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Summability (C, «) of series of generalized spherical functions
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Abstract

For the function given on the surface of a sphere, generalized Laplace operators
are defined, and by means of these operators, sufficient conditions are established
for the (C, a)-summability of the series obtained through iterated application of the
Laplace operator to the series of generalized spherical functions.
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1 Introduction

Gelfand and Shapiro considered the system of generalized spherical functions and the
expansion of a vector function, given on the surface of a sphere, into a Fourier series
with respect to this system of generalized spherical functions (see [1]). Subsequently, the
problems of convergence of this series (see [2]) and the questions of its summability by
various methods (see [3], [4]) were investigated.

The paper discusses the means of the series, the series (C, ) obtained from the gener-
alized spherical function series by several ”differentiations”, that is, by repeated applica-
tion of the Laplace operator. The properties of these means are established, and sufficient
conditions are proved for the summability of the series after multiple differentiations.

2 Notations and definitions

Generalized spherical functions are defined as follows (see [1])
Trln(gpla 197 902) = e*imwzpylnn(cos ﬁ)eiimg}l? m,n = _lv =+ 17 <o 7l7

where

Phate) = G SO o5 5 L [ 0],

and 1,9, @9 - are Euler angles with ranges 0 < 7 <27, 0 < ¢y <27, 0 <9 < 7.
Define the operator:

o o 1 [0 2 o
A% el 1t (D 9cesw
o2 Ty T snTo (agof R P 8g0§) ’

then (see [1]) )
AT}nn(SOlJ 197 302) = _l(l + 1)T7lnn(9017 197 302)
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Thus, we have

ATS(5 = 0,0) = =l + DT, (5 = ¢.9,0).
where A is the angular part of the Laplace operator:
0? 8 1 0?

A= _—— +ctgd—

092 09 sm2 9 8_302

If we accept that A™ = A(A™), r=2,3,..., then

Let S? be the surface of the sphere with unit radius in R®. Assume that on the
surface S? a vector function is given, V (9, ) = V(V,,V,, V.), where ¢ and ¢ are spherical
coordinates. The components of this function in spherical coordinates are as follows (see

[1])
V, = Vysind cos ¢ + V, sind sin p 4 V, cos ¥

Ve = Vzcosdcos p + Vj cos¥sinp — V, sinv
Vo = —Vzsing + V,, cos ¢.
We define the following combinations of the components of the function V (¥, ¢) (see [1])

1
Vo=V, Voi=——(V,+ily), Vi=

V2

We then consider the Fourier series of the function V,, (1, ¢) € L(S?) (m = 0,+1) function

(see [1], [2])

(V, —iVy)

Sl

SV 9, ) Z Z oL o7l (W 0,9, o) (m = 0,+1)

I=|m| n=-1

where

2l+1 T

(§ — ¢, 0, 0) sin?' d'dy'. (2.1)

Let ST (V,,;9,¢) denote the result of the r-times action of the operator A on the
series S(Vpn; v, ¢). Then

SO (Vs 0, ) Z Z 7t (g - gp,ﬁ,()) . (2.2)

I=|m| n=-1

l
Cmn -

If in the series (2.2), we substitute the values of the coefficients C!,  (obtained) fromequality(2.1)andappl;
Y [FU A DL (0, 0) = 350+ D], (9, 9), (2.3) where

—1)m(2l+1 2 ,
L0, ) = %/ / V(9 e merte pl(cosy) sind’dd'dy’,  m =0, 1,
m 0
cosy = cost cos ¥ +sindsin cos(p — '), 0<I <7, 0<p<2m,
Pl ('u) _ (_1)l—m dl—m

I RO S DU RO

2



sin(p — ¢') sin?’

tgp, =
81T T osIsin cos(p — ') + cos V' sinv)’

sin(¢p — ¢') sin v

t = .
892 = T os 0’ sin 9 cos(p — ¢') + cos ¥ sin

Let us consider (C, a) (a > —1) of the series (2.3):

2m
2 Vs 0, ) = 4 / / Je~ime 1“’2)[(”Y ® (cosy)sind'dd'dy’,  (2.4)
7r

where
K% (cosy) Z A% 21+ D)1+ D] PL, (cos 7). (2.5)
AL
If the identity (see [2])

1 d 1 1

Py(p) =P _(p) = 2l—+1d_(Pl“(u) — Pa(p) - ST m(PHl(N) — Pa(p)),

is taken into account, and noting that ([5], p. 37)

%(PZH(N) = Ba(w) = @+ 1 R(w),

we obtain y

Pf,l(u)sz(u)—/ P(t)dt.

-1

Thus, by virtue of equality (2.5), when m = £1, we have

K5 (cosy) = K% (cosy) — ®%(cos ), (2.6)
Here
K*(cos ) ZA D]"(2l + 1) P(cos ),
A=
37 (cos ) ! /WK“’( 1) sin tdt
“(cosy) = ——— “(cost) sin tdt.
" K l+cosy ), "

Let us assume the spherical coordinates (¢, ¢) of point P, and (¢, ¢') of point Q. Then
equality (2.4) can be written as

v p) = / [ Val@e e ks (P.Q)aso
and if P(¥, ) is the north pole of the sphere S?; then (2.4) reduces to

P (Vs P)

/ / —zm(apl-wz)K?"O‘ (cos ’y) sin ’Yd’)/d_

Let C(P,h) denote the circumference on the surface S?, whose center is located at
point P and whose radius is 2 sin % It is clear that

47r

C(P,h)={Q:Q € S* (P,Q)=cosh}.
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By the symbol w(P, h) we designate the spherical segment

w(P,h)={Q:Q e S* (P,Q) > cosh}.

We say that the function V,,(Q) at point P (m = 0,£1) has an operator of order r,
denoted D", if there exist numbers a)*, r = 0,1,..., such that

1 . . h\ 2 h
—im(p1+¢2) _ k N s2r Y )
5 /(P,Q)cosh Vi (Q)e dSg E )2 (sm 2) +o (sm 2) . (2.7)

k=0

Let us denote the value of this operator at point P by the symbol D"V,,(P). The
values of the operator D" can be calculated from the expansion (2.7) in the following way:

DV, (P) = Vo (P) = al', DV,,(P) =a}",
DD+ (m+1)(m+2))Vu(P)=ay, DD+ (m+1)(m+2))(D+ (m+2)(m+3))Vp(P)=ay
DD+ (m+1)(m+2)(D+(m+2)(m+3))...(D+(m+k—=2)(m+k—1))V,(P) = Zl

N (28)
k=23,...r; D'D'’=D" 435>0, i+j<r.

Let us now define a more generalized operator, in comparison with D. Let Vin(Q), with
(m = 0,41), be a function defined on the surface of sphere S?, integrable in an arbitrary
spherical neighborhood of any point P € S?. We say that at point P the function V,,(Q)
admits an operator of order r, denoted DTVm(P ), if there exists a following representation:

r

, b AN
—zm(cp1+s02) _ § ok in — +o(l1— T =0,1,...
P h) ’ // 10 =0 pl(p+1)! (sm 2) oll—eosh), 7=0.1,

w(P,h)
(2.9)
The operator [?TVm(P) defined by equality (2.9) is related to the coefficients b,, © =
0,1,...,r through equalities similar to those in (2.8).

3 Proof of key results

The following lemmas hold.

Lemma 1. If -1 <x <1, m >0, then for P, (z) polynomial we have

oo~ (157" o

nn+1)+mm+1)]...[-nn+1)+(m+v—1Dm+v)] [1—2\"
{”Z ()2 ( 2 )}

Lemma 2. If0 < 9 <, then P} (cosv), n > m, and for the polynomials there exists a
Dirichlet-Meller type integral presentation, given by

(—1)"/3 /’” (V2sin§ + (cos9 - cost)!/)™" <

(1 + cos )™ (cost) — cost)!/2

1
P (cost) = n+ —) tdt.

2
(3.2)



Lemma 3. If from equation D*V,,(P) =0, for k=0,1,...,r, and m = 0, %1, it follows
that A"S(Vy; P) is (C,«) summable to zero, then from the equality D"V,,(P) = S, it
follows that A"S(V,,; P) is (C,«) summable for number S.

Proof. Let us suppose that D"V, (P) = S. That is, at point P, there exist D°V,,, DV,,, ..., D"V,
numbers. Let us consider the finite sum of polynomials P, ([P, Q])

T.(Q)=>_ CP.L.(P.Q)

We select the coefficients C; in such a way that D*T,,(P) = D*V,,(P), k=0,...,r.

If we take into account the expansion (3.1) and the definition of the operator D*, we
can easily verify that D*P! (P) = A*P! (P). From this, we conclude that D*T(P) =
AFT(P), k = 0,1,...,7. That is, the coefficients C; are selected so that A*T(P) =
D*V,,(P), holds for k =0,1,...,r.

The determinant of the resulting system with respect to the unknowns Cy, C4, ..., C,
is not equal to zero; thus, the coefficients would be selected so that A*T(P) = D*V,,(P),
k=0,1,...,r. The determinant of the resulting system with respect to the unknowns is
not equal to zero, thus Cy, C, ..., C, exist.

Let F,(Q) =V, (Q) — T1,(Q). Then D*F,,(P) =0 holds for k =0,1,...,r.

By the condition of the lemma, A"S(F,,; P) is (C, a)-summable to zero. As a conse-
quence

A"S(F,; P) = A"S(V,,; P) — A"S(T,,; P) = A"S(V,; P) — S,
The lemma is proved. O]

Lemma 4. If from the equalities D*V,,(P) =0, k =0,1,...,r, m = 0, %1 it follows that
A"S(Vy; P) is (C, a)-summable to zero, then from the equality D"V,,(P) = S it follows
that A™S(Vyn; P) is (C,«) summable to the number S.

Proof. Lemma 4 is proved similarly to Lemma 3. [

Lemma 5. There exists a positive ¢ such that

m

1/n
/ | (cos¥)|(siny)*dy <¢e, m=0,£1, r=0,1,..., n=12,...
0

Proof. 1f 0 < v < 7, the polynomial P! (cos+) satisfies (see [6]):

1
[PLycosy)| < 2(14+27) < 2,
2 2
Thus,
0 3 - o r
| K (cos )| < 24 ;An_l(2l+ DI+ 1)

Obviously, there exists a positive constant ¢ such that (21 + 1)[I(I + 1)]" < en**1. Thus,

2r+1 "1 a+1

A
’K;,a (COS ’Y)‘ S Ag_l — Cn2r+1 Ana 2r+2

,M

<cn
no=0



Hence, we have

1/n 1/n 1/n
/ |Kra (COS ,)/)’ Sin2r+1 ,ydfy < Cn2r+2/ 2r+1 ’Yd”)/ < Cn2r+2/ ,y2r+1d,y = c.
0 0 0

The lemma is proved. O

Lemma 6. Let 1 <6< 3, neN anda>2r+1. Then there exists a positive constant
¢ such that
K (cosé) = o(1) (3.3)

and

5
/ | K (cos )| sin” ™ ydy <e¢, r=0,1,..., m=0,+l.
1/n

Theorem 1. Let V,, (¥, ), m = 0,£1, be an integrable function on the surface of the
sphere S?. If in any spherical neighborhood of the point (9,p) we have Vi, (9, ) = 0,
then the series ST (V,,;19,¢) is (C,a)-summable to zero for a > 2r +1. If § > 0 and
a > 2r+1, then

lim // Nemierte) Ko (cos ) sin ' dd'de’ = 0.

n—00
S2\w(P,8)

Proof. 1t is known that (see [7]) that if P;(z) is an odd polynomial of degree j, and
0 <6 < 3, then the series

> P20+ 1)sin(20 + 1)y
=0

is uniformly (C, o)-summable to zero, where o > j and 6 < < 7w — . Thus, the series

i[—l(l + 1)]"(20 + 1) sin(2l + 1)y = <_4 ) i[(% +1)% = 1]"(20 + 1) sin(20 + 1)y

is uniformly (C, «)-summable to zero, where @ > 2j + 1 and § < v <7 — 4. That is, an
n — oo and g <7 < 3, the summability is uniform with respect to y

o0

O (cosy) = Y [—I(1+ D)) (21 + 1) A sin(2] + 1)y = o(n®). (3.4)

=0

Let’s show that if @« > 2r + 1 and § < v < 7, then the series is uniformly (C,a)-
summable to zero with respect to v:

o0

Ty (cosy) Z I(1+ 1)) (2l +1)A> P (cosv) = o(n®).
1=0

For this, first of all, let us prove that if § < v < 7, then

T dt
<c. (3.5)
/7 (cosy — cost)l/2




Let us assume that 6 < Z. Since cosy — cost = QSint_T“’sin

4
0<t< 7, it follows that

™ T —-1/2
/ dt < /2 / (t — )71 ( sin A dt.
., (cosy —cost)l/2 — N 2

Let us assume that § < v < %+ Then sin 32¢t > siny > sind. Thus,

T dt 7'('1/2 U
= t—) "2t < e
[, (cosy — cost)!/2 — (sin§)!/2 L (t—") <c

This completes the proof of (3.5)
For the functions P! (cos7), from the integral presentation (3.2) and noting that
P = P! we obtain that for m = 0, 1,,

—m,—m>

t+y

5 and sint > 2t for
s

Ty (cosy) = —g(l + cos V)m/ Z[—l(l + 1] (20 + 1) A2 (cosy — cost)"/2x

y

—2m
t 1
X [\/ﬁsin 3 + (cosy — cos t)lﬂ} sin (l + 5) tdt

2v2
= —i(l + cosy)™ X
m

T/2 "N L
X / Z[—l(l + )" (21 + 1) A5 _,(cosy — cos2t) "2 x
72 =0

x [V/2sint + (cosy — cos 26)/2)| 72" sin (2 4 1)t dt

If we take into account (1+cosy)™ < 2 and [v/2sint+ (cosy — cos 2¢)/2]72m < L <
sin+é’ then from the last equality we have
2

w/2 dt

[S])

ye

N dt
— @T,O{ .
c {Vrel?gaé} | n,m(COS 7)’} /7 (cosy — cost)1/?

From the preceding equality, we obtain the acceleration from of (3.5).

INIE]

Ty (cosy) <c max |7, (cos ). (3.6)

v€lz:3
From (3.6), and taking (3.4), into account, we deduce
Ty (cosy) =o(n%), 6<~vy<m. (3.7)

Let us now begin to proof the theorem. For the accelerated from of (3.7), and for an
arbitrary number € > 0, there exists N such that for all n > N

| Ko (cosy)| < e. (3.8)
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Thus, when n > N we obtain

’/ / Vin(y, @)e™ A H @) [0 (cos ) siny dydp| <
S2\w(P,s ’

< 5// Vi (7, @) | siny dydp < 5/ Vi (P)|dSg < ce.
S2\w(Po s2

]

Theorem 2. Let us say that V,,(P), m = 0, %1, is an integrable function defined on S*.
If for nonnegative number r, there exists D"V,,(P), then A"S(V,,; P) is (C, a)-summable
to D"V, (P) when a > 2r + 1.

Proof. Without loss of generality, let us assume that the point P is the north pole of
the sphere S?, and the origin of coordinates is located at the center of S? sphere. Then
0,0 (Vin; P) would be written down as

—1)m [T P
Py = S [ v@e e L i eosman
’ ar - Jo Uewqy

For the accelerated from of Lemma 3, it is possible to assume D*V,,(P) = 0, k =
0,1,...,7. Thus, for any number ¢ > 0, there exists § > 0 such that, when v < ¢
we have

< ce(siny)* L, (3.9)

/ Vm(Q)e_im(“Zl*@Q)dSQ
C(Py)

Let us represent 0,9 (V;,; P) as the sum of two summands in the following way:

-1 [0 o
O (Vin; P) = u/ {/ Vm(Q)em(%*‘p?)dSQ} K5 (cosy)dry
’ drJo Wewa)

- // Vin(Q)e™MEFR [0 (cos ) sinydrydp = Iy + I,
S2\w(P,d)

By Theorem 1 lim I, = 0.

n—o0

By virtue of (3.9)

Ii| < ce K’"a (cos )| (siny)* *1dy.
’Y 7 Y

And by virtue of Lemma 5 and Lemma 6

/|K” (cos)|(siny)* tdy = / / <c,

thus |I;]| < ce. The theorem is proved. O

Lemma 7. If r is a nonnegative integer 0 < 6 < 5 and o > 2r +2 hold, then there exists
a constant ¢ > 0 such that

’

d
— K% (cosv)|sin® P ydy < ¢, m=0,L1.

dry




Proof. Let us first consider the case m = 0.Then K7 (cosy) = K]“(cos+y). By partial
integration, we obtain

5 5
d
/ y — K"*(cos ) sin® "2 ydy = sin* 2 § K**(cos §) — (2r + 2) / K*(cos~y) sin® ! ~dry.
o av 0
From this equality, by virtue of lemma 5, Lemma 6 and (3.3) we conclude that
d
K, %(cos )

1)
/od’Y

If m = %1, then by virtue of (2.6) it is sufficient to show that

sin? 2 ydy < c.

5
d
/ —®"%(cos )| sin¥ 2 ydy = O(1). (3.10)
o ldvy
Since
d sin y T ) sin y
— e = K t tdt — K
(o) = e [ (eost) st = 1 cos)
we have

d ) Sin2T+3'7 T
—®"*(cos — K% (cost)sintdt p dy| +
Ly cosn) /O(HCOSV)Q{/V e eost) sintir 7’

6 i 2r+3 1) t 2r+3
+/ (Sm—y)|K;’a(cosv)|dfy = ‘/ K*(cost)sint {/ (—Vd*y} dt +
0 0 0

1+ cos~y 1+ cosy)?

T é s 2r+3 6 1. 2r43
) sin“" "y sin“"™"
+ Kre t t ——d + — | K" dvy <
/5 " (COS )Sm {/0 (1 C057)2 7}‘ /0 1 COSPY| " (COSV)| 7=

é ™
c {/ | K" (cost)|sin® ! tdt + / | K"*(cost)|sin tdt} :
0 5

Hence, by virtue of Lemma 5, Lemma 6 and (3.8), the estimate (3.10) is obtained. O

sin2 2 ~ydry <

/

Theorem 3. Let us say that V,,(P), with m = 0, 1 is an integrable function defined
on S%. If, for nonnegative number r there exists D"V, (P), then the series A"S(V,; P) is
(C, a)-summable to the number D"(V,,; P) when o > 2r + 2.

Proof. Let us assume that the point P is the north pole of the sphere S?, and the origin
of the coordinates is located at the center of S2. If D@V, (P) = 0 holds for i =
0,1,...,7, then, using the accelerated form of Lemma 4 it is sufficient to show that the
series A"S(V,,; P) is summable to zero by the (C, «) method, when a > 2r + 2.

Since D"V,,(P) = 0 holds for i = 0,1,...,r, thus for any number ¢ > 0, there
exists § > 0 such that

// —im(tpl+¢2)d8@ < ce <Sin %>2r+2 when 4 < 4,
(Py)
That is,
/07 {/(P,Q)Cosh Vm(@>€im(%+‘p2)dsc)} dh < ce (sin %>2r+2 : (3.11)
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when v < 6.
Let us assume that 7 = min(d; §),

3|>—*

< n. We have
1
2

1

n 2m o
07 (Vi P)| < [ Vi (y —)ezm(¢>1+¢2)d4 K5, (cos ) smfyd7’

271'

m($1+65) dp K5, (cos ) sin fyd¢‘

By theorem 2, the second summand on the right-hand side of the last inequality tends
to zero as n — oo. For the first summand, let us perform partial integration, and obtain

n 2 o
/ [ / vmw,@emwlwdﬂ K7 (cosy) sinydy =
0 0
2

n
= K% (cosn //Vm e PR gin vdrydp—
0 0

n N d
[ v@emedsy | 4Lz s,
0 (P,Q)=cos~y dfy

By virtue of inequality (3.11) and Lemma 7, we have

n NP d
/ {/ Vm(Q)eZm(%*‘p?)dSQ} — K (cos fy)d’y’ < ce,
0 (P,Q)=cos~ d"}/

Moreover, by (3.3) the evaluation lim K} (cosn) = 0 holds. Thus, the theorem is

n—oo

proved. O
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