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ON THE EXISTENCE OF BOUNDED SOLUTIONS
FOR SYSTEMS OF LINEAR DIFFERENCE EQUATIONS

NESTAN KEKELIA

Abstract. Effective sufficient conditions for the existence of bounded solutions satisfying the Nico-
letti conditions for systems of linear difference equations are established. A constructive method for
obtaining such solutions is presented. Sufficient conditions guaranteeing the existence, uniqueness
and positivity of bounded solutions are derived.

1. STATEMENT OF THE PROBLEM. BASIC NOTATION AND DEFINITIONS
Consider the system of linear difference equations
y(k) —y(k —1) = Gi(k)y(k) + Go(k = Dy(k = 1) + o1 (k) + @2(k = 1),  keN  (11)
and the problem of existence of bounded solutions on Igl, ie.

sup{[[y(k)|| : k € N} < +o0, (1.2)

where G;(k) € R"*™ and ¢;(k) e R" (j =1,2; k=0,1,...).

In this paper, sufficient conditions for the existence of solutions to problem (1.1), (1.2) are estab-
lished. These systems represent discrete analogues of generalized linear differential equations and are
employed to study the dynamics of processes in discretized time. Analogous results have been ob-
tained for systems of ordinary differential, impulsive differential and generalized differential equations
(see [1]-[8] and the references therein).

The following notations and definitions will be used.

N and R are, respectively, the sets of all natural and real numbers, N = {0} UN, Ry = [0, 400]
and [a, b] is a closed interval.

R™*™ is the space of all real n x m matrices X = (x;;) with the norm

n
IX]| = max > |ayl.
j=1,....m*
=1

R™ = R™! is the space of all real column n-vectors.

Oy xm (or O) is the zero n x m matrix, I, is the identity n x n matrix and 0, is the zero n-vector.

If X € R™" then X! det(X) and 7(X) are, respectively, the matrix inverse to X, the determi-
nant of X and the spectral radius of X. §;; is the Kronecker symbol.

E(J,R™™) where J C N, is the space of all matrix-functions Y : J — R"™ with the norm
|V, = max{|Y (k)| : k € J}.

The first-order difference operator is AY (k —1) =Y (k) = Y (k —1).
We assume

det(L, + (1) G;(k)) #0, j=1,2, ke N.
If 8; € E(N,R) is such that 1+ (=1)738;(k) # 0 (j = 1,2, k € N). Then the initial problem
A¢(k — 1) = r(k)&(k) + B2(k — 1)§(k — 1), £(0) =1,
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has the unique solution ¢ and it is defined by
k

Eprpy (k) = [J(1 = B1(6) 71 (1 + Bali — 1)), k€N

=1

Let v(s,,,)(k,s) = 5(51752)(16)5&311 52)(3) be the Cauchy function of the problem. Then

k
[ A-8G) " 1+BG-1), k>s

Y(B1, IC,S = J=stl
(81,8 (K. 8) 3 ks,

7(_61752)(5,16), k <s.
Note that the following equality holds
A (= 1) = €5 4 (k= DI = A (0)(1 + Bl — 1)) — 1]
Remark 1.1. Let §;(k) € R (j = 1,2) be such that
1+ (=1)78;(k) > 0 for all k € N,

and one of the functions ), _01 B1(i)+ Zf 1 B2(i—1), Ei:ol In(14+p52(i—1))— Zf:_ol In(1— 51 (7)), and
Zk Olﬁl( Y1 — B1()7t Z '~ B2(i — 1)(1 + Ba2(i — 1))~! be nondecreasing (nonincreasing). Then
the other two functions will be nondecreasing (nonincreasing), as well.

We introduce the operator

V(Q)(k) =sup{s > k: ((s) <((k+1)+1}
for nondecreasing ( : N R, and
V(Q)(k) = inf{s < k: C(s) < C(k—1) + 1}

for nonincreasing ( : N— R, k>1.

2. FORMULATION OF THE RESULTS

For every k; € NuU {+o0} (4 =1,... ,n) we put No(ky,...,k,) ={i: k; € I§I} It is evident that
No(kjl,...,k‘n) = {1,,7’L} if k; e N (Z: 1,...7’[7,) and No(]{,‘l,...,k‘n) =0 if k; = 400 (Z = 1,...,7’7,).
Theorem 2.1. Let

1+ (=1)Ygu(k) 0, (j=1,2; i=1,...,n) for k€N (2.1)
and let there exist k; € NU {+oo} (i =1,...,7n) such that

k-1
§ij = SUp {Z i (R, O = graa ()]~ gri; () |1+

=0
k
Z k E*l || 1+g221(€1))|1|g21j(€1)|:k€§l} < 400 (22)
(i #J5 4,j= ;
SUP{ZIW(’f’E)H(l = 91 (0)| " i ()| +
+Z|% D1+ g2ia (€ = 1))~ 1|<Pzz(f—1)|1k€1§1}<+00 (23)

(i=1,...,n), and
sup{|yi(k, ki)| : k € KT} < oo for i € No(k1,. .., kn), (2.4)
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where Yi(s,k) = V(gii1,92) (8, k) (i = 1,...,n). Let, moreover, the matrix S = (s;;)7';_, where
s;=0(=1,...,n), be such that
r(S) < 1. (2.5)
Then for every ¢; € R, ¢ € Ny(kq,...,k,), system (1.1) has at least one bounded solution on N
satisfying
yi(ki) = ¢iy © € No(k1,. .., kn). (2.6)

Theorem 2.1’. Suppose that conditions (2.1)-(2.3) hold for some k; = 400 (i = 1,...,n), where
Yi(8,K) = V(gris.goi) (8, k) (i = 1,...,n) and the matrix S = (s4);';_;, where s;; =0 (i = 1,...,n),
satisfy the condition (2.5). Then system (1.1) has at least one solution bounded on N.

Corollary 2.1. Let

1+ (=1)Ygui(k) >0, keN, (j=1,2, i=1,...,n) (2.7)

and let there exist k; € NU {400} (i = 1,...,n) such that conditions (2.2)~(2.5) hold, where S =
(i) j=158i = 0 (1 = 1,...,n) and 7(8,k) = Y(g1i1,00:)(5, k) (i = 1,...,m). Let, moreover, the
functions

5gn k‘ k lz gm gm + 29213 1+ g2zz(£ - 1))_1‘| 5

(=0
k—1 . k . (28)
sgn(k — ki) | > o101 = guii(0) ™"+ 2i( = 1)(1+ gaii(€ = 1)) 7|,
=0 =1
(i#j; 1,7 =1,...,n) are nondecreasing on N.

Then for every ¢; € Ry, (i € No(k1,...,kn)), system (1.1) has at least one nonnegative bounded
solution satisfying (2.6).

If No(k,...,k,) = @ then Corollary 2.1 has the following form.
Corollary 2.1’. Let conditions (2.7) and (2.8) hold and let k; = 400 (i = 1,...,n) such that
conditions (2.2), (2.3) and (2.5) hold, where S = (s;;) sii =0 (i =1,...,n), and v,(s, k) =

ij=1

Y(gris,g20) (8, k) (i =1,...,n). Then system (1.1) has at least one nonnegative bounded solution on N.
Theorem 2.2. Let (2. 1) hold and there exist k; € NU{+oo} (¢ =1,...,n) such that conditions (2.2)—
(2.5) hold, where S = (s45)}';—1, sii =0 (1 =1,...,n), and y;(s, k) = 7(91“,9% (s,k) (i=1,...,n).

Let, moreover,
lik{niknf'yi(O, k)=0forie {1,...,n}\ No(ki,..., kn).
— ki

Then for every ¢; € R (i € No(k1,...,k,)) system (1.1) has a unique bounded solution (y1)?; on N
satisfying condition (2.6), and

Zlyz yzm )|§poam, keﬁ?(mzlﬂ,...),

where pg and 0 < a < 1 are positive numbers independent of m, and (yim )", (m = 0,1,...) is the
sequence of vector-functions whose components are defined by

yio(k) =0,
yim(k) = ul Z Z 71 k é 1 - 91“(6))7191”(5)3}]‘7”_1(E)
j';:él l=k;
JF

+ Z Yilk, £ = 1)(1 + g2i (€ — 1)) g2ij (£ = Vyjjm-—1(£ — 1)
l=k;+1
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(i=1,...,n; m=1,2,...), and the functions w; (i = 1,...,n) are defined by
k—1

wi(k) = covilks ki) + D 7k O)(1 = g1(6) "Mprs(0)
l=k;

k
+ Z Yilk, £ — 1)(1+ g2 (£ — 1)) Hepai(€ — 1)
(=1
for i € No(k1,...,ky), and

k
= Z Yi(k, €)(1 = g13i(£)) " p1i(€) + Z Yi(k, £ = 1)(1 + g2ii (0 — 1)) " o (0 — 1)
—k; =k +1

forie {1,...,n}\ No(k1,..., kn).
Corollary 2.2. Let (2.7) hold and let there exist k; € NU{+oo} (i = 1,...,n) such that the functions

k
sgn(k — k;) [ng —1—292%(1—1)] (i=1,...,n)
=1

are nonincreasing on N,

k—1 k
hkn_1>1knf LZ; grii(l) + ;gw(l -1)

forie {1,...,n}\ No(k1,...,kn),

1

k-1 k
Z |91ij(l)|(1 - gm‘(l))il + Z |g24; (1 — 1)|(1 + g2ii (I — 1))7 <
=0 =1

hzg Sgn k k [Z gln 1 - glzz(l))_1+ (29)
a 1
+ Zgzu‘(l D14 gu(l—1) |,
=1
for k € N (i#74; 1,7=1,...,n), and

r(H) <1, (2.10)
where h;; (i,j =1,...,n) are such that H = ((1 — 5ij)hij)?j:1
Let, moreover,
V(¢i)(k)—1 . V(&) (k) .
pi=sup| Y eI —g@) + D leal = DI+ g2l 1)) | <400 (2.11)
=k I=k+1
(t=1,...,n),

where (;(k) = £(g1,,,g000) 580(E — ki) (i = 1,...,n). Then the conclusion of Theorem 2.2 is true.

Corollary 2.3. Let there exist the points k; € NU {+00} (i=1,...,n), and the functions 3j; : N —
R (j=1,2; i=1,...,n), such that

k—1

segn(k — k;) ZBM +Zﬂgll—1 (i=1,...,n),

=0

are nondecreasing on N and conditions
guii(k) < muibri(k) <1, =1 < goii(k) < noiiBi(k) (i=1,...,n), (2.12)
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hold on N.
Define 7;; = max{ny;j,n2i;} (i,5 = 1,...,n), H = ((1— 6ij)17ij\mi|*1)?j=1 and condition (2.10)
holds. Let, moreover,

V(¢) (k)1 V(¢i) (k)
pi=sup| > len®I [ —mabu@) |+ YD leaill— DI+ meaBailt = 1) 7] < oo
1=k I=k+1
(2.14)
(t=1,...,n),
where (k) = &(n,,814, nauiBar) 580(k — ki) (i =1,...,n). Then conclusion of Theorem 2.2 is true.
Theorem 2.2’. Let (2.1) hold and let there exist k; = +oo0 (i = 1,...,n) such that conditions (2.2),
(2.3) and (2.5) hold, where S = (s45)';_1, s =0 (i = 1,...,n), and 'yz(s,k) = Vgrisgai) (8:F) (1 =
1,...,n). Let, moreover,
hmmf’yl(O k)=0forie{1,...,n}.
k—+oo

Then system (1.1) has a unique bounded solution (y;)_; on N and

Zlyz — Yim (k)] < poa™ for ke N (m =1,2,...),

where pg and 0 < a < 1 are positive numbers independent of m, and (yim )’ (m = 0,1,...) is the
sequence of vector-functions whose components are defined by

yio(k) =0,
and

n

Yim (k) = wi (k) + > Z Yilk, O)(1 = 6156(0) 9155 (0)Yjm—1(£)

.7=1 ki

k
+ Z Yi(k, 0 = 1) (14 g20i(€ — 1)) g2i; (£ — D)yjm—1(£ — 1) |,
(=Fy+1

(i=1,...,n; m=1,2,...), where

k
k)= %k, 01— g1 (0) " oni(0) + D vilk, € = 1)(1+ gaia(£ — 1)) ipai(€ — 1)
=k t=ki+1

(i=1,...,n).

Corollary 2.2'. Let condition (2.7) hold and let k; = +oc0 (i = 1,...,n) such that the functions

k—1 k
Zgui(f)—l-Zggii(f—l) (i=1,...,n)
=0 (=1

are nondecreasing on N and

k—+oo

lim inf ng + Zggu — =+4oo fori e {1,...,n}
=0

hold, where ;(k) = £(g,.,,90:) S80(K — kl) (¢ =1,...,n), and the numbers h;; (i,7 = 1,...,n) such
that H = ((1 — 5ij)17ij)?j:1 and condition (2.10) holds. Then the conclusion of Theorem 2 2’ is true.

Corollary 2.3'. Let k; = +oo0 (i = 1,...,n) and let there exist the functions f;; : N>R =
1,2; i=1,...,n) such that

k-1 k
Zﬁu‘(f)ﬂLZﬂzi(f*l) (i=1,...,n)
=0 (=1



6 NESTAN KEKELIA

are nondecreasing on N. Let conditions (2.10), (2.12)—(2.14) hold on N, where

Ci(k.) = _f(nliiﬁli;nmiﬂm) (Z =1,... ,’/l),
and the numbers ny;; <0 ({ =1,2; i,j =1,...,n) are such that
where 7;; = max{n;;,n2:;} (¢, =1,...,n). Then the conclusion of Theorem 2.2’ is true.

Corollary 2.4. Assume that the conditions of Theorem 2.2, Corollary 2.2, or Corollary 2.3 are
satisfied. In addition, suppose that condition (2.8) holds. Then for every ¢; € Ry (i € No(k1,...,kn))

system (1.1) has a unique bounded solution on N satisfying (2.6), and this solution is nonnegative.
Corollary 2.4'. Let the conditions of Theorem 2.2’, Corollary 2.2’ or Corollary 2.3’ be satisfied. Let,
in addition, the functions

k

k—1
D 01O = g1 (0) T+ gy (0= 1)1+ gass (€ — 1)) 7,
£=0

(=1

k—1 k
> i1 = guii(0) ™+ 20 = 1)(1+ gais (€ — 1)) 7,
£=0

=1
(i #j; 1,7 =1,...,n) are nonincreasing on N.
Then system (1.1) has a unique bounded solution on N, and it is nonnegative.
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