorithms for mixed boundary value problems in

the theory of piezoelasticity.
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1 Introduction

Piezoelectric elastic materials play a crucial role in measurement and control devices,

electromechanical converters (transducers), piezoelectric stack actuators, and a wide range of

related technological applications. The first linear mathematical model of an elastic medium

accounting for the interaction between mechanical and electric fields was developed by W.

Voigt [Vo1], who derived the corresponding system of differential equations. Subsequently,

more refined models incorporating a polarization vector and its gradient were proposed by

R. Toupin, R. Mindlin, L. Knopoff, S. Kaliski, and J. Petikiewicz (see [To1], [Mi1], [Mi2],

[Mi3]). For an extensive collection of examples and further bibliographic references, we refer

the reader to [BCNS1], [Ka], [La1], [No1], [Pa1], [Qi1], and the references therein.

In this paper we study a mixed boundary value problem (BVP) arising in the linear

theory of piezoelasticity. The Dirichlet boundary conditions, consisting of the prescribed

displacement vector and electric potential, are imposed on one portion of the boundary of

the body, while the Neumann boundary conditions, namely the mechanical traction vector

and the normal component of the electric displacement, are prescribed on the complementary

portion of the boundary.

Employing the so-called alternative potential method, we look for a solution to the mixed

BVP in the form of a linear combination of single- and double-layer potentials, with den-

sities supported on the Dirichlet and Neumann parts of the boundary, respectively. This

approach reduces the original mixed BVP to a system of boundary integral (pseudodifferen-

tial) equations that does not involve either a Steklov–Poincaré type operator or the inverse

of the single-layer boundary integral operator, both of which are not available in explicit

form. Moreover, within this framework, no extension of the Dirichlet or Neumann bound-

ary data to the entire boundary is required. The right-hand sides of the resulting boundary
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integral equations coincide directly with the prescribed Dirichlet and Neumann data of the

original problem. We establish the invertibility of the associated matrix integral operator in

suitable Bessel potential and Besov spaces and, on this basis, prove corresponding existence

and uniqueness results for the mixed BVP under consideration. Finally, we investigate the

regularity properties of solutions in a neighbourhood of the collision curve where the different

types boundary conditions meet, and we obtain almost optimal Hölder continuity results.

The alternative potential method employed in this work, based on an efficient represen-

tation of the solution as a linear combination of layer potentials, provides a solid foundation

for the development of efficient numerical algorithms for mixed boundary value problems in

the theory of piezoelasticity.

It should be noted that the differential operator arising in the theory of piezoelasticity is

strongly elliptic but not formally self-adjoint. The present paper constitutes the first attempt

to develop an alternative potential method for mixed boundary value problems associated

with non-selfadjoint operators. For several elliptic self-adjoint operators, the alternative

potential method has been studied in various function spaces (see, for example, [McLean],

[NT1], [NT2], and [NMT1]).

The paper is organized as follows. In Section 2, we present the governing equations of the

linear theory of piezoelasticity, introduce the associated matrix partial differential operators

and generalized boundary stress operators, formulate the interior and exterior mixed bound-

ary value problems and prove the uniqueness theorems using Green’s identities. In Section 3,

using the alternative potential method, we reduce the mixed BVPs to a system of boundary

integral equations and show that the corresponding matrix integral operator is coercive in ap-

propriate function spaces for smooth and Lipschitz boundary surfaces. On the basis of these

results, we prove the existence theorems for solutions to the interior and exterior mixed BVPs

in Sobolev-Slobodetskii, Bessel potential and Besov spaces, and establish Hölder continuity

of solutions in a closed domain Ω occupied by the piezoelastic body. Finally, in Section 4, we

analyse the solvability of the mixed BVPs in the Bessel potential space H1
p (Ω) and specify

the admissible range for the parameter p.

For the convenience of the reader and to ensure the self-sufficiency of the article, we

present several well-known results together with some auxiliary new results in Appendices A,

B, and C, which are used extensively in the main text.
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2 Basic field equations, Green’s identities, and formulation of

the mixed BVPs

Let a piezoelectric anisotropic elastic body occupy a bounded three-dimensional domain

Ω = Ω+ ⊂ R3 with the simply connected boundary S = ∂Ω, which is divided into two

nonempty sub-manifolds SD and SN , S = SD ∪ SN . Denote by ℓ the common boundary

curve of these sub-manifolds: ℓ = ∂SD = ∂SN . By n = (n1, n2, n3) we denote the outward

unit normal vector to S. Denote by Ω− the complement of Ω to the whole space: Ω− = R3\Ω.

The symbols { · }+ and { · }− stand for the one-sided limits (one-sided traces) on S from Ω+

and Ω− respectively.

By Lp, W
r
p , H

s
p , and Bs

p,q (with r ≥ 0, s ∈ R, 1 < p < ∞, 1 ≤ q ≤ ∞) we denote,

respectively, the Lebesgue, Sobolev-Slobodetskii, Bessel potential, and Besov spaces of real

or complex valued functions (see, e.g., [Tr1], [Tr2], [BL]). Recall that Hr
2 = W r

2 = Br
2,2 ,

Hs
2 = Bs

2,2 , W
t
p = Bt

p,p , and H
k
p = W k

p , for any r ≥ 0, for any s ∈ R, for any positive and

non-integer t, and for any non-negative integer k.

Let us introduce also the spaces:

H̃s
p(S1) := {f : f ∈ Hs

p(S), supp f ⊂ S1},

B̃s
p,q(S1) := {f : f ∈ Bs

p,q(S), supp f ⊂ S1},

Hs
p(S1) := {rS1

f : f ∈ Hs
p(S)},

Bs
p,q(S1) := {rS!

f : f ∈ Bs
p,q(S) },

where S1 ∈ {SD, SN} and rS1
is the restriction operator onto S1.

Throughout the paper we assume that the boundary S, the sub-manifolds SD and SN , and

the curve ℓ are either sufficiently smooth (C∞ say) or belong to Lipschitz classes. The results

for domains with Lipschitz surfaces will be always singled out and formulated separately

in fixed function spaces with p = 2, in contrast with the smooth cases where we consider

problems in wider classes of function spaces.

Remark 2.1 Let a function f be defined on an open proper submanifold S1 of a closed

manifold S without boundary. Let f ∈ Bs
p,q(S1) and f̃ be the extension of f by zero to S \S1.

4



If the extension preserves the space, that is, if f̃ ∈ B̃s
p,q(S1), then we write f ∈ B̃s

p,q(S1)

instead of f ∈ rS1
B̃s

p,q(S1), when it does not lead to misunderstanding.

Note that B̃s
p,q(S1) and B

−s
p′,q′(S1) with

1
p+

1
p′ = 1 and 1

q+
1
q′ = 1 are dual spaces. Similarly,

H̃s
p(S1) and H

−s
p′ (S1) are dual spaces as well (for details see [McLean], [Mur], [Tr1], [Tr2]).

Therefore, for functions f ∈ B−s
p′,q′(S1) and g ∈ B̃s

p,q(S1) (resp., f ∈ H−s
p′ (S1) and g ∈

H̃s
p(S1)) the duality relation

〈
f, g

〉
S1

is well defined and it generalizes the classical L2-inner

product, 〈
f, g

〉
S1

=

∫
S1

f(x) g(x) dS1 for f, g ∈ L2(S1),

where the over bar denotes complex conjugation.

2.1 Field equations

The piezoelastic field U = (u, φ)⊤ =: (u1, u2, u3, u4)
⊤ in Ω is described by the displacement

vector u = (u1, u2, u3)
⊤ and the electric potential function φ = u4.

In the theory of elasticity of piezoelectric bodies the entries of mechanical stress tensor

σij (U), the components of electric displacement vector D (U), and the electric field vector

E(φ), respectively, read as:

σij (U) = cijlk slk (u) + ekij ∂kφ, i, j = 1, 2, 3, (2.1)

Di (U) = eikl skl (u)− εik ∂kφ, i = 1, 2, 3, (2.2)

Ei = −∂iφ, i = 1, 2, 3,

where ∂k = ∂
∂xk

, ∂x = (∂1, ∂2, ∂3), slk (u) =
1
2 (∂luk + ∂kul), k, l = 1, 2, 3, are elements of the

mechanical strain tensor. Here and in what follows, the summation over repeated indexes is

assumed from 1 to 3.

The components of the mechanical stress vector acting on a surface element with the

normal n = (n1, n2, n3) are evaluated by the formulas

σij ni = cijlk ni ∂luk + elij ni ∂lφ for j = 1, 2, 3,

while the normal component of the electric displacement vector (with opposite sign) is

−Di ni = −eikl ni ∂luk + εil ni ∂lφ.
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Here cijlk, ekjl, and εlk are the elastic, piezoelectric, and dielectric (permittivity) real con-

stants, respectively, satisfying the symmetry conditions:

cijlk = clkij = cijkl, ekjl = eklj , εlk = εkl, i, j, l, k = 1, 2, 3. (2.3)

Moreover, for arbitrary real ξij = ξji and ξ = (ξ1, ξ2, ξj) ∈ R3 the following inequalities hold:

cijlk ξij ξlk ≥ δ1 ξlk ξlk, εlk ξl ξk ≥ δ2 ξl ξl, (2.4)

where δ1 and δ2 are some positive constants depending only on the elastic, piezoelectric and

dielectric material parameters.

Due to the symmetry conditions (2.3) , with the help of inequalities (2.4), we easily derive

crjkl ζrj ζkl ≥ δ1 ζkl ζkl, εlk ζk ζj ≥ δ2 |ζ|2,

for all ζkj = ζjk ∈ C and for all ζ = (ζ1, ζ2, ζ3) ∈ C3.

(2.5)

The mechanical static equilibrium equations and the static electric field equation, respec-

tively, in the case of absence mass force and electric charge read as

∂iσij = 0, j = 1, 2, 3, (2.6)

−∂iD = 0. (2.7)

Using relations (2.1)-(2.2) from equations (2.6) and (2.7) we obtain the system of second

order partial differential equations of piezoelasticity with respect to the vector U = (u, φ)⊤

(see, e.g., [No1]):

cijlk ∂i ∂l uk(x) + epjq ∂p ∂q φ(x) = 0, j = 1, 2, 3,

−eplq ∂p ∂q ul(x) + εpq ∂p ∂q φ(x) = 0.

These equations can be rewritten in matrix form

A(∂x)U(x) = 0,

where

A(∂x) = [Ajk(∂x)]4×4 ,

Ajk(∂x) = cijlk ∂i ∂l, j, k = 1, 2, 3,

Aj4(∂x) = −A4j(∂x) = epjq ∂p ∂q, j = 1, 2, 3,

A44(∂x) = εpq ∂p ∂q.
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Note that for arbitrary real ξ ∈ R3 and for all complex η ∈ C4 the following inequality holds

Re
(
A(ξ) η · η

)
≥ δ3 |ξ|2 |η|2,

where the central dot denotes the scalar product of two vectors in the complex vector space

CN , i.e., a · b =
∑N

j=1 aj bj for a, b ∈ CN , and δ3 is a positive constant depending only on the

elastic, piezoelectric, and dielectric constants. This inequality shows that A(∂x) is a strongly

elliptic but not formally self-adjoint differential operator.

Denote by A∗(∂x) the differential operator formally adjoint to A(∂x), A
∗(∂x) = A⊤(−∂x).

Evidently,

A∗(∂x) =
[
A∗

jk(∂x)
]
4×4

= [Akj(−∂x)]4×4 = [Akj(∂x)]4×4 , (2.8)

A∗
jk(∂x) = Ajk(∂x) = cijlk ∂i ∂l for j, k = 1, 2, 3,

A∗
j4(∂x) = −Aj4(∂x) = −epjq ∂p ∂q for j = 1, 2, 3,

A∗
4j(∂x) = −A4j(∂x) = epjq ∂p ∂q for j = 1, 2, 3,

A∗
44(∂x) = A44(∂x) = εpq ∂p ∂q.

Now, let us introduce the generalized boundary stress operator associated with the operator

A(∂x)

T (∂, n) = [ Tjk(∂, n) ]4×4, (2.9)

where

Tjk(∂x, n) = cijlk ni ∂l for 1 ≤ j, k ≤ 3,

Tj4(∂x, n) = elij ni ∂l for 1 ≤ j ≤ 3,

T4k(∂x, n) = −eikl ni ∂l for 1 ≤ k ≤ 3,

T44(∂x, n) = εil ni ∂l.

(2.10)

The generalised stress operator applied to a vector U = (u, φ)⊤ gives a four-dimensional

vector

T (∂x, n)U =
[
σi1 ni, σi2 ni, σi3 ni, −Di ni

]⊤
,

where the first three components correspond to the mechanical stress vector, while the fourth

one is the normal component of the electric displacement vector (with opposite sign).

We consider the following mixed interior boundary value problem of the piezoelasticity

theory: Find a real valued vector function U ∈ [W 1
p (Ω)]

4 = [H1
p (Ω)]

4 satisfying the differential
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equation

A(∂x)U(x) = 0 in Ω, (2.11)

the Dirichlet type boundary condition on SD

{U(x)}+ = f(x), x ∈ SD, (2.12)

and the Neumann type boundary condition on SN

{T (∂, n)U(x)}+ = F (x), x ∈ SN , (2.13)

where

f ∈
[
B

1− 1
p

p,p (SD)
]4
, F ∈

[
B

− 1
p

p,p (SN )
]4
. (2.14)

The mixed exterior boundary value problem is formulated quite similarly: Find a vector

function U ∈ [W 1
p,loc(Ω

−)]4 = [H1
p,loc(Ω

−)]4 satisfying the differential equation

A(∂x)U(x) = 0 in Ω−, (2.15)

the Dirichlet type boundary condition on SD

{U(x)}− = f(x), x ∈ SD, (2.16)

the Neumann type boundary condition on SN

{T (∂, n)U(x)}− = F (x), x ∈ SN , (2.17)

and the decay condition at infinity

U(x) = O(|x|−1) for |x| → ∞, (2.18)

where the boundary data satisfy the conditions (2.14).

2.2 Green’s formulas and uniqueness theorem

We have the following Green’s formulas for smooth real valued vector functions in the

domain Ω (see, e.g., [BG1], [BCNS1], [NBC1]):
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∫
Ω

[A(∂)U · V + E(U, V ) ] dx =

∫
∂Ω

{T (∂, n)U}+ · {V }+ dS, 2.24 (2.19)

∫
Ω

[A(∂)U · V − U · A∗(∂)V ] dx

= −
∫
∂Ω

[
{T (∂, n)U}+ · {V }+ − {U}+ · {T̃ (∂, n)V }+

]
dS, (2.20)

where U = (u1, u2, u3, φ)
⊤ and V = (v1, v2, v3, ψ)

⊤ are real valued vector functions of the

space
[
C2(Ω)

]4
, E (U, V ) is the bilinear form associated with the density of the potential

energy,

E (U, V ) = cijlk ∂iuj ∂lvk + epjq ∂pφ ∂qvj − epjq ∂quj ∂pψ + εpq ∂pφ ∂qψ, (2.21)

T̃ (∂, n) is the boundary differential operator associated with the adjoint operator A∗(∂x),

T̃ (∂, n) = [ T̃jk(∂, n) ]4×4, (2.22)

with

T̃jk(∂, n) = Tjk(∂, n) = cijlk ni ∂l for 1 ≤ j, k ≤ 3,

T̃j4(∂, n) = −Tj4(∂, n) = −elij ni ∂l for 1 ≤ j ≤ 3,

T̃4k(∂, n) = −T4k(∂, n) = eikl ni ∂l for 1 ≤ k ≤ 3,

T̃44(∂, n) = T44(∂, n) = εil ni ∂l.

(2.23)

The above Green formulas (2.19) and (2.20) are also valid for Lipschitz domains and for

vector-functions (for details see [Ne1], [McLean])

U ∈
[
W 1

p (Ω)
]4
, V ∈

[
W 1

q (Ω)
]4
,

satisfying the inclusions

A(∂)U ∈
[
Lp(Ω)

]4
, A∗(∂)V ∈

[
Lq(Ω)

]4
,

1

p
+

1

q
= 1.

In this generalized case, when the integrals appearing in (2.19)-(2.20) do not exist in the

usual sense, we understand them as the duality brackets between the corresponding functional

spaces, e.g., between the mutually adjoint spaces
[
Bs

p,p(S)
]4

and
[
B−s

q,q (S)
]4
. It will be clear

from the context when we shall refer to an ordinary integral or to a functional relation.
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Remark 2.2 For complex valued vector functions U and V the Green formulas (2.19)-(2.20)

hold with

E (U, V ) = cijlk ∂iuj ∂lvk + epjq ∂pφ ∂qvj − epjq ∂quj ∂pψ + εpq ∂pφ ∂qψ. (2.24)

The following uniqueness theorem is true.

Theorem 2.3 Let Ω be a domain with Lipschitz boundary. The mixed BVP (2.11)-(2.14)

possesses at most one solution for p = 2.

Proof. Due to the linearity of the problem it is sufficient to show that the homogeneous

mixed BVP (with f = 0 and F = 0) has only the trivial solution. Let U ∈
[
H1

2 (Ω)
]4

be a

solution to the homogeneous mixed BVP under consideration and write the Green identity

(2.19) for U and V = U ,∫
Ω

E(U,U) dx =
〈
{T (∂, n)U}+ , {U}+

〉
S

(2.25)

=
〈
{T (∂, n)U}+ , {U}+

〉
SD

+
〈
{T (∂, n)U}+ , {U}+

〉
SN

= 0. (2.26)

Since, {T (∂, n)U}+ ∈
[
H̃

− 1
2

2 (SD)
]4

and {U}+ ∈
[
H̃

1
2
2 (SN )

]4
the duality brackets in (2.26)

are well defined.

By virtue of the symmetry conditions (2.3) and inequalities (2.4) from (2.21) we have

E (U,U) = cijlk ∂iuj ∂luk + εpq ∂pφ ∂qφ = cijlk sij(u) slk(u) + εpq ∂pφ ∂qφ,

⩾ δ1sij(u) sij(u) + δ2 ∂pφ∂pφ. (2.27)

In accordance with (2.26) and (2.27) we deduce E (U,U) = 0, implying that sij(u) = 0 and

∂pφ = 0 in Ω for i, j, p = 1, 2, 3. Consequently, u = (u1, u2, u3)
⊤ is a rigid displacement vector

and φ is a constant in Ω. Therefore, the Dirichlet type condition on SD yields u = 0 and

φ = 0 in Ω, which completes the proof. ■
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3 Reduction to the boundary pseudodifferential equations

and existence theorems

3.1 Reduction to the boundary pseudodifferential equations

First, we consider the interior mixed BVP (2.11)-(2.13) for p = 2 and look for a solution U

as a linear combination of the single- and double-layer potentials with densities, respectively,

supported on the Dirichlet and Neumann parts of the boundary:

U(x) = −V (h)(x) +W (g)(x), x ∈ Ω, (3.1)

where V and W are the single- and double-layer potentials defined by relations (5.2) and

(5.3) respectively (see Appendix A), and the unknown density vector functions satisfy the

inclusions

h = (h1, h2, h3, h4)
⊤ ∈

[
H̃

− 1
2

2 (SD)
]4
, g = (g1, g2, g3, g4)

⊤ ∈
[
H̃

1
2
2 (SN )

]4
. (3.2)

Using the properties of layer potentials described in Theorem 5.1(ii) and the mixed boundary

conditions (2.12)-(2.13) along with the inclusions (3.2), we obtain the following system of

integral (pseudodifferential) equations for the unknown density vector functions h and g:

−Hh+Kg = f on SD, (3.3)

− K̃h+ Lg = F on SN , (3.4)

where H, K, K̃, and L are the boundary integral operators generated by the single- and

double-layer potentials given by formulas (5.4)-(5.7) respectively, and the right-hand side

vector functions satisfy the inclusions:

f ∈
[
B

1
2
2,2(SD)

]4
=

[
H

1
2
2 (SD)

]4
, F ∈

[
B

− 1
2

2,2 (SN )
]4

=
[
H

− 1
2

2 (SN )
]4
.

Let us introduce the matrix pseudodifferential operator generated by the left-hand side ex-

pressions of the system (3.3)-(3.4),

B =

 −rSD
H rSD

K

−rSN
K̃ rSN

L

 , (3.5)

where rSD
and rSN

are restriction operators on SD and SN respectively.
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The system (3.3)-(3.4) can be then rewritten in matrix form

BΦ = Q, (3.6)

where

Φ =
(
h, g

)⊤ ∈ H̃, Q =
(
f, F

)⊤ ∈ H,

with

H̃ =
[
H̃

− 1
2

2 (SD)
]4 × [

H̃
1
2
2 (SN )

]4
, H =

[
H

1
2
2 (SD)

]4 × [
H

− 1
2

2 (SN )
]4
.

Evidently, H̃ and H are mutually adjoint spaces.

The norms in the spaces H̃ and H are defined as:

||Φ||2H̃ = ||h||2
[H̃

− 1
2

2 (SD)]4
+ ||g||2

[H̃
1
2
2 (SN )]4

for arbitrary Φ = (h, g)⊤ ∈ H̃,

||Q||2H = ||f ||2
[H

1
2
2 (SD)]4

+ ||F ||2
[H

− 1
2

2 (SN )]4
for arbitrary Q = (f, F )⊤ ∈ H,

In acordance with Theorem 5.2, we have the following mapping property for the operator B

B : H̃ → H. (3.7)

Our goal is to show that the operator (3.7) is invertible.

We start with the following injectivity result.

Lemma 3.1 Equation (3.6) possesses at most one solution in the space H̃.

Proof. It suffices to show that the homogeneous equation BΦ = 0 has only the trivial

solution. Let Φ = (h, g)⊤ ∈ H̃ be a solution of this homogeneous equation and construct the

vector function U by formula (3.1). Then, due to Theorem 5.1(i) in Appendix A, we have

U ∈ [H1
2 (Ω)]

4 and in view of equation BΦ = 0 the vector function U solves the homogeneous

mixed BVP. Therefore, by the uniqueness Theorem 2.3 we conclude U = 0 in Ω.

Note that in virtue of the asymptotic properties at infinity of the fundamental matrix

Γ(x) = O(|x|−1) and ∂jΓ(x) = O(|x|−2), we have U(x) = O(|x|−1) and ∂jU(x) = O(|x|−2)

for sufficiently large |x| and j = 1, 2, 3 (see (5.1) in Appendix A). Therefore, U belongs to

the Beppo-Levi space in Ω− (for details see, e.g., [DL1], Ch. 11, Part B),

U ∈ [BL(Ω−)]4 =

{
Y :

1

(1 + |x|2)1/2
Y ∈ [L2(Ω

−)]4, ∂jY ∈ [L2(Ω
−)]4, j = 1, 2, 3

}
.
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The norm in Beppo-Levi space is defined by the relation

||Y ||2[BL(Ω−)]4 := || (1 + |x|2)−1/2Y ||2[L2(Ω−)]4 +
3∑

k=1

|| ∂kY ||2[L2(Ω−)]4 .

The semi-norm defined by the last summand in the right-hand side of the previous equality

is an equivalent norm in the space [BL(Ω−)]4 (see [DL1], Ch. 11, Part B, §1, Theorem 1).

The representation (3.1) and the inclusions (3.2) imply (see Theorem 5.1(ii)):

{U}− = {U}+ = 0 on SN , {T U}− = {T U}+ = 0 on SD. (3.8)

Since U ∈ [BL(Ω−)]4 ∩ [H1
2,loc(Ω

−)]4, we can write the Green formula in the exterior domain

Ω−, ∫
Ω−

[A(∂)U · V + E(U, V ) ] dx = −
〈
{T (∂, n)U}− , {V }−

〉
S
. (3.9)

Using the relations (3.8), from (3.9) we get∫
Ω−

E(U,U) dx = −
〈
{T (∂, n)U}− , {U}−

〉
SD

−
〈
{T (∂, n)U}− , {U}−

〉
SN

= 0, (3.10)

Based on the same reasoning as in the proof of Theorem 2.3, from (3.10) we conclude U = 0

in Ω−. Now, the relations:

{U}+ − {U}− = g = 0 on S, {T U}− − {T U}+ = h = 0 on S,

complete the proof. ■

Further, we prove the following auxiliary assertion which plays a crucial role in our anal-

ysis.

Lemma 3.2 Operator (3.7) is coercive, i.e., there is a positive constant δ4, such that for

arbitrary complex valued vector function Φ = (h, g)⊤ ∈ H̃ the following inequality holds

Re
〈
BΦ , Φ

〉
= Re

(
⟨−Hh , h⟩SD

+ ⟨Kg , h⟩SD
+
〈
−K̃h , g

〉
SN

+ ⟨Lg , g⟩SN

)
⩾ δ4

(
||h||2

[H̃
− 1

2
2 (SD)]4

+ ||g||2
[H̃

1
2
2 (SN )]4

)
= δ4 ||Φ||2H̃, (3.11)

where
〈
· , ·

〉
denotes the duality pairing between the mutually adjoint spaces H and H̃.
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Proof. For arbitrary complex valued vector function Φ = (h, g)⊤ ∈ H̃ let us consider a

complex valued vector function U = (u1, u2, u3, φ)
⊤ constructed by formula (3.1). Due to the

continuity property of the single-layer potential across the surface SD and since g is supported

on SN , it is evident that

U ∈ [H1
2,loc(R3 \ SD)]4, U ∈ [H1

2 (Ω
+)]4, U ∈ [BL(Ω−)]4.

Therefore, we can write the Green formulas (2.19) and (3.9) for U and V = U . By summing

these formulas and using the jump relations for U and T U across the boundary S, (see

Theorem 5.1(ii) in Appendix A)

{U}± = −Hh± 1

2
g +Kg, {T U}± = ±1

2
h− K̃h+ Lg,

we arrive at the equality∫
Ω+

E(U,U) dx+

∫
Ω−

E(U,U) dx =
〈
{T U}+ , {U}+

〉
S
−
〈
{T U}− , {U}−

〉
S

=
〈
{T U}+ , {U}+ − {U}−

〉
S
−
〈
{T U}− − {T U}+ , {U}−

〉
S

= ⟨−h , Hh⟩SD
+ ⟨h, Kg⟩SD

+ ⟨−K̃h , g⟩SN
+ ⟨Lg , g⟩SN

, (3.12)

where in view of Remark 2.2

E(U,U) = cijlk ∂iuj ∂luk + epjq ∂pφ ∂quj − epjq ∂quj ∂pφ+ εpq ∂pφ ∂qφ. (3.13)

Using the inequalities (2.5) we deduce

Re E(U,U) = Re
(
cijlk ∂iuj ∂luk + epjq ∂pφ ∂quj − epjq ∂quj ∂pφ+ εpq ∂pφ ∂qφ

)
= Re

(
cijlk ∂iuj ∂luk + εpq ∂pφ ∂qφ

)
⩾ δ1sij(u) sij(u) + δ2 ∂pφ∂pφ. (3.14)

From the relation(3.12) we get

Re

 ∫
Ω+

E(U,U) dx+

∫
Ω−

E(U,U) dx


= Re

(
⟨−h , Hh⟩SD

+ ⟨h, Kg⟩SD
+ ⟨−K̃h , g⟩SN

+ ⟨Lg , g⟩SN

)
= Re

(
⟨−Hh , h⟩SD

+ ⟨h, Kg⟩SD
+ ⟨−K̃h , g⟩SN

+ ⟨Lg , g⟩SN

)
= Re

〈
BΦ , Φ

〉
. (3.15)
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By Theorem 3 in the reference [KO1, Section 3] along with the inequality (3.14) and the

equivalence of the seminorm and the norm in Beppo-Levi spaces we have

Re
〈
BΦ , Φ

〉
= Re

 ∫
Ω+

E(U,U) dx+

∫
Ω−

E(U,U) dx

 = Re

∫
R3\SN

E(U,U) dx

⩾
∫

R3\SN

[
δ1sij(u) sij(u) + δ2 ∂pφ∂pφ

]
dx

⩾ a1

∫
R3\SN

[ 3∑
i,j=1

|∂jui|2 +
3∑

j=1

|∂jφ|2
]
dx

⩾ a2 ||U ||2[BL(R3\SN )]4 . (3.16)

Here and in what follows ak are positive constants independent of Φ.

Now, on the one hand, by the trace theorem we have

||U ||2[BL(R3\SN )]4 ⩾ a3

(
||{U}+||2

[H
1
2
2 (S)]4

+ ||{U}−||2
[H

1
2 (S)]4

)
(3.17)

⩾ a3

(
||{U}+ − {U}−||2

[H
1
2
2 (S)]4

)
= a3 ||g||2

[H̃
1
2 (SN )]4

.

Consequently, in view of (3.16)

Re
〈
BΦ , Φ

〉
⩾ a4 ||g||2

[H̃
1
2
2 (SN )]4

(3.18)

On the other hand, thanks to Theorem 5.3 in Appendix A, since U is a solution of the

homogeneous equation A(∂)U = 0 in Ω+ and Ω−, we have the representation

U(x) = V
(
[H ]−1{U }±

)
(x), x ∈ Ω±.

Therefore,

{T U}± =
(
∓ 1

2
I4 + K̃

)
H−1 {U}± on S. (3.19)

Using the boundedness of the integral operators involved in (3.19) (see Theorem 5.2 in Ap-

pendix A)

∓1

2
I4 + K̃ : [H

− 1
2

2 (S)]4 → [H
− 1

2
2 (S)]4,

H−1 : [H
1
2
2 (S)]

4 → [H
− 1

2
2 (S)]4,

15



we find

||{T U}±||
[H

− 1
2

2 (S)]4
⩽ a5 ||{U}±||

[H
1
2
2 (S)]4

. (3.20)

With the help of (3.17) from (3.20) we conclude

||{T U}±||
[H

− 1
2

2 (S)]4
⩽ a6 ||U ||[BL(R3\SN )]4 .

Therefore,

||U ||[BL(R3\SN )]4 ⩾ a7

(
||{T U}+||

[H
− 1

2
2 (S)]4

+ ||{T U}−||
[H

− 1
2

2 (S)]4

)
⩾ a7||{T U}+ − {T U}−||

[H
− 1

2
2 (S)]4

= a7||h||
[H̃

− 1
2

2 (S)]4
,

and by (3.16) we get

Re
〈
BΦ , Φ

〉
⩾ a8 ||h||2

[H
− 1

2
2 (S)]4

. (3.21)

Finally, combining (3.18) and (3.21) we deduce

Re
〈
BΦ , Φ

〉
⩾ δ4

(
||h||2

[H
− 1

2
2 (S)]4

+ ||g||2
[H

1
2
2 (S)]4

)
= δ4 ||Φ||2H̃, δ4 = min{a4, a8} > 0,

which completes the proof. ■

Remark 3.3 Lemmas 3.1 and 3.2 remain also valid when S, SD, and SN are Lipschitz

surfaces. The proofs can be performed verbatim.

Corollary 3.4 Let S, SD, and SN be Lipschitz surfaces and Q ∈ H. Then the operator (3.7)

is isomorphism and, consequently, equation (3.6) is uniquely solvable in the space H̃.

Proof. The proof immediately follows from Lemma 3.2 and the well-known Lax-Milgram

theorem. ■

Remark 3.5 From Corollary 3.4 it immediately follows that the adjoint operator B∗ to the

operator (3.7) is isomorphism as well. Moreover, using the arguments employed in the proof

of Lemma 3.2, one can show that the operator B∗ is coercive as well.
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3.2 Existence theorem for Lipschitz domains

Now we are in a position to formulate the following existence theorem in the space [H1
2 (Ω)]

4

for Lipschitz domains.

Theorem 3.6 Let Ω be a domain with Lipschitz boundary S and let SD and SN be a Lipschitz

dissection of S. Let the boundary data in the Dirichlet and Neumann type boundary conditions

satisfy the inclusions (2.14) with p = 2,

f ∈
[
B

1
2
2,2(SD)

]4
=

[
H

1
2
2 (SD)

]4
, F ∈

[
B

− 1
2

2,2 (SN )
]4

=
[
H

− 1
2

2 (SN )
]4
.

Then the mixed BVP (2.11)-(2.13) possesses a unique solution U ∈ [H1
2 (Ω)]

4 = [B1
2,2(Ω)]

4

which can be represented by the linear combination of single- and double-layer potentials (3.1),

where the density vector functions h ∈
[
H̃

− 1
2

2 (SD)
]4

and g ∈
[
H̃

1
2
2 (SN )

]4
solve the system of

boundary integral equations (3.3)-(3.4).

Proof. The proof directly follows from representation (3.1), Lemmas 3.1 and 3.2, Remark

3.3, Corollary 3.4, and the uniqueness Theorem 2.3. ■

Remark 3.7 It is evident that for the mixed exterior BVP (2.15)-(2.18) we have a similar

existence theorem. First of all, note that the exterior problem has at most one solution, which

follows from the decay condition (2.18) and the Green identity (3.9). Moreover, if we look

for a solution U to the exterior problem (2.15)-(2.18) in the form (3.1), keeping in mind

the inclusions (3.2), we arrive again at the uniquely solvable boundary integral equations

(3.3)-(3.4). Therefore, the mixed exterior BVP (2.15)-(2.18) is uniquely solvable and the

solution vector is representable in the form (3.1) satisfying the inclusion U ∈ [BL(Ω−)]4 ⊂

[H1
2,loc(Ω

−)]4 = [B1
2,2,loc(Ω

−)]4.

3.3 Existence theorem for smooth domains and regularity results

In what follows, we assume that the boundary S is sufficiently smooth (C∞-smooth say) and

show existence of solutions to the mixed BVPs in the Besov spaces. This gives us possibility

to analyse almost optimal regularity properties of solutions near the collision curve ℓ.

Let

a1 = min{a+1 , a
−
1 }, a2 = max{a+2 , a

−
2 }, (3.22)
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where a±1 and a±2 are defined in Appendix C (see (7.4), (7.5)). Due to (7.6) we have

−1

2
< a1 ⩽ a2 <

1

2
.

It is evident that Theorems 7.1-7.5 remain valid if the numbers a±1 and a±2 are replaced by

the numbers a1 and a2 respectively.

Theorem 3.8 Let S ∈ C∞ and the Dirichlet and Neumann boundary data satisfy the con-

ditions:

f ∈
[
Bs

p,2(SD)
]4
, F ∈

[
Bs−1

p,2 (SN )
]4
, p > 1, (3.23)

with

−1
2 + a2 < s− 1

p <
1
2 + a1, (3.24)

s ⩾ 2
p − 1

2 , s ⩾ 1
2 . (3.25)

Then the system of pseudodifferential equations (3.3)-(3.4) is uniquely and unconditionally

solvable, and for the solution vector functions h and g the following inclusions hold:

h ∈
[
B̃s−1

p,2 (SD)
]4 ⊂ [

H̃
− 1

2
2 (SD)

]4
=

[
B̃

− 1
2

2,2 (SD)
]4
, (3.26)

g ∈
[
B̃s

p,2(SN )
]4 ⊂ [

H̃
1
2
2 (SN )

]4
=

[
B̃

1
2
2,2(SN )

]4
. (3.27)

Proof. Note that if

1 < p, q <∞, 1 ⩽ r ⩽ ∞, −∞ < t ⩽ s <∞, s− 2

p
⩾ t− 2

q
,

then

Hs
p(S

∗) ⊂ Ht
q(S

∗), Bs
p,r(S

∗) ⊂ Bt
q,r(S

∗), (3.28)

where S∗ ∈ {S, SD, SN} (see [Tr1, Section 4.6]).

Therefore, if the inequalities (3.25) hold, then[
Bs−1

p,2 (SD)
]4 ⊂ [

B
− 1

2
2,2 (SD)

]4
=

[
H

− 1
2

2 (SD)
]4
, (3.29)[

Bs
p,2(SN )

]4 ⊂ [
B

1
2
2,2(SN )

]4
=

[
H

1
2
2 (SN )

]4
, (3.30)

and in view of (3.23) we have that the vector functions f and F satisfy also the following

inclusions:

f ∈
[
B

1
2
2,2(SD)

]4
=

[
H

1
2
2 (SD)

]4
, (3.31)

F ∈
[
B

− 1
2

2,2 (SN )
]4

=
[
H

− 1
2

2 (SN )
]4
. (3.32)
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Due to Corollary 3.4 the system of integral equations (3.3)-(3.4) with the right-hand side

vectors f and F satisfying the inclusions (3.31) and (3.32), is uniquely solvable in the space

H̃, i.e.,

h ∈
[
H̃

− 1
2

2 (SD)
]4

=
[
B̃

− 1
2

2,2 (SD)
]4
, g ∈

[
H̃

1
2
2 (SN )

]4
=

[
B̃

1
2
2,2(SN )

]4
.

Let us construct the vector functions U (1) and U (2) using the solutions h and g as densities:

U (1)(x) = −V (h)(x) +W (g)(x), x ∈ Ω+, U (1) ∈ [H1
2 (Ω

+)]4, (3.33)

U (2)(x) = −V (h)(x) +W (g)(x), x ∈ Ω−, U (2) ∈ [BL(Ω−)]4 ⊂ [H1
2,loc(Ω

−)]4. (3.34)

Now, on the one hand, since (h, g)⊤ is a solution pair of the system of integral equations

(3.3)-(3.4), in accordance with Theorem 3.6 and Remark 3.7, it is evident that U (1) and U (2)

defined by (3.33) and (3.34) are unique solutions, respectively, to the mixed interior BVP

(2.11)-(2.13) and mixed exterior BVP (2.15)-(2.18) with the same Dirichlet and Neumann

data, f and F . On the other hand, the mixed interior and exterior BVPs with the same

boundary data f and F satisfying inclusions (3.23), have unique solutions belonging to the

spaces [B
s+ 1

p

p,2 (Ω+)]4 and [B
s+ 1

p

p,2,loc(Ω
−)]4 in virtue of Theorems 7.4 and 7.5 in Appendix C

if conditions(3.23)-(3.24) are satisfied. Therefore, due to the uniqueness of solutions to the

interior and exterior mixed BVPs the vector functions defined by (3.33) and (3.34) satisfy

also the inclusions

U (1) ∈ [B
s+ 1

p

p,2 (Ω+)]4, U (2) ∈ [B
s+ 1

p

p,2,loc(Ω
−)]4. (3.35)

From (3.33), (3.34), and (3.35) we find

{U (1)}+ − {U (2)}− = g ∈ [B̃s
p,2(SN )]4, {T U (1)}+ − {T U (2)}− = h ∈ [B̃s−1

p,2 (SD)]
4,

which along with (3.28), (3.29), and (3.30) complete the proof. ■

Remark 3.9 The arguments applied in the proof of Theorem 3.8 imply that if conditions

(3.23)-(3.25) hold, then the following operator is invertible

B : [B̃s−1
p,2 (SD)]

4 × [B̃s
p,2(SN )]4 → [Bs

p,2(SD)]
4 × [Bs−1

p,2 (SN )]4,

where B is defined in (3.5).

Now, we can prove the following assertion about existence of solutions to mixed BVPs and

their regularity properties.
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Theorem 3.10 Let conditions (3.23)-(3.25) be satisfied.

(i) Then the interior and exterior mixed BVPs have unique solutions U (1) in Ω+ and U (2) in

Ω−, respectively, belonging to the following spaces:

U (1) ∈
[
H1

2 (Ω
+)

]4 ∩ [
B

s+ 1
p

p,2 (Ω+)
]4
, (3.36)

U (2) ∈
[
BL(Ω−)

]4 ∩ [
H1

2,loc(Ω
−)

]4 ∩ [
B

s+ 1
p

p,2,loc(Ω
−)

]4
. (3.37)

The solutions are representable in the form of linear combination of the single- and double-

layer potentials (3.1), U (1) = −V (h) +W (g) in Ω+ and U (2) = −V (h) +W (g) in Ω−, where

the density vector functions h and g solve the system of integral equations (3.3)-(3.4) and

belong to the spaces (3.26)-(3.27).

(ii) If, in addition to (3.23)-(3.25),

p ⩾ 2, a1 ⩾ 0,
1

2
⩽ s <

1

2
+

1

p
+ a1, (3.38)

then the following inclusions hold:

U (1) = −V (h) +W (g) ∈
[
H1

2 (Ω
+)

]4 ∩ [
B

s+ 1
p

p,2 (Ω+)
]4 ⊂ [

Ct(Ω+)
]4
, (3.39)

U (2) = −V (h) +W (g) ∈
[
BL(Ω−)

]4 ∩ [
H1

2,loc(Ω
−)

]4 ∩ [
B

s+ 1
p

p,2,loc(Ω
−)

]4 ⊂ [
Ct(Ω−)

]4
, (3.40)

g ∈
[
B̃s

p,2(SN )
]4 ⊂ [

Ct(S)
]4
, rSN

g = 0, (3.41)

where

t =
1

2
+ a1 −

1

p
> 0. (3.42)

(iii) If, in addition to (3.24)-(3.25),

−1

4
< a1 < 0, 4 < p < − 1

a1
, 0 <

1

2
− 2

p
⩽ s− 2

p
<

1

2
− 1

p
+ a1, (3.43)

then the following inclusions hold:

U (1) = −V (h) +W (g) ∈
[
H1

2 (Ω
+)

]4 ∩ [
B

s+ 1
p

p,2 (Ω+)
]4 ⊂ [

Ct(Ω+)
]4
, (3.44)

U (2) = −V (h) +W (g) ∈
[
BL(Ω−)

]4 ∩ [
H1

2,loc(Ω
−)

]4 ∩ [
B

s+ 1
p

p,2,loc(Ω
−)

]4 ⊂ [
Ct(Ω−)

]4
, (3.45)

g ∈
[
B̃s

p,2(SN )
]4 ⊂ [

Ct(S)
]4
, rSN

g = 0, (3.46)

where

0 <
1

2
− 2

p
< t = s− 2

p
<

1

2
− 1

p
+ a1. (3.47)
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Proof. The first part of the theorem directly follows from Theorem 3.8, Remark 3.9, and

mapping and jump properties of the single- and double-layer potentials (see Theorem 5.1 in

Appendix A).

To prove the second and the third parts of the theorem, let us recall that (see [Tr1, Section

4.6])

Br
p,q(S) ⊂ Cτ (S), Bs

p,q(Ω)⊂Ct(Ω), (3.48)

1 < p <∞, 1 ⩽ q ⩽ ∞, τ ⩾ 0, r > τ +
2

p
, t ⩾ 0, s > t+

3

p
,

where Ct(Ω) and Cτ (S) with t > 0 and τ > 0 denote the Zygmund spaces, which for non-

integers t and τ coincide with the Hölder spaces with smoothness indices t > 0 and τ > 0.

Note that if t and τ are not integers, then in (3.48) we can take τ = r − 2
p and t = s− 3

p .

Therefore, from the inclusions g ∈
[
B̃s

p,2(SN )
]4
, U (1) ∈

[
B

s+ 1
p

p,2 (Ω+)
]4
, U (2) ∈

[
B

s+ 1
p

p,2,loC(Ω
−)

]4
,

and inequalities (3.38) and (3.43), we obtain the regularity results (3.39)-(3.42) and (3.44)-

(3.47).

■

4 Existence results in the spaces [H1
p(Ω)]

4 and [H1
p,loc(Ω

−)]4

Finally, we consider the mixed interior and exterior BVPs, respectively, in the spaces

[H1
p (Ω)]

4 = [W 1
p (Ω)]

4 and [H1
p,loc(Ω

−)]4 = [W 1
p,loc(Ω

−)]4 assuming that the Dirichlet and

Neumann boundary data in both cases are the same and satisfy the conditions:

f ∈
[
B

1− 1
p

p,p (SD)
]4
, F ∈

[
B

− 1
p

p,p (SN )
]4
, p > 1. (4.1)

Using the above described approach based on the representation (3.1) we again arrive at the

system of integral equations (3.3)-(3.4) with right-hand sides satisfying inclusions (4.1).

Introduce the notation (cf. (3.22))

a∗1 = min{a+1∗, a
−
1∗}, a∗2 = max{a+2∗, a

−
2∗}, (4.2)

where a±1∗ and a±2∗ are defined by (7.12) and (7.13) in Appendix C (see Remark 7.6). Due to

(7.14) we have

−1

2
< a∗1 ⩽ a∗2 <

1

2
.

21



It is evident that Theorems 7.1-7.5 and their counterpart theorems for the ”adjoint” operators

and mixed BVPs remain valid if the numbers a±1 , a
±
2 and a±1∗, a

±
2∗ are replaced by the numbers

a1, a2 and a∗1, a
∗
2 respectively (see (3.22) and (4.2)).

Now we prove the following assertion.

Theorem 4.1 Let inclusions (4.1) hold with

4

3 + 2a∗1
< p <

4

1− 2a1
,

where a1 and a∗1 are defined in (3.22) and (4.2) respectively.

(i) The system of integral equations (3.3)-(3.4) is unconditionally uniquely solvable and solu-

tion vector functions satisfy the inclusions:

h ∈
[
B̃

− 1
p

p,p (SD)
]4
, g ∈

[
B̃

1− 1
p

p,p (SN )
]4
.

(ii) The operator

B :
[
B̃

− 1
p

p,p (SD)
]4 × [

B̃
1− 1

p
p,p (SN )

]4 → [
B

1− 1
p

p,p (SD)
]4 × [

B
− 1

p
p,p (SN )

]4
(4.3)

is invertible.

(iii) The mixed interior and exterior BVPs possess unique solutions, U (1) and U (2), which

are representable by formula (3.1) and

U (1) ∈
[
W 1

p (Ω)
]4

=
[
H1

p (Ω)
]4
, U (2) ∈

[
W 1

p,loc(Ω
−)

]4
=

[
H1

p,loc(Ω
−)

]4
.

Proof. It is evident that due to Theorem 5.2 the operator B defined in (3.5) has the mapping

property (4.3) for arbitrary p > 1.

It can be easily checked that
4

3 + 2a∗1
< 2 <

4

1− 2a1
.

For p = 2 the theorem is true even for Lipschitz domains due to Corollary 3.4, Theorem 3.6,

and Remark 3.7.

Now, let us consider the case

2 < p <
4

1− 2a1
. (4.4)
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Then the inequalities (3.24)-(3.25) with s = 1− 1
p are satisfied if

1

p
>

1− 2a1
4

,
1

p
<

3− 2a2
4

,
1

p
<

1

2
, (4.5)

which is equivalent to the relation

1− 2a1
4

<
1

p
<

1

2
, (4.6)

since the third inequality in (4.5) implies the second one. Evidently, (4.6) is the same as

(4.4).

Note that the following inclusions are valid (see [Tr1, Section 4.6]):

B
1− 1

p
p,p (SD) ⊂ B

1− 1
p

p,∞ (SD) ⊂ B
1− 1

p
−ε

p,1 (SD) ⊂ B
1− 1

p
−ε

p,2 (SD) ⊂

⊂ B
1
2
2,2(SD) = H

1
2
2 (SD), p > 2, (4.7)

B
− 1

p
p,p (SN ) ⊂ B

− 1
p

p,∞(SN ) ⊂ B
− 1

p
−ε

p,1 (SN ) ⊂ B
− 1

p
−ε

p,2 (SN ) ⊂

⊂ B
− 1

2
2,2 (SN ) = H

− 1
2

2 (SN ), p > 2, (4.8)

where ε is an arbitrarily small positive number. One can take 0 < ε < p−2
2p .

Therefore, if f ∈
[
B

1− 1
p

p,p (SD)
]4

and F ∈
[
B

− 1
p

p,p (SN )
]4

with p satisfying (4.4), then in

view of embedding relations (4.7)-(4.8) and Corollary 3.4 the system of pseudodifferential

equations (3.3)-(3.4) is uniquely solvable in the space H̃ and for the solution (h, g)⊤ we have

the inclusions:

h ∈
[
B̃

− 1
2

2,2 (SD)
]4

=
[
H̃

− 1
2

2 (SD)
]4
, g ∈

[
B̃

1
2
2,2(SN )

]4
=

[
H̃

1
2
2 (SN )

]4
.

Therefore, on the one hand, for the unique solutions U (1) and U (2) to the corresponding

interior and exterior mixed BVPs with the boundary data (4.1), there hold the representations

and inclusions (3.33)-(3.34).

On the other hand, for 2 < p < 4
1−2a1

and s = 1 − 1
p the inequality 1

p − 1
2 < s < 1

p + 1
2

is satisfied, and due to Theorems 7.4-7.5 in the Appendix C, the interior and exterior mixed

BVPs are uniquely solvable in appropriate Bessel potential and Besov spaces. Consequently,

in accordance with the uniqueness theorems we have the inclusions

U (1) ∈
[
H1

p (Ω)
]4⋂[

B1
p,p(Ω)

]4
=

[
H1

p (Ω)
]4

=
[
W 1

p (Ω)
]4
, (4.9)

U (2) ∈
[
H1

p,loc(Ω
−)

]4⋂[
B1

p,p,loc(Ω
−)

]4
=

[
H1

p,loc(Ω
−)

]4
=

[
W 1

p,loc(Ω
−)

]4
. (4.10)
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Here we employed the embedding relations

Bs
p,min{2,p}(Ω) ⊂ Hs

p(Ω) ⊂ Bs
p,max{2,p}(Ω), s ∈ R, p > 2,

implying

H1
p (Ω) =W 1

p (Ω) ⊂ B1
p,p(Ω), H1

p,loc(Ω
−) =W 1

p,loc(Ω
−) ⊂ B1

p,p,loc(Ω
−).

Note that the traces on S of elements from both spaces H1
p (Ω) = W 1

p (Ω) and B1
p,p(Ω)

belong to the Besov space B
1− 1

p
p,p (S) =W

1− 1
p

p (S) assuming p > 1.

Due to the well-posedness of the mixed BVPs under consideration (see Appendix C) we

have the following norm estimates

∥{U (1)}+∥
[B

1− 1
p

p,p (S)]4
+ ∥{T (∂x, n)U

(1)}+∥
[B

− 1
p

p,p (S)]4

⩽ C1

(
∥f∥[

B
1− 1

p
p,p (SD)

]4 + ∥F∥
[B

− 1
p

p,p (SN )]4

)
, (4.11)

∥{U (2)}−∥
[B

1− 1
p

p,p (S)]4
+ ∥{T (∂x, n)U

(2)}−∥
[B

− 1
p

p,p (S)]4

⩽ C2

(
∥f∥

[B
1− 1

p
p,p (SD)]4

+ ∥F∥
[B

− 1
p

p,p (SN )]4

)
, (4.12)

with some positive constants C1 and C2 .

Therefore, with the help of relations (4.7)-(4.8), inclusions (4.9)-(4.10), and representation

formulas of solutions (3.33)-(3.34) we have

h =
{
T U (1)

}− −
{
T U (1)

}+ ∈
[
H̃

− 1
2

2 (SD)
]4⋂[

B̃
− 1

p
p,p (SD)

]4
=

[
B̃

− 1
p

p,p (SD)
]4
,

g =
{
U (1)

}+ −
{
U (1)

}− ∈
[
H̃

1
2
2 (SN )

]4⋂[
B̃

1− 1
p

p,p (SN )
]4

=
[
B̃

1− 1
p

p,p (SN )
]4
,

and in view of (4.11) and (4.12) we deduce

∥h∥
[B

− 1
p

p,p (S)]4
+ ∥g∥

[B
1− 1

p
p,p (S)]4

⩽ C3

(
∥f∥

[B
1− 1

p
p,p (SD)]4

+ ∥F∥
[B

− 1
p

p,p (SN )]4

)
,

where C3 is a positive constant.

This yields that the operator (4.3) is invertible for p satisfying (4.4). Thus, the theorem is

true if p satisfies condition (4.4).

Now, let us consider the case
4

3 + 2a∗1
< p < 2. (4.13)
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Here we will use the well known fact that a linear bounded operator T : B1 → B2 between

reflexive Banach spaces B1 and B2 is invertible if and only if its adjoint operator T∗ : B∗
2 →

B∗
1 is invertible. Here B∗

j is the adjoint space to Bj , j = 1, 2 (see, e.g., [KaAk, Ch. XII,

Theorem 4, Theorem 5]).

We recall that all the Besov and Bessel potential spaces involved in our analysis are reflexive

Banach spaces.

The adjoint operator B∗ to the operator B has the following structure (see, (3.5))

B∗ :=

 −rSD
H∗ −rSD

K̃∗

rSN
K∗ rSN

L∗


6×6

.

In accordance with Remark 5.4 in Appendix A we have the following mapping property for

the adjoint operator to the operator (4.3)

B∗ :
[
B̃

− 1
q

q,q (SD)
]4 × [

B̃
1− 1

q
q,q (SN )

]4 → [
B

1− 1
q

q,q (SD)
]4 × [

B
− 1

q
q,q (SN )

]4
(4.14)

where 1
p + 1

q = 1.

Note that if p satisfies condition (4.13), then q = p
p−1 satisfies the inequality

2 < q <
4

1− 2a∗1
. (4.15)

Consider the interior and exterior mixed BVPs in Ω = Ω+ and Ω− for the adjoint operator

A∗(∂x) in the spaces [H1
q (Ω)]

4 and [H1
q,loc(Ω

−)]4 with the same Dirichlet and Neumann data

f∗ and F ∗ on SD and SN , respectively, satisfying the conditions

f∗ ∈
[
B

1− 1
q

q,q (SD)
]4
, F ∗ ∈

[
B

− 1
q

q,q (SN )
]4
, q > 1. (4.16)

We look for solutions to these mixed BVPs again in the form of linear combination of the

single- and double-layer potentials (cf. (3.1)),

U∗(x) = −V ∗(h∗)(x)−W ∗(g∗)(x), x ∈ Ω±,

assuming initially that the density vectors h∗ and g∗ belong to the following spaces:

h∗ = (h∗1, h
∗
2, h

∗
3, h

∗
4)

⊤ ∈
[
H̃

− 1
2

2 (SD)
]4
, g∗ = (g∗1, g

∗
2, g

∗
3, g

∗
4)

⊤ ∈
[
H̃

1
2
2 (SN )

]4
.
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Then both the interior and the exterior mixed BVPs under consideration are reduced to the

same integral equations:

−H∗h∗ − K̃∗g∗ = f∗ on SD, (4.17)

K∗h∗ + L∗g∗ = −F ∗ on SN , (4.18)

i.e.,

B∗Φ∗ = G∗,

with Φ∗ =
(
h∗, g∗

)⊤
and G∗ =

(
f∗, −F ∗)⊤.

Due to Remark 3.5, the adjoint operator (4.14) is isomorphism for q = 2.

Further, by the word for word arguments employed above in the case 2 < p < 4
1−2a1

, one

can prove that the system (4.17)-(4.18) with the right hand side vectors f∗ and F ∗ satisfying

inclusions (4.16) is unconditionally uniquely solvable, and

(h∗, g∗) ∈
[
B̃

− 1
q

q,q (SD)
]4 × [

B̃
1− 1

q
q,q (SN )

]4
if q satisfies condition (4.15).

Moreover, there is a constant C∗
3 > 0, such that

∥h∗∥[
B

− 1
q

q,q (S)
]4 + ∥g∗∥[

B
1− 1

q
q,q (S)

]4 ⩽ C∗
3

(
∥f∗∥[

B
1− 1

q
q,q (SD)

]4 + ∥F ∗∥[
B

− 1
q

q,q (SN )
]4).

Consequently, the operator B∗ in (4.14) is invertible if q satisfies condition (4.15). Therefore,

the operator (4.3) with p satisfying the relation 1
p +

1
q = 1, as the adjoint operator to (4.14),

is invertible under the same condition (4.15). In turn, condition (4.15) for the parameter

p = q
q−1 implies the inequality (4.13).

So, the operator (4.3) is invertible under the condition (4.13).

Thus, the items (i), (ii), and (iii) of the theorem hold true for the values of the parameter

p satisfying (4.13). This completes the proof. ■

5 Appendix A: Layer potentials and their mapping properties
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Denote by Γ(·) =
[
Γkj(·)

]
4×4

the fundamental matrix of the operator A(∂x) (for details,

see [Jo1], [BG1], [McLean], [BCN2]),

Γ(x) = F−1
ξ→x

[
A−1(−iξ)

]
= − 1

8π2 |x|

2π∫
0

[A(Λ η)]−1 dθ, (5.1)

where F−1 is the generalized inverse Fourier transform operator, Λ = [Λkj ]3×3 is an orthogo-

nal matrix possessing the property Λ⊤x = (0, 0, |x|)⊤, and η = (cos θ, sin θ, 0)⊤. The entries

of the fundamental matrix Γ(x) are real valued even functions having singularities of type

O(|x|−1) in a neighbourhood of the origin and at infinity decay as O(|x|−1). Note that

A(∂x)Γ(x− y) = δ(x− y) I4, Γ(x− y) = Γ(y − x),

Γkj(x− y) = Γjk(x− y) for j, k = 1, 2, 3, Γ4j(x− y) = −Γj4(x− y) for j = 1, 2, 3,

where I4 stands for the 4× 4 unit matrix and δ(·) denotes Dirac’s delta function.

Let us introduce the single- and double-layer potentials:

V (h)(x) =

∫
S

Γ(x− y) h(y) dyS, x ∈ R3 \ S, (5.2)

W (g)(x) =

∫
S

[
T̃ (∂y, n(y))Γ

⊤(x− y)
]⊤

g(y) dyS, x ∈ R3 \ S, (5.3)

where h = (h1, h2, h3, h4)
⊤ and g = (g1, g2, g3, g4)

⊤ are density vector functions defined on

S = ∂Ω and the boundary operator T̃ (∂, n) is defined by (2.22) and (2.23).

For the readers convenience, here we collect some results concerning the layer potentials

and the corresponding boundary integral operators generated by them. The proofs of the

theorems can be found in the references [BG1], [BCD1], [BCNS1], [BCN2], [CW1], [DNS1],

[NCS1], [Se1].

Theorem 5.1 Let S ∈ C∞, 1 < p <∞, 1 ≤ t ≤ ∞, and s ∈ R.

(i) The operators

V :
[
Bs−1

p,p (S)
]4 → [

H
s+ 1

p
p (Ω)

]4
, V :

[
Bs−1

p,t (S)
]4 → [

B
s+ 1

p

p,t (Ω)
]4
,

W :
[
Bs

p,p(S)
]4 → [

H
s+ 1

p
p (Ω)

]4
, W :

[
Bs

p,t(S)
]4 → [

B
s+ 1

p

p,t (Ω)
]4
,

are continuous.

(ii) For h ∈
[
Bs−1

p,t (S)
]4

and g ∈
[
Bs

p,t(S)
]4

with 1 < p < ∞, 1 ≤ t ≤ ∞, and s > 0, the
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following jump relations hold:{
V (h)

}+
=

{
V (h)

}−
=: H h on S,{

T (∂, n)V (h)
}±

=
[
∓ 1

2 I4 + K̃
]
h on S,{

W (g)
}±

=
[
± 1

2 I4 +K
]
g on S,{

T (∂, n)W (g)
}+

=
{
T (∂, n)W (g)

}−
=: L g on S,

where T (∂, n) is the generalised boundary stress operator given by (2.9)-(2.10) and H, K̃, K,

and L are the boundary integral (pseudodifferential) operators generated by the single- and

double-layer potentials:

H(h)(x) :=

∫
S

Γ(x− y) h(y) dyS, x ∈ S, (5.4)

K̃(h)(x) :=

∫
S

[
T (∂x, n(x))Γ(x− y)

]
h(y) dyS, x ∈ S, (5.5)

K(g)(x) :=

∫
S

[
T̃ (∂y, n(y))Γ

⊤(x− y)
]⊤

g(y) dyS, x ∈ S, (5.6)

L(g)(x) :=
{
T (∂x, n(x))W (g)(x)

}±
, x ∈ S. (5.7)

The boundary operators H and L are strongly elliptic, but not formally self-adjoint pseu-

dodifferential operators of order −1 and 1 respectively. Their principal homogeneous symbol

matrices are strongly elliptic. The operators K and K̃ are Calderon-Zygmund type singular

integral operators (pseudodifferential operators of zero order).

Theorem 5.2 Let S ∈ C∞, 1 < p <∞, 1 ≤ t ≤ ∞, s ∈ R. The operators

H :
[
Hs−1

p (S)
]4 → [

Hs
p(S)

]4
, H :

[
Bs−1

p,t (S)
]4 → [

Bs
p,t(S)

]4
,

K, K̃ :
[
Hs

p(S)
]4 → [

Hs
p(S)

]4
, K, K̃ :

[
Bs

p,t(S)
]4 → [

Bs
p,t(S)

]4
,

L :
[
Hs

p(S)
]4 → [

Hs−1
p (S)

]4
, L :

[
Bs

p,t(S)
]4 → [

Bs−1
p,t (S)

]4
,

are continuous.

The following operator equalities hold in appropriate function spaces:

K H = H K̃, L H = −1
4I4 + K̃2, H L = −1

4I4 +K2. (5.8)
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Theorem 5.3 There is a positive constant c1 such that

Re ⟨−Hh , h⟩S ≥ c1 ||h ||2[
H

−1/2
2 (S)

]4 (5.9)

for any complex-valued vector function h ∈
[
H

−1/2
2 (S)

]4
.

The operators

H :
[
Hs−1

p (S)
]4 → [

Hs
p(S)

]4
, H :

[
Bs−1

p,t (S)
]4 → [

Bs
p,t(S)

]4
,

are invertible for all 1 < p <∞, 1 ≤ t ≤ ∞, and s ∈ R.

Let U ∈ [W 1
p (Ω) ]

4 = [H1
p (Ω) ]

4 with 1 < p <∞ be a solution to the homogeneous equation

A(∂x)U = 0 in Ω. Then U can be represented in the form of the single-layer potential

U(x) = V
(
[H ]−1{U }+

)
(x), x ∈ Ω. (5.10)

The same representation holds also for a solution U ∈ [B1
p,t(Ω) ]

4 with 1 < p < ∞ and

1 ≤ t ≤ ∞.

Similar representation is also valid in the domain Ω−,

U(x) = V
(
[H ]−1{U }−

)
(x), x ∈ Ω−, (5.11)

and the vector function defined by (5.11) belongs to the Beppo-Levi space in Ω−.

If Ω is a Lipschitz domain, then some of the above formulated mapping properties of

the layer potentials and the corresponding boundary integral operators still hold true (cf.

[Ag1], [Ag2], [Co1], [DoM], [Gao], [McLean], [MeMi], [Ne1], [Ver]). In particular, in the case

of Lipschitz domains Theorems 5.1, 5.2, and 5.3 are true with p = t = 2, and s = −1/2,

and the boundary integral operators H, K̃, K, and L have the following continuous mapping

properties:

H :
[
H

− 1
2

2 (S)
]4 → [

H
1
2
2 (S)

]4
, (5.12)

K̃ :
[
H

− 1
2

2 (S)
]4 → [

H
− 1

2
2 (S)

]4
,

K :
[
H

1
2
2 (S)

]4 → [
H

1
2
2 (S)

]4
,

L :
[
H

1
2
2 (S)

]4 → [
H

− 1
2

2 (S)
]4
.

Moreover, the coercivity property (5.9) for the operator H remains valid, and hence the op-

erator in (5.12) is invertible for Lipschitz surfaces. Therefore, for a solution U ∈ [W 1
2 (Ω) ]

4 =
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[H1
2 (Ω) ]

4 to the corresponding homogeneous differential equation A(∂x)U = 0, the integral

representation formulas (5.10) and (5.11) are valid. Note that the operator equalities (5.8)

also remain valid in the corresponding function spaces.

Remark 5.4 It is evident that Γ∗(x) = Γ⊤(−x) = Γ⊤(x) is a fundamental matrix of the

formally adjoint differential operator A∗(∂) = A⊤(−∂) = A⊤(∂) (see (2.8)).

All the above formulated mapping properties in the cases of smooth and Lipschitz domains

are also valid for the corresponding ”adjoint” single- and double-layer potentials constructed

by the fundamental matrix Γ∗(x− y) = Γ⊤(x− y):

V ∗(h)(x) =

∫
S

Γ∗(x− y) h(y) dyS, x ∈ R3 \ S,

W ∗(g)(x) =

∫
S

[
T (∂y, n(y))[Γ

∗(x− y)]⊤
]⊤

g(y) dyS, x ∈ R3 \ S,

and for the boundary integral operators generated by them:

H∗(h)(x) :=

∫
S

Γ∗(x− y) h(y) dyS, x ∈ S, (5.13)

K∗(h)(x) :=

∫
S

[
T̃ (∂x, n(x))Γ

∗(x− y)
]
h(y) dyS, x ∈ S, (5.14)

K̃∗(g)(x) :=

∫
S

[
T (∂y, n(y))[Γ

∗(x− y)]⊤
]⊤

g(y) dyS, x ∈ S,

L∗(g)(x) :=
{
T̃ (∂x, n(x))W

∗(g)(x)
}±
, x ∈ S.

One can easily check that the operators H∗, K∗, K̃∗, and L∗ are formally adjoint operators

to H, K, K̃, and L respectively.

We have the following jump relations for the ”adjoint” layer potentials:{
V ∗(h)

}+
=

{
V ∗(h)

}−
=: H∗h on S,{

T̃ (∂, n)V ∗(h)
}±

=
[
∓ 1

2 I4 +K∗ ]h on S,{
W ∗(g)

}±
=

[
± 1

2 I4 + K̃∗ ]g on S,{
T̃ (∂, n)W ∗(g)

}+
=

{
T̃ (∂, n)W ∗(g)

}−
=: L∗g on S.

Further, the operators H∗ and L∗ have the same mapping properties as the operators H and

L respectively, while K∗ and K̃∗ have the same mapping properties as the operators K̃ and K

respectively (see Theorems 5.1, 5.2, and 5.3). Moreover, any solution U∗ ∈ [W 1
p (Ω) ]

4 with
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1 < p < ∞ to the homogeneous equation A∗(∂x)U
∗ = 0 in Ω can be represented in the form

of the single-layer potential

U∗(x) = V ∗ ([H∗ ]−1{U∗ }+
)
(x), x ∈ Ω, (5.15)

where {U∗ }+ is the trace of U∗ on S = ∂Ω.

6 Appendix B: Pseudodifferential equations on manifolds

with boundary

Let M ∈ C∞ be a compact, n-dimensional, nonintersecting manifold with boundary

∂M ∈ C∞ and let A be a strongly elliptic N ×N matrix pseudodifferential operator of order

ν ∈ R on M. Denote by S(A;x, ξ) the principal homogeneous symbol matrix of the operator

A in some local coordinate system (x ∈ M, ξ ∈ Rn \ {0}).

Let λ1(x), · · · , λN (x) be the eigenvalues of the matrix

[S(A;x, 0, · · · , 0,+1) ]−1[S(A;x, 0, · · · , 0,−1) ], x ∈ ∂M,

and introduce the notation

δj(x) = Re
[
(2π i)−1 lnλj(x)

]
, j = 1, · · · , N.

Here the branch in the logarithmic function ln τ is chosen with regard to the inequality

−π < arg τ ≤ π, j = 1, · · · , N. Due to the strong ellipticity ofA we have the strong inequality

−1/2 < δj(x) < 1/2 for x ∈ M.

Fredholm properties of strongly elliptic pseudodifferential operators are described by the

following assertion ( see, e.g., [Esk1], [Grb1], [Sh1]).

Theorem 6.1 Let s ∈ R, 1 < p <∞, 1 ≤ q ≤ ∞, and let A be a strongly elliptic pseudodif-

ferential operator of order ν ∈ R, i.e., there is a positive constant c0 such that

Re
[
S(A;x, ξ)ζ · ζ

]
≥ c0 |ζ|2

for x ∈ M, ξ ∈ Rn with |ξ| = 1, and ζ ∈ Cm.
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Then the operators

A : [H̃s
p(M)]N → [Hs−ν

p (M)]N , (6.1)

A : [B̃s
p,q(M)]N → [Bs−ν

p,q (M)]N , (6.2)

are Fredholm operators with index zero if

1

p
− 1 + sup

x∈∂M, 1≤j≤N
δj(x) < s− ν

2
<

1

p
+ inf

x∈∂M, 1≤j≤N
δj(x). (6.3)

Moreover, the null-spaces and indices of the operators (6.1) and (6.2) are the same (for all

values of the parameter q ∈ [1,+∞]) provided p and s satisfy the inequality (6.3).

Remark 6.2 It is evident, that if the principal homogeneous symbol matrix S(A;x, ξ) is

positive definite, then all eigenvalues λj are positive numbers and all the numbers δj equal to

zero. Therefore, the condition (6.3) simplifies and takes the form

1

p
− 1+ < s− ν

2
<

1

p
.

7 Appendix C: Qualitative properties of mixed BVP of

piezoelasticity

Here we present the results obtained in [BCN2] about qualitative properties of solutions to

the interior and exterior mixed BVPs. These results are obtained by a different method

which is based on the representation of solutions by formulas (5.10)-(5.11) leading to the

pseudodifferential equations with the Steklov-Poincaré type operators containing the inverse

single layer boundary operator which is not available in explicit form (for details see [BCN2,

Chapter 5]).

The Steklov-Poincaré type operators for the interior and exterior domains are defined,

respectively, by the relations:

A+ = (−2−1I4 + K̃)H−1, A− = −(2−1I4 + K̃)H−1. (7.1)

They are pseudodifferential operators of order 1 in view of Theorems 5.2 and 5.3.

If S ∈ C∞, 1 < p < ∞, 1 ≤ t ≤ ∞, and s ∈ R, then the operators are continuous in the
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following setting:

A+ :
[
Bs

p,t(S)
]4 → [

Bs−1
p,t (S)

]4
, (7.2)

A− :
[
Bs

p,t(S)
]4 → [

Bs−1
p,t (S)

]4
. (7.3)

Using the Green formulas (2.25) and (3.9) along with (2.27) for the vector function U =

V (H−1g) with g ∈ [H
1
2
2 (S)]

4, we get∫
Ω±

E(U,U) dx =
〈
A±g , g

〉
S
,

implying that the principal homogeneous symbol matrices of the Steklov-Poincaré type op-

erators A±,

S(A±;x, ξ1, ξ2) = S(−2−1I4 ± K̃;x, ξ1, ξ2) S(H−1;x, ξ1, ξ2), x ∈ S, (ξ1, ξ2) ∈ R2,

are strongly elliptic symbols. Consequently, the operators (7.2) and (7.3) are strongly elliptic

pseudodifferential operators with zero index.

Denote the eigenvalues of the matrices

M± := [S(A±;x, 0,+1) ]−1S(A±;x, 0,−1), x ∈ ℓ,

by λ±j (x), j = 1, 2, 3, 4, and put

δ±j (x) = Re
[
(2π i)−1 lnλ±j (x)

]
= 1

2π arg λ±j (x) ∈
(
− 1

2 ,
1
2

)
, j = 1, 2, 3, 4, (7.4)

a±1 = inf
x∈ℓ, 1≤j≤4

δ±j (x), a±2 = sup
x∈ℓ, 1≤j≤4

δ±j (x). (7.5)

The last inclusion in (7.4) follows from the strong ellipticity property of the Steklov-Poincaré

type operators. Evidently,

−1

2
< a+1 ⩽ a+2 <

1

2
, −1

2
< a−1 ⩽ a−2 <

1

2
. (7.6)

In accordance with Theorem 6.1 and Remark 6.2 in Appendix B, we have the following

assertions (cf., Subsection 5.7 in [BCN2]).

Theorem 7.1 The operators

rSN
A± : [H̃s

p(SN )]4 → [Hs−1
p (SN )]4,

rSN
A± : [B̃s

p,t(SN )]4 → [Bs−1
p,t (SN )]4, t ≥ 1,

33



are invertible if

−1

2
+ a±2 < s− 1

p
<

1

2
+ a±1 .

Theorem 7.2 Let

f (D) ∈
[
B

1− 1
p

p,p (SD)
]4
, F (N) ∈

[
B

− 1
p

p,p (SN )
]4
, (7.7)

and let
4

3− 2a+2
< p <

4

1− 2a+1
. (7.8)

Then the mixed interior boundary value problem (2.11)-(2.13) has a unique solution U ∈

[W 1
p (Ω

+)]4 which is representable in the form of single-layer potential,

U = V
(
H−1 (f (e) + f̃)

)
,

where f (e) ∈
[
B

1−1/p
p,p (S)

]4
is a fixed extension of the vector function f (D) ∈

[
B

1−1/p
p,p (SD)

]4
from SD onto S preserving the functional space and f̃ ∈

[
B̃

1−1/p
p,p (SN )

]4
is defined by the

uniquely solvable pseudodifferential equation

rSN
A+ f̃ = F (0) on SN

with

F (0) := F (N) − rSN
A+ f (e) ∈

[
B−1/p

p,p (SN )
]4
.

Theorem 7.3 Let conditions (7.7) be fulfilled and

4

3− 2a−2
< p <

4

1− 2a−1
. (7.9)

Then the mixed exterior BVP (2.15)-(2.18) has a unique solution U ∈ [W 1
p,loc(Ω

−)]4 which is

representable in the form of single layer-potential,

U = −V
(
H−1 (f (e) + f̃)

)
,

where f (e) ∈
[
B

1−1/p
p,p (S)

]4
is a fixed extension of the vector function f (D) ∈

[
B

1−1/p
p,p (SD)

]4
from SD onto S preserving the functional space and f̃ ∈

[
B̃

1−1/p
p,p (SN )

]4
is defined by the

uniquely solvable pseudodifferential equation

rSN
A− f̃ = F (0) on SN
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with

F (0) := F (N) − rSN
A− f (e) ∈

[
B−1/p

p,p (SN )
]4
.

Theorem 7.4 Let inclusions (7.7) and inequality (7.8) hold and

−1

2
+ a+2 < s− 1

r
<

1

2
+ a+1 , 1 < r <∞.

Let U ∈ [W 1
p (Ω

+)]4 be a unique solution to the mixed interior BVP (2.11)-(2.13).

Then the following statements are true:

(i) If

f (D) ∈ [Bs
r,r(SD)]

4, F (N) ∈ [Bs−1
r,r (SN )]4,

then U ∈
[
H

s+ 1
r

r (Ω+)
]4
;

(ii) If

f (D) ∈ [Bs
r,t(SD)]

4, F (N) ∈ [Bs−1
r,t (SN )]4, 1 ≤ t ≤ ∞,

then

U ∈
[
B

s+ 1
r

r,t (Ω+)
]4
;

(iii) If α > 0 and

f (D) ∈ [C α(SD)]
4, F (N) ∈ [B α−1

∞,∞(SN )]4,

then

U ∈
⋂
β<κ

[C β( Ω+ ) ]4,

where 0 < κ = min{α, 1
2 + a+1 }.

Theorem 7.5 Let inclusions (7.7) and inequalities (7.9) hold, and

−1

2
+ a−2 < s− 1

r
<

1

2
+ a−1 , 1 < r <∞. (7.10)

Let U ∈ [W 1
p,loc(Ω

−)]4 be a unique solution to the mixed exterior BVP (2.15)-(2.18).

Then the following statements are true:

(i) If

f (D) ∈ [Bs
r,r(SD)]

4, F (N) ∈ [Bs−1
r,r (SN )]4,

then U ∈
[
H

s+ 1
r

r,loc (Ω
−)

]4
;
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(ii) If

f (D) ∈ [Bs
r,t(SD)]

4, F (N) ∈ [Bs−1
r,t (SN )]4, 1 ≤ t ≤ ∞,

then

U ∈
[
B

s+ 1
r

r,t,loc(Ω
−)

]4
;

(iii) If α > 0 and

f (D) ∈ [C α(SD)]
4, F (N) ∈ [B α−1

∞,∞(SN )]4,

then

U ∈
⋂
β<κ

[C β( Ω− ) ]4,

where 0 < κ = min{α, 1
2 + a−1 }.

Remark 7.6 Similar theorems are valid also for the mixed interior and exterior BVPs for

the adjoint operator A∗(∂). In particular, the interior mixed BVP for the operator A∗(∂) is

formulated as follows: Find a vector function U∗ ∈
[
W 1

q (Ω)
]4

=
[
H1

q (Ω)
]4
, q > 1, satisfying

the differential equation

A∗(∂x)U
∗(x) = 0 in Ω,

the Dirichlet type boundary condition on SD

{U∗(x)}+ = f∗(x), x ∈ SD,

and the Neumann type boundary condition on SN

{T̃ (∂, n)U∗(x)}+ = F ∗(x), x ∈ SN ,

where

f∗ ∈
[
B

1− 1
q

q,q (SD)
]4
, F ∗ ∈

[
B

− 1
q

q,q (SN )
]4
.

The exterior mixed BVP is formulated analogously with additional decay condition at infinity

similar to (2.18).

The Steklov-Poincaré type operators associated with the adjoint differential operator A∗(∂)

for the interior and exterior domains are defined, respectively, by the relation:

A+
∗ = (−2−1I4 +K∗) [H∗]−1, A−

∗ = −(2−1I4 +K∗) [H∗]−1, (7.11)
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where the operators H∗ and K∗ are defined by (5.13) and (5.14). These operators are strongly

elliptic pseudodifferential operators of order −1.

Denote the eigenvalues of the matrices

M±
∗ := [S(A±

∗ ;x, 0,+1) ]−1S(A±
∗ ;x, 0,−1), x ∈ ℓ,

by λ±j∗(x), j = 1, 2, 3, 4, and put

δ±j∗(x) = Re
[
(2π i)−1 lnλ±j∗(x)

]
= 1

2π arg λ±j∗(x) ∈
(
− 1

2 ,
1
2

)
, j = 1, 2, 3, 4, (7.12)

a±1∗ = inf
x∈ℓ, 1≤j≤4

δ±j∗(x), a±2∗ = sup
x∈ℓ, 1≤j≤4

δ±j∗(x). (7.13)

Evidently,

−1

2
< a+1∗ ⩽ a+2∗ <

1

2
, −1

2
< a−1∗ ⩽ a−2∗ <

1

2
. (7.14)

The Steklov-Poincaré type operators (7.11) have the same mapping properties as their

counterpart operators (7.1) described in Theorem 7.1 with a±1∗ and a±2∗ for a±1 and a±2 respec-

tively. Therefore, assertions similar to Theorems 7.2, 7.3, 7.4, and 7.5 with a±1∗ and a±2∗ for

a±1 and a±2 , respectively, hold also true for the above formulated interior and exterior mixed

BVPs for the adjoint operator A∗(∂).
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