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Abstract

For the function given on the surface of a sphere, generalized Laplace operators
are defined, and by means of these operators, sufficient conditions are established
for the (C,α)-summability of the series obtained through iterated application of the
Laplace operator to the series of generalized spherical functions.
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1 Introduction

Gelfand and Shapiro considered the system of generalized spherical functions and the
expansion of a vector function, given on the surface of a sphere, into a Fourier series
with respect to this system of generalized spherical functions (see [1]). Subsequently, the
problems of convergence of this series (see [2]) and the questions of its summability by
various methods (see [3], [4]) were investigated.

The paper discusses the means of the series, the series (C,α) obtained from the gener-
alized spherical function series by several ”differentiations”, that is, by repeated applica-
tion of the Laplace operator. The properties of these means are established, and sufficient
conditions are proved for the summability of the series after multiple differentiations.

2 Notations and definitions

Generalized spherical functions are defined as follows (see [1])

T l
m(φ1, ϑ, φ2) = e−imφ2P l

mn(cosϑ)e
−imφ1 , m, n = −l,−l + 1, . . . , l,

where

P l
mn(x) =

(−1)l−min−m

2l(n−m)!

√
(l −m)!(l + n)!

(l +m)!(l − n)!
(1−x)−

n−m
2 (1+x)−

n+m
2

dl−n

dxl−n

[
(1− x)l−n(1 + x)l+n

]
,

and φ1, ϑ, φ2 - are Euler angles with ranges 0 ≤ φ1 ≤ 2π, 0 ≤ φ2 ≤ 2π, 0 ≤ ϑ ≤ π.
Define the operator:

∆̃ =
∂2

∂ϑ2
+ ctgϑ

∂

∂ϑ
+

1

sin2 ϑ

(
∂2

∂φ2
1

− 2 cosϑ
∂2

∂φ1∂φ2

+
∂2

∂φ2
2

)
,

then (see [1])
∆̃T l

mn(φ1, ϑ, φ2) = −l(l + 1)T l
mn(φ1, ϑ, φ2).
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Thus, we have

∆T l
mn(

π

2
− φ, ϑ, 0) = −l(l + 1)T l

mn

(π
2
− φ, ϑ, 0

)
,

where ∆ is the angular part of the Laplace operator:

∆ =
∂2

∂ϑ2
+ ctgϑ

∂

∂ϑ
+

1

sin2 ϑ

∂2

∂φ2
.

If we accept that ∆r = ∆(∆r−1), r = 2, 3, . . . , then

∆rT l
mn

(π
2
− φ, ϑ, 0

)
= [−l(l + 1)]rT l

mn

(π
2
− φ, ϑ, 0

)
Let S2 be the surface of the sphere with unit radius in R3. Assume that on the

surface S2 a vector function is given, V (ϑ, φ) = V (Vx, Vy, Vz), where ϑ and φ are spherical
coordinates. The components of this function in spherical coordinates are as follows (see
[1])

Vr = Vx sinϑ cosφ+ Vy sinϑ sinφ+ Vz cosϑ

Vϑ = Vx cosϑ cosφ+ Vy cosϑ sinφ− Vz sinϑ

Vφ = −Vx sinφ+ Vy cosφ.

We define the following combinations of the components of the function V (ϑ, φ) (see [1])

V0 = Vr, V−1 = − 1√
2
(Vφ + iVϑ), V1 =

1√
2
(Vφ − iVϑ)

We then consider the Fourier series of the function Vm(ϑ, φ) ∈ L(S2) (m = 0,±1) function
(see [1], [2])

S(Vm;ϑ, φ) =
∞∑

l=|m|

l∑
n=−l

C l
mnT

l
mn

(π
2
− φ, ϑ, 0

)
, (m = 0,±1)

where

C l
mn =

2l + 1

4π

∫ π

0

∫ 2π

0

Vm(ϑ
′, φ′)T l

mn(
π

2
− φ′, ϑ′, 0) sinϑ′dϑ′dφ′. (2.1)

Let S(r)(Vm;ϑ, φ) denote the result of the r-times action of the operator ∆ on the
series S(Vm;ϑ, φ). Then

S(r)(Vm;ϑ, φ) =
∞∑

l=|m|

l∑
n=−l

C l
mn[−l(l + 1)]rT l

mn

(π
2
− φ, ϑ, 0

)
. (2.2)

If in the series (2.2), we substitute the values of the coefficients Cl
mn(obtained)fromequality(2.1)andapplythesummationformula(see[1]), weobtainS(r)(Vm;ϑ, φ) =∑∞

l=|m|[−l(l + 1)]rI lm(ϑ, φ) =
∑∞

l=0[−l(l + 1)]rI lm(ϑ, φ), (2.3) where

I lm(ϑ, φ) =
(−1)m(2l + 1)

4π

∫ π

0

∫ 2π

0

Vm(ϑ
′, φ′)e−im(φ1+φ2)P l

mm(cos γ) sinϑ
′dϑ′dφ′, m = 0,±1,

cos γ = cosϑ cosϑ′ + sinϑ sinϑ′ cos(φ− φ′), 0 ≤ ϑ ≤ π, 0 ≤ φ ≤ 2π,

P l
mm(µ) =

(−1)l−m

2l(l −m)!
(1 + µ)−m dl−m

dµl−m
[(1− µ)l−m(1 + µ)l+m],
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tgφ1 =
sin(φ− φ′) sinϑ′

− cosϑ sinϑ′ cos(φ− φ′) + cosϑ′ sinϑ
,

tgφ2 =
sin(φ− φ′) sinϑ

− cosϑ′ sinϑ cos(φ− φ′) + cosϑ sinϑ′ .

Let us consider (C, α) (α > −1) of the series (2.3):

σr,α
n (Vm;ϑ, φ) =

(−1)m

4π

∫ π

0

∫ 2π

0

Vm(ϑ
′, φ′)e−im(φ1+φ2)Kr,α

n,m(cos γ) sinϑ
′dϑ′dφ′, (2.4)

where

Kr,α
n,m(cos γ) =

1

Aα
n

n∑
l=0

Aα
n−l(2l + 1)[−l(l + 1)]rP l

mm(cos γ). (2.5)

If the identity (see [2])

P l
1,1(µ) = P l

−1,−1(µ) =
1

2l + 1

d

dµ
(Pl+1(µ)− Pl−1(µ))−

1

2l + 1
· 1

1 + µ
(Pl+1(µ)− Pl−1(µ)),

is taken into account, and noting that ([5], p. 37)

d

dµ
(Pl+1(µ)− Pl−1(µ)) = (2l + 1)Pl(µ),

we obtain

P l
1,1(µ) = Pl(µ)−

∫ µ

−1

Pl(t)dt.

Thus, by virtue of equality (2.5), when m = ±1, we have

Kr,α
n,m(cos γ) = Kr,α

n (cos γ)− Φr,α
n (cos γ), (2.6)

Here

Kr,α
n (cos γ) =

1

Aα
n

n∑
l=0

Aα
n−l[−l(l + 1)]r(2l + 1)Pl(cos γ),

Φr,α
n (cos γ) =

1

1 + cos γ

∫ π

γ

Kr,α
n (cos t) sin tdt.

Let us assume the spherical coordinates (ϑ, φ) of point P, and (ϑ′, ϕ′) of point Q. Then
equality (2.4) can be written as

σr,α
n (Vm;P ) =

(−1)m

4π

∫∫
S2

Vm(Q)e−im(φ1+φ2)Kr,α
n,m[(P,Q)]dSQ,

and if P (ϑ, φ) is the north pole of the sphere S2, then (2.4) reduces to

σr,α
n (Vm;P ) =

(−1)m

4π

∫ π

0

∫ 2π

0

Vm(γ, φ)e
−im(φ1+φ2)Kr,α

n,m(cos γ) sin γdγdφ.

Let C(P, h) denote the circumference on the surface S2, whose center is located at
point P and whose radius is 2 sin h

2
. It is clear that

C(P, h) = {Q : Q ∈ S2, (P,Q) = cosh}.
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By the symbol ω(P, h) we designate the spherical segment

ω(P, h) = {Q : Q ∈ S2, (P,Q) ≥ cosh}.

We say that the function Vm(Q) at point P (m = 0,±1) has an operator of order r,
denoted Dr, if there exist numbers amr , r = 0, 1, . . . , such that

1

2π sinh

∫
(P,Q)=cosh

Vm(Q)e−im(φ1+φ2)dSQ =
r∑

k=0

amk
(k!)2

(
sin

h

2

)2k

+ o

(
sin2r h

2

)
. (2.7)

Let us denote the value of this operator at point P by the symbol DrVm(P ). The
values of the operator Dr can be calculated from the expansion (2.7) in the following way:

D0Vm(P ) = Vm(P ) = am0 , DVm(P ) = am1 ,

D(D + (m+ 1)(m+ 2))Vm(P ) = am2 , D(D + (m+ 1)(m+ 2))(D + (m+ 2)(m+ 3))Vm(P ) = am3 ,

. . . (D(D + (m+ 1)(m+ 2))(D + (m+ 2)(m+ 3)) . . . (D + (m+ k − 2)(m+ k − 1))Vm(P ) = amk ,


(2.8)

k = 2, 3, . . . r; DiDj = Di+j, i, j ≥ 0, i+ j ≤ r.

Let us now define a more generalized operator, in comparison with D̃. Let Vm(Q), with
(m = 0,±1), be a function defined on the surface of sphere S2, integrable in an arbitrary
spherical neighborhood of any point P ∈ S2. We say that at point P the function Vm(Q)
admits an operator of order r, denoted D̃rVm(P ), if there exists a following representation:

1

|ω(P, h)|

∫∫
ω(P,h)

Vm(Q)e−im(φ1+φ2)dSQ =
r∑

µ=0

bµ
µ!(µ+ 1)!

(
sin

h

2

)2µ

+o(1−cosh)r, r = 0, 1, . . .

(2.9)
The operator D̃rVm(P ) defined by equality (2.9) is related to the coefficients bµ, µ =

0, 1, . . . , r through equalities similar to those in (2.8).

3 Proof of key results

The following lemmas hold.

Lemma 1. If −1 ≤ x ≤ 1, m ≥ 0, then for P n
mm(x) polynomial we have

P n
mm(x) =

(
1 + x

2

)m

× (3.1)

×

{
1 +

∞∑
ν=1

[−n(n+ 1) +m(m+ 1)] . . . [−n(n+ 1) + (m+ ν − 1)(m+ ν)]

(ν!)2

(
1− x

2

)ν
}

Lemma 2. If 0 < ϑ < π, then P n
mn(cosϑ), n ≥ m, and for the polynomials there exists a

Dirichlet-Meller type integral presentation, given by

P n
mm(cosϑ) =

(−1)m
√
2

π(1 + cosϑ)m

∫ ϑ

0

(√
2 sin ϑ

2
+ (cosϑ− cos t)1/2

)2m
(cosϑ− cos t)1/2

sin

(
n+

1

2

)
t dt.

(3.2)
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Lemma 3. If from equation DkVm(P ) = 0, for k = 0, 1, . . . , r, and m = 0,±1, it follows
that ∆rS(Vm;P ) is (C,α) summable to zero, then from the equality DrVm(P ) = S, it
follows that ∆rS(Vm;P ) is (C, α) summable for number S.

Proof. Let us suppose thatDrVm(P ) = S. That is, at point P , there existD0Vm, DVm, . . . , D
rVm

numbers. Let us consider the finite sum of polynomials P l
mm([P,Q])

Tm(Q) =
r∑

l=0

ClP
l
mm([P,Q])

We select the coefficients Cl in such a way that DkTm(P ) = DkVm(P ), k = 0, . . . , r.
If we take into account the expansion (3.1) and the definition of the operator Dk, we

can easily verify that DkP l
mm(P ) = ∆kP l

mm(P ). From this, we conclude that DkT (P ) =
∆kT (P ), k = 0, 1, . . . , r. That is, the coefficients C1 are selected so that ∆kT (P ) =
DkVm(P ), holds for k = 0, 1, . . . , r.

The determinant of the resulting system with respect to the unknowns C0, C1, . . . , Cr

is not equal to zero; thus, the coefficients would be selected so that ∆kT (P ) = DkVm(P ),
k = 0, 1, . . . , r. The determinant of the resulting system with respect to the unknowns is
not equal to zero, thus C0, C1, . . . , Cr exist.

Let Fm(Q) = Vm(Q)− Tm(Q). Then DkFm(P ) = 0 holds for k = 0, 1, . . . , r.
By the condition of the lemma, ∆rS(Fm;P ) is (C, α)-summable to zero. As a conse-

quence

∆rS(Fm;P ) = ∆rS(Vm;P )−∆rS(Tm;P ) = ∆rS(Vm;P )− S,

The lemma is proved.

Lemma 4. If from the equalities D̃kVm(P ) = 0, k = 0, 1, . . . , r, m = 0,±1 it follows that
∆rS(Vm;P ) is (C, α)-summable to zero, then from the equality D̃rVm(P ) = S it follows
that ∆rS(Vm;P ) is (C, α) summable to the number S.

Proof. Lemma 4 is proved similarly to Lemma 3.

Lemma 5. There exists a positive c such that∫ 1/n

0

|Kr,α
n,m(cos γ)|(sin γ)2r+1dγ < c, m = 0,±1, r = 0, 1, . . . , n = 1, 2, . . .

Proof. If 0 ≤ γ ≤ π, the polynomial P l
mm(cos γ) satisfies (see [6]):

|P l
mm(cos γ)| ≤

1

2
(1 + 2|m|) ≤ 3

2
,

Thus,

|Kr,α
n,m(cos γ)| ≤

3

2Aα
n

n∑
l=0

Aα
n−l(2l + 1)[l(l + 1)]r.

Obviously, there exists a positive constant c such that (2l + 1)[l(l + 1)]r ≤ cn2r+1. Thus,

|Kr,α
n,m(cos γ)| ≤

cn2r+1

Aα
n

n∑
l=0

Aα
n−l = cn2r+1A

α+1
n

Aα
n

≤ cn2r+2
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Hence, we have∫ 1/n

0

|Kr,α
n,m(cos γ)| sin2r+1 γdγ ≤ cn2r+2

∫ 1/n

0

sin2r+1 γdγ ≤ cn2r+2

∫ 1/n

0

γ2r+1dγ = c.

The lemma is proved.

Lemma 6. Let 1
n
≤ δ ≤ π

2
, n ∈ N and α > 2r + 1. Then there exists a positive constant

c such that
Kr,α

n,m(cos δ) = o(1) (3.3)

and ∫ δ

1/n

|Kr,α
n,m(cos γ)| sin2r+1 γdγ < c, r = 0, 1, . . . , m = 0,±1.

Theorem 1. Let Vm(ϑ, φ), m = 0,±1, be an integrable function on the surface of the
sphere S2. If in any spherical neighborhood of the point (ϑ, φ) we have Vm(ϑ, φ) = 0,
then the series S(r)(Vm;ϑ, φ) is (C,α)-summable to zero for α > 2r + 1. If δ > 0 and
α > 2r + 1, then

lim
n→∞

∫∫
S2\ω(P,δ)

Vm(ϑ
′, φ′)eim(φ1+φ2)Kr,α

n,m(cos γ) sinϑ
′dϑ′dφ′ = 0.

Proof. It is known that (see [7]) that if Pj(z) is an odd polynomial of degree j, and
0 < δ < π

2
, then the series

∞∑
l=0

Pj(2l + 1) sin(2l + 1)γ

is uniformly (C, α)-summable to zero, where α > j and δ ≤ γ ≤ π − δ. Thus, the series

∞∑
l=0

[−l(l + 1)]r(2l + 1) sin(2l + 1)γ =
(−1)r

4

∞∑
l=0

[(2l + 1)2 − 1]r(2l + 1) sin(2l + 1)γ

is uniformly (C, α)-summable to zero, where α > 2j + 1 and δ ≤ γ ≤ π − δ. That is, an
n → ∞ and δ

2
≤ γ ≤ π

2
, the summability is uniform with respect to γ

Φr,α
n,m(cos γ) =

∞∑
l=0

[−l(l + 1)]r(2l + 1)Aα
n−l sin(2l + 1)γ = o(nα). (3.4)

Let’s show that if α > 2r + 1 and δ ≤ γ ≤ π, then the series is uniformly (C,α)-
summable to zero with respect to γ:

T r,α
n,m(cos γ) =

∞∑
l=0

[−l(l + 1)]r(2l + 1)Aα
n−lP

l
mm(cos γ) = o(nα).

For this, first of all, let us prove that if δ ≤ γ ≤ π, then∫ π

γ

dt

(cos γ − cos t)1/2
< c. (3.5)
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Let us assume that δ < π
4
. Since cos γ − cos t = 2 sin t−γ

2
sin t+γ

2
and sin t ≥ 2t

π
, for

0 ≤ t ≤ π
2
, it follows that∫ π

γ

dt

(cos γ − cos t)1/2
≤ π1/2

∫ π

γ

(t− γ)−1/2

(
sin

t+ γ

2

)−1/2

dt.

Let us assume that δ ≤ γ ≤ π
2
. Then sin γ+t

2
≥ sin γ ≥ sin δ. Thus,∫ π

γ

dt

(cos γ − cos t)1/2
≤ π1/2

(sin δ)1/2

∫ π

γ

(t− γ)−1/2dt ≤ c.

This completes the proof of (3.5)
For the functions P l

m,m(cos γ), from the integral presentation (3.2) and noting that
P l
nm = P l

−m,−m, we obtain that for m = 0, 1,,

T r,α
n,m(cos γ) = −

√
2

π
(1 + cos γ)m

∫ π

γ

n∑
l=0

[−l(l + 1)]r(2l + 1)Aα
n−l(cos γ − cos t)−1/2×

×
[√

2 sin
t

2
+ (cos γ − cos t)1/2

]−2m

sin

(
l +

1

2

)
t dt

= −2
√
2

π
(1 + cos γ)m×

×
∫ π/2

γ/2

n∑
l=0

[−l(l + 1)]r(2l + 1)Aα
n−l(cos γ − cos 2t)−

1
2×

× [
√
2 sin t+ (cos γ − cos 2t)1/2]−2m sin(2l + 1)t dt

If we take into account (1+cos γ)m ≤ 2 and [
√
2 sin t+(cos γ−cos 2t)1/2]−2m ≤ 1

sin2 t
≤

1
sin2 δ

2

, then from the last equality we have

T r,α
n,m(cos γ) < c

 max

γ∈

[
δ
2
,π
2

] |Φr,α
n,m(cos γ)|


∫ π/2

γ/2

dt

(cos γ − cos t)1/2

= c

{
max

γ∈[ δ
2
,π
2
]
|Φr,α

n,m(cos γ)|

}∫ π

γ

dt

(cos γ − cos t)1/2
.

From the preceding equality, we obtain the acceleration from of (3.5).

T r,α
n,m(cos γ) < c max

γ∈[ δ
2
,π
2
]
|Φr,α

n,m(cos γ)|. (3.6)

From (3.6), and taking (3.4), into account, we deduce

T r,α
n,m(cos γ) = o(nα), δ ≤ γ ≤ π. (3.7)

Let us now begin to proof the theorem. For the accelerated from of (3.7), and for an
arbitrary number ε > 0, there exists N such that for all n > N

|Kr,α
n,m(cos γ)| < ε. (3.8)
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Thus, when n > N we obtain∣∣∣∣∫∫
S2\ω(P,δ)

Vm(γ, φ̄)e
−im(φ1+φ2)Kr,α

n,m(cos γ) sin γ dγdφ̄

∣∣∣∣ <
< ε

∫∫
S2\ω(P,δ)

|Vm(γ, φ̄)| sin γ dγdφ̄ ≤ ε

∫∫
S2

|Vm(P )|dSQ < cε.

Theorem 2. Let us say that Vm(P), m = 0,±1, is an integrable function defined on S2.
If for nonnegative number r, there exists DrVm(P), then ∆rS(Vm;P) is (C, α)-summable
to DrVm(P) when α > 2r + 1.

Proof. Without loss of generality, let us assume that the point P is the north pole of
the sphere S2, and the origin of coordinates is located at the center of S2 sphere. Then
σr,α
n,m(Vm;P) would be written down as

σr,α
n,m(Vm;P) =

(−1)m

4π

∫ π

0

{∫
C(P,γ)

Vm(Q)e−im(φ̃1+φ̃2)dSQ

}
Kr,α

n,m(cos γ)dγ.

For the accelerated from of Lemma 3, it is possible to assume DkVm(P) = 0, k =
0, 1, . . . , r. Thus, for any number ε > 0, there exists δ > 0 such that, when γ ≤ δ
we have ∣∣∣∣∫

C(P,γ)

Vm(Q)e−im(φ̃1+φ̃2)dSQ

∣∣∣∣ < cε(sin γ)2r+1. (3.9)

Let us represent σr,α
n,m(Vm;P) as the sum of two summands in the following way:

σr,α
n,m(Vm;P) =

(−1)m

4π

∫ δ

0

{∫
C(P,γ)

Vm(Q)e−im(φ1+φ2)dSQ

}
Kr,α

n,m(cos γ)dγ

+

∫∫
S2\ω(P,δ)

Vm(Q)e−im(φ1+φ2)Kr,α
n,m(cos γ) sin γdγdφ = I1 + I2.

By Theorem 1 lim
n→∞

I2 = 0.

By virtue of (3.9)

|I1| < cε

∫ δ

0

|Kr,α
n,m(cos γ)|(sin γ)2r+1dγ.

And by virtue of Lemma 5 and Lemma 6∫ δ

0

|Kr,a
n,m(cos γ)|(sin γ)2r+1dγ =

∫ 1
n

0

+

∫ δ

1
n

< c,

thus |I1| < cε. The theorem is proved.

Lemma 7. If r is a nonnegative integer 0 < δ < π
2
and α > 2r+2 hold, then there exists

a constant c > 0 such that∫ δ

0

∣∣∣∣ ddγKr,α
n,m(cos γ)

∣∣∣∣ sin2r+2 γdγ < c, m = 0, 1.
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Proof. Let us first consider the case m = 0.Then Kr,α
n,m(cos γ) = Kr,α

n (cos γ). By partial
integration, we obtain∫ δ

0

d

dγ
Kr,α

n (cos γ) sin2r+2 γdγ = sin2r+2 δKr,α
n (cos δ)− (2r + 2)

∫ δ

0

Kr,α
n (cos γ) sin2r+1 γdγ.

From this equality, by virtue of lemma 5, Lemma 6 and (3.3) we conclude that∫ δ

0

∣∣∣∣ ddγKr,α
n (cos γ)

∣∣∣∣ sin2r+2 γdγ < c.

If m = ±1, then by virtue of (2.6) it is sufficient to show that∫ δ

0

∣∣∣∣ ddγΦr,α
n (cos γ)

∣∣∣∣ sin2r+2 γdγ = O(1). (3.10)

Since

d

dγ
Φr,α

n (cos γ) =
sin γ

(1 + cos γ)2

∫ π

γ

Kr,α
n (cos t) sin tdt− sin γ

1 + cos γ
Kr,α

n (cos γ),

we have∫ δ

0

∣∣∣∣ ddγΦr,α
n (cos γ)

∣∣∣∣ sin2r+2 γdγ ≤
∣∣∣∣∫ δ

0

sin2r+3 γ

(1 + cos γ)2

{∫ π

γ

Kr,α
n (cos t) sin tdt

}
dγ

∣∣∣∣+
+

∫ δ

0

sin2r+3 γ

(1 + cos γ)
|Kr,α

n (cos γ)|dγ =

∣∣∣∣∫ δ

0

Kr,α
n (cos t) sin t

{∫ t

0

sin2r+3 γ

(1 + cos γ)2
dγ

}
dt +

+

∫ π

δ

Kr,α
n (cos t) sin t

{∫ δ

0

sin2r+3 γ

(1 + cos γ)2
dγ

}∣∣∣∣+ ∫ δ

0

sin2r+3 γ

1 + cos γ
|Kr,α

n (cos γ)|dγ ≤

≤ c

{∫ δ

0

|Kr,α
n (cos t)| sin2r+1 tdt+

∫ π

δ

|Kr,α
n (cos t)| sin tdt

}
.

Hence, by virtue of Lemma 5, Lemma 6 and (3.8), the estimate (3.10) is obtained.

Theorem 3. Let us say that Vm(P), with m = 0, ±1 is an integrable function defined
on S2. If, for nonnegative number r there exists D̃rVm(P), then the series ∆rS(Vm;P) is
(C, α)-summable to the number D̃r(Vm;P) when α > 2r + 2.

Proof. Let us assume that the point P is the north pole of the sphere S2, and the origin
of the coordinates is located at the center of S2. If D̃(i)Vm(P) = 0 holds for i =
0, 1, . . . , r, then, using the accelerated form of Lemma 4 it is sufficient to show that the
series ∆rS(Vm;P ) is summable to zero by the (C, α) method, when α > 2r + 2.

Since D̃rVm(P) = 0 holds for i = 0, 1, . . . , r, thus for any number ε > 0, there
exists δ > 0 such that∣∣∣∣∣∣∣

∫∫
ω(P,γ)

Vm(Q)e−im(φ1+φ2)dSQ

∣∣∣∣∣∣∣ < cε
(
sin

γ

2

)2r+2

, when γ < δ.

That is, ∫ γ

0

{∫
(P,Q)=cosh

Vm(Q)e−im(φ1+φ2)dSQ

}
dh < cε

(
sin

γ

2

)2r+2

, (3.11)
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when γ < δ.
Let us assume that η = min(δ; π

4
), 1

n
≤ η. We have

|σr,α
n,m(Vm;P)| ≤ 1

2π

∣∣∣∣∫ η

0

[∫ 2π

0

Vm(γ, φ)e
−im(ϕ1+ϕ2)dφ

]
Kr,α

n,m(cos γ) sin γdγ

∣∣∣∣+
+

1

π

∣∣∣∣∫ π

η

∫ 2π

0

Vm(γ, φ)e
−im(ϕ1+ϕ2)dφKr,α

n,m(cos γ) sin γdϕ

∣∣∣∣ .
By theorem 2, the second summand on the right-hand side of the last inequality tends

to zero as n → ∞. For the first summand, let us perform partial integration, and obtain∫ η

0

[∫ 2π

0

Vm(γ, φ)e
−im(φ1+φ2)dφ

]
Kr,α

n,m(cos γ) sin γdγ =

= Kr,α
n,m(cos η)

η∫
0

2π∫
0

Vm(γ, φ)e
−im(φ1+φ2) sin γdγdφ−

−
∫ η

0

{∫
(P,Q)=cos γ

Vm(Q)e−im(φ1+φ2)dSQ

}
d

dγ
Kr,α

n,m(cos γ)dγ.

By virtue of inequality (3.11) and Lemma 7, we have∣∣∣∣∫ η

0

{∫
(P,Q)=cos γ

Vm(Q)e−im(φ1+φ2)dSQ

}
d

dγ
Kr,α

n,m(cos γ)dγ

∣∣∣∣ < cε,

Moreover, by (3.3) the evaluation lim
n→∞

Kr,α
n,m(cos η) = 0 holds. Thus, the theorem is

proved.
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