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ON THE EXISTENCE OF BOUNDED SOLUTIONS

FOR SYSTEMS OF LINEAR DIFFERENCE EQUATIONS

NESTAN KEKELIA

Abstract. Effective sufficient conditions for the existence of bounded solutions satisfying the Nico-
letti conditions for systems of linear difference equations are established. A constructive method for

obtaining such solutions is presented. Sufficient conditions guaranteeing the existence, uniqueness

and positivity of bounded solutions are derived.

1. Statement of the problem. Basic notation and definitions

Consider the system of linear difference equations

y(k)− y(k − 1) = G1(k)y(k) +G2(k − 1)y(k − 1) + φ1(k) + φ2(k − 1), k ∈ N (1.1)

and the problem of existence of bounded solutions on Ñ, i.e.

sup{∥y(k)∥ : k ∈ Ñ} < +∞, (1.2)

where Gj(k) ∈ Rn×n and φj(k) ∈ Rn (j = 1, 2; k = 0, 1, . . .).
In this paper, sufficient conditions for the existence of solutions to problem (1.1), (1.2) are estab-

lished. These systems represent discrete analogues of generalized linear differential equations and are
employed to study the dynamics of processes in discretized time. Analogous results have been ob-
tained for systems of ordinary differential, impulsive differential and generalized differential equations
(see [1]–[8] and the references therein).

The following notations and definitions will be used.

N and R are, respectively, the sets of all natural and real numbers, Ñ = {0} ∪ N, R+ = [0,+∞[
and [a, b] is a closed interval.

Rn×m is the space of all real n×m matrices X = (xij) with the norm

∥X∥ = max
j=1,...,m

n∑
i=1

|xij |.

Rn = Rn×1 is the space of all real column n-vectors.
On×m (or O) is the zero n×m matrix, In is the identity n× n matrix and 0n is the zero n-vector.
If X ∈ Rn×n, then X−1, det(X) and r(X) are, respectively, the matrix inverse to X, the determi-

nant of X and the spectral radius of X. δij is the Kronecker symbol.

E(J,Rn×m), where J ⊆ Ñ, is the space of all matrix-functions Y : J → Rn×m with the norm

∥Y ∥J = max{∥Y (k)∥ : k ∈ J}.

The first-order difference operator is ∆Y (k − 1) = Y (k)− Y (k − 1).
We assume

det(In + (−1)jGj(k)) ̸= 0, j = 1, 2, k ∈ Ñ.

If βj ∈ E(Ñ,R) is such that 1 + (−1)jβj(k) ̸= 0 (j = 1, 2, k ∈ Ñ). Then the initial problem

∆ξ(k − 1) = β1(k)ξ(k) + β2(k − 1)ξ(k − 1), ξ(0) = 1,

2020 Mathematics Subject Classification. 39A06, 39A27, 34A06, 34B05.
Key words and phrases. Linear difference equations, Bounded solutions, Nicoletti condition, Existence and unique-

ness, Nonnegative solutions.



2 NESTAN KEKELIA

has the unique solution ξ and it is defined by

ξ(β1,β2)(k) =

k∏
i=1

(1− β1(i))
−1(1 + β2(i− 1)), k ∈ Ñ.

Let γ(β1,β2)(k, s) ≡ ξ(β1,β2)(k)ξ
−1
(β1,β2)

(s) be the Cauchy function of the problem. Then

γ(β1,β2)(k, s) =


k∏

j=s+1

(1− β1(j))
−1(1 + β2(j − 1)), k > s,

1, k = s,

γ−1
(β1,β2)

(s, k), k < s.

Note that the following equality holds

∆ξ−1
(β1,β2)

(k − 1) = ξ−1
(β1,β2)

(k − 1)[(1− β1(k))(1 + β2(k − 1))−1 − 1].

Remark 1.1. Let βj(k) ∈ R (j = 1, 2) be such that

1 + (−1)jβj(k) > 0 for all k ∈ Ñ,

and one of the functions
∑k−1

i=0 β1(i)+
∑k

i=1 β2(i−1),
∑k−1

i=0 ln(1+β2(i−1))−
∑k−1

i=0 ln(1−β1(i)), and∑k−1
i=0 β1(i)(1 − β1(i))

−1 +
∑k

i=1 β2(i − 1)(1 + β2(i − 1))−1 be nondecreasing (nonincreasing). Then
the other two functions will be nondecreasing (nonincreasing), as well.

We introduce the operator

V (ζ)(k) = sup{s ≥ k : ζ(s) ≤ ζ(k + 1) + 1}

for nondecreasing ζ : Ñ → R, and

V (ζ)(k) = inf{s ≤ k : ζ(s) ≤ ζ(k − 1) + 1}

for nonincreasing ζ : Ñ → R, k ≥ 1.

2. Formulation of the results

For every ki ∈ Ñ ∪ {+∞} (i = 1, . . . , n) we put N0(k1, . . . , kn) = {i : ki ∈ Ñ}. It is evident that

N0(k1, . . . , kn) = {1, ..., n} if ki ∈ Ñ (i = 1, . . . , n) and N0(k1, . . . , kn) = Ø if ki = +∞ (i = 1, ..., n).
Theorem 2.1. Let

1 + (−1)jgjii(k) ̸= 0, (j = 1, 2; i = 1, . . . , n) for k ∈ Ñ (2.1)

and let there exist ki ∈ Ñ ∪ {+∞} (i = 1, . . . , n) such that

sij = sup

{
k−1∑
ℓ=0

|γi(k, ℓ)||(1− g1ii(ℓ))|−1|g1ij(ℓ)|+

+

k∑
ℓ=1

|γi(k, ℓ− 1)||(1 + g2ii(ℓ− 1))|−1|g2ij(ℓ− 1)| : k ∈ Ñ

}
< +∞ (2.2)

(i ̸= j; i, j = 1, . . . , n),

sup

{
k−1∑
ℓ=0

|γi(k, ℓ)||(1− g1ii(ℓ))|−1|φ1i(ℓ)|+

+

k∑
ℓ=1

|γi(k, ℓ− 1)||(1 + g2ii(ℓ− 1))|−1|φ2i(ℓ− 1)| : k ∈ Ñ

}
< +∞ (2.3)

(i = 1, . . . , n), and

sup{|γi(k, ki)| : k ∈ Ñ} < +∞ for i ∈ N0(k1, . . . , kn), (2.4)
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where γi(s, k) ≡ γ(g1ii,g2ii)(s, k) (i = 1, . . . , n). Let, moreover, the matrix S = (sij)
n
i,j=1, where

sii = 0 (i = 1, . . . , n), be such that

r(S) < 1. (2.5)

Then for every ci ∈ R, i ∈ N0(k1, . . . , kn), system (1.1) has at least one bounded solution on Ñ
satisfying

yi(ki) = ci, i ∈ N0(k1, . . . , kn). (2.6)

Theorem 2.1′. Suppose that conditions (2.1)–(2.3) hold for some ki = +∞ (i = 1, . . . , n), where
γi(s, k) ≡ γ(g1ii,g2ii)(s, k) (i = 1, . . . , n) and the matrix S = (sij)

n
i,j=1, where sii = 0 (i = 1, . . . , n),

satisfy the condition (2.5). Then system (1.1) has at least one solution bounded on Ñ.
Corollary 2.1. Let

1 + (−1)jgjii(k) > 0, k ∈ Ñ, (j = 1, 2; i = 1, . . . , n) (2.7)

and let there exist ki ∈ Ñ ∪ {+∞} (i = 1, . . . , n) such that conditions (2.2)–(2.5) hold, where S =
(sij)

n
i,j=1, sii = 0 (i = 1, . . . , n) and γi(s, k) ≡ γ(g1ii,g2ii)(s, k) (i = 1, . . . , n). Let, moreover, the

functions

sgn(k − ki)

[
k−1∑
ℓ=0

g1ij(ℓ)(1− g1ii(ℓ))
−1 +

k∑
ℓ=1

g2ij(ℓ− 1)(1 + g2ii(ℓ− 1))−1

]
,

sgn(k − ki)

[
k−1∑
ℓ=0

φ1i(ℓ)(1− g1ii(ℓ))
−1 +

k∑
ℓ=1

φ2i(ℓ− 1)(1 + g2ii(ℓ− 1))−1

]
,

(i ̸= j; i, j = 1, . . . , n) are nondecreasing on Ñ.

(2.8)

Then for every ci ∈ R+, (i ∈ N0(k1, . . . , kn)), system (1.1) has at least one nonnegative bounded
solution satisfying (2.6).

If N0(k1, . . . , kn) = Ø then Corollary 2.1 has the following form.
Corollary 2.1′. Let conditions (2.7) and (2.8) hold and let ki = +∞ (i = 1, . . . , n) such that
conditions (2.2), (2.3) and (2.5) hold, where S = (sij)

n
i,j=1, sii = 0 (i = 1, . . . , n), and γi(s, k) ≡

γ(g1ii,g2ii)(s, k) (i = 1, . . . , n). Then system (1.1) has at least one nonnegative bounded solution on Ñ.
Theorem 2.2. Let (2.1) hold and there exist ki ∈ Ñ∪{+∞} (i = 1, . . . , n) such that conditions (2.2)–
(2.5) hold, where S = (sij)

n
i,j=1, sii = 0 (i = 1, . . . , n), and γi(s, k) ≡ γ(g1ii,g2ii)(s, k) (i = 1, . . . , n).

Let, moreover,

lim inf
k→ki

γi(0, k) = 0 for i ∈ {1, . . . , n} \N0(k1, . . . , kn).

Then for every ci ∈ R (i ∈ N0(k1, . . . , kn)) system (1.1) has a unique bounded solution (y1)
n
i=1 on Ñ

satisfying condition (2.6), and

n∑
i=1

|yi(k)− yim(k)| ≤ ρ0α
m, k ∈ Ñ (m = 1, 2, . . .),

where ρ0 and 0 < α < 1 are positive numbers independent of m, and (yim)ni=1 (m = 0, 1, . . .) is the
sequence of vector-functions whose components are defined by

yi0(k) ≡ 0,

yim(k) ≡ ui(k) +

n∑
j=1
j ̸=i

[
k−1∑
ℓ=ki

γi(k, ℓ)(1− g1ii(ℓ))
−1g1ij(ℓ)yjm−1(ℓ)

+

k∑
ℓ=ki+1

γi(k, ℓ− 1)(1 + g2ii(ℓ− 1))−1g2ij(ℓ− 1)yjm−1(ℓ− 1)

]
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(i = 1, . . . , n; m = 1, 2, . . .), and the functions ui (i = 1, . . . , n) are defined by

ui(k) = ciγi(k, ki) +

k−1∑
ℓ=ki

γi(k, ℓ)(1− g1ii(ℓ))
−1φ1i(ℓ)

+

k∑
ℓ=ki+1

γi(k, ℓ− 1)(1 + g2ii(ℓ− 1))−1φ2i(ℓ− 1)

for i ∈ N0(k1, . . . , kn), and

ui(k) =

k−1∑
ℓ=ki

γi(k, ℓ)(1− g1ii(ℓ))
−1φ1i(ℓ) +

k∑
ℓ=ki+1

γi(k, ℓ− 1)(1 + g2ii(ℓ− 1))−1φ2i(ℓ− 1)

for i ∈ {1, . . . , n} \N0(k1, . . . , kn).

Corollary 2.2. Let (2.7) hold and let there exist ki ∈ Ñ∪{+∞} (i = 1, . . . , n) such that the functions

sgn(k − ki)

[
k−1∑
l=0

g1ii(l) +

k∑
l=1

g2ii(l − 1)

]
(i = 1, . . . , n)

are nonincreasing on Ñ,

lim inf
k→ki

[
k−1∑
l=0

g1ii(l) +

k∑
l=1

g2ii(l − 1)

]
= +∞

for i ∈ {1, . . . , n} \N0(k1, . . . , kn),

k−1∑
l=0

|g1ij(l)|
(
1− g1ii(l)

)−1
+

k∑
l=1

|g2ij(l − 1)|
(
1 + g2ii(l − 1)

)−1 ≤

hij sgn(k − ki)

[
k−1∑
l=0

g1ii(l)
(
1− g1ii(l)

)−1
+

+

k∑
l=1

g2ii(l − 1)
(
1 + g2ii(l − 1)

)−1

]
,

(2.9)

for k ∈ Ñ (i ̸= j; i, j = 1, . . . , n), and

r(H) < 1, (2.10)

where hij (i, j = 1, . . . , n) are such that H = ((1− δij)hij)
n
i,j=1.

Let, moreover,

ρi = sup

∣∣∣∣∣∣
V (ζi)(k)−1∑

l=k

|φ1i(l)|
(
1− g1ii(l)

)−1
+

V (ζi)(k)∑
l=k+1

|φ2i(l − 1)|
(
1 + g2ii(l − 1)

)−1

∣∣∣∣∣∣ < +∞ (2.11)

(i = 1, . . . , n),

where ζi(k) ≡ ξ(g1ii,g2ii) sgn(k − ki) (i = 1, . . . , n). Then the conclusion of Theorem 2.2 is true.

Corollary 2.3. Let there exist the points ki ∈ Ñ∪ {+∞} (i = 1, . . . , n), and the functions βji : Ñ →
R (j = 1, 2; i = 1, . . . , n), such that

sgn(k − ki)

[
k−1∑
l=0

β1i(l) +

k∑
l=1

β2i(l − 1)

]
(i = 1, . . . , n),

are nondecreasing on Ñ and conditions

g1ii(k) ≤ η1iiβ1i(k) < 1, −1 < g2ii(k) ≤ η2iiβ2i(k) (i = 1, . . . , n), (2.12)

|glij(k)| ≤ ηlij |βli(k)| (l = 1, 2; i, j = 1, . . . , n), (2.13)



BOUNDED SOLUTIONS FOR LINEAR DIFFERENCE EQUATIONS 5

hold on Ñ.
Define ηij = max{η1ij , η2ij} (i, j = 1, . . . , n), H =

(
(1− δij)ηij |ηii|−1

)n
i,j=1

and condition (2.10)

holds. Let, moreover,

ρi = sup

∣∣∣∣∣∣
V (ζi)(k)−1∑

l=k

|φ1i(l)|
∣∣∣(1− η1iiβ1i(l))

−1
∣∣∣+ V (ζi)(k)∑

l=k+1

|φ2i(l − 1)|
∣∣∣(1 + η2iiβ2i(l − 1))

−1
∣∣∣
∣∣∣∣∣∣ < +∞

(2.14)

(i = 1, . . . , n),

where ζi(k) ≡ ξ(η1iiβ1i, η2iiβ2i) sgn(k − ki) (i = 1, . . . , n). Then conclusion of Theorem 2.2 is true.
Theorem 2.2′. Let (2.1) hold and let there exist ki = +∞ (i = 1, . . . , n) such that conditions (2.2),
(2.3) and (2.5) hold, where S = (sij)

n
i,j=1, sii = 0 (i = 1, . . . , n), and γi(s, k) ≡ γ(g1ii,g2ii)(s, k) (i =

1, . . . , n). Let, moreover,

lim inf
k→+∞

γi(0, k) = 0 for i ∈ {1, . . . , n}.

Then system (1.1) has a unique bounded solution (yi)
n
i=1 on Ñ and

n∑
i=1

|yi(k)− yim(k)| ≤ ρ0α
m for k ∈ Ñ (m = 1, 2, . . .),

where ρ0 and 0 < α < 1 are positive numbers independent of m, and (yim)ni=1 (m = 0, 1, . . .) is the
sequence of vector-functions whose components are defined by

yi0(k) ≡ 0,

and

yim(k) = ui(k) +

n∑
j=1
j ̸=i

[
k−1∑
ℓ=ki

γi(k, ℓ)(1− g1ii(ℓ))
−1g1ij(ℓ)yjm−1(ℓ)

+

k∑
ℓ=ki+1

γi(k, ℓ− 1)(1 + g2ii(ℓ− 1))−1g2ij(ℓ− 1)yjm−1(ℓ− 1)

]
,

(i = 1, . . . , n; m = 1, 2, . . .), where

ui(k) =

k−1∑
ℓ=ki

γi(k, ℓ)(1− g1ii(ℓ))
−1φ1i(ℓ) +

k∑
ℓ=ki+1

γi(k, ℓ− 1)(1 + g2ii(ℓ− 1))−1φ2i(ℓ− 1)

(i = 1, . . . , n).
Corollary 2.2′. Let condition (2.7) hold and let ki = +∞ (i = 1, . . . , n) such that the functions

k−1∑
ℓ=0

g1ii(ℓ) +

k∑
ℓ=1

g2ii(ℓ− 1) (i = 1, . . . , n)

are nondecreasing on Ñ and

lim inf
k→+∞

[
k−1∑
ℓ=0

g1ii(ℓ) +

k∑
ℓ=1

g2ii(ℓ− 1)

]
= +∞ for i ∈ {1, . . . , n}

hold, where ζi(k) ≡ ξ(g1ii,g2ii) sgn(k − ki) (i = 1, . . . , n), and the numbers hij (i, j = 1, . . . , n) such

that H = ((1− δij)ηij)
n
i,j=1 and condition (2.10) holds. Then the conclusion of Theorem 2.2′ is true.

Corollary 2.3′. Let ki = +∞ (i = 1, . . . , n) and let there exist the functions βji : Ñ → R (j =
1, 2; i = 1, . . . , n) such that

k−1∑
ℓ=0

β1i(ℓ) +

k∑
ℓ=1

β2i(ℓ− 1) (i = 1, . . . , n)
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are nondecreasing on Ñ. Let conditions (2.10), (2.12)–(2.14) hold on Ñ, where
ζi(k) ≡ −ξ(η1iiβ1i, η2iiβ2i) (i = 1, . . . , n),

and the numbers ηℓij < 0 (ℓ = 1, 2; i, j = 1, . . . , n) are such that

H =
(
(1− δij)ηijη

−1
ii

)n
i,j=1

,

where ηij = max{η1ij , η2ij} (i, j = 1, . . . , n). Then the conclusion of Theorem 2.2′ is true.
Corollary 2.4. Assume that the conditions of Theorem 2.2, Corollary 2.2, or Corollary 2.3 are
satisfied. In addition, suppose that condition (2.8) holds. Then for every ci ∈ R+ (i ∈ N0(k1, . . . , kn))

system (1.1) has a unique bounded solution on Ñ satisfying (2.6), and this solution is nonnegative.
Corollary 2.4′. Let the conditions of Theorem 2.2′, Corollary 2.2′ or Corollary 2.3′ be satisfied. Let,
in addition, the functions

k−1∑
ℓ=0

g1ij(ℓ)(1− g1ii(ℓ))
−1 +

k∑
ℓ=1

g2ij(ℓ− 1)(1 + g2ii(ℓ− 1))−1,

k−1∑
ℓ=0

φ1i(ℓ)(1− g1ii(ℓ))
−1 +

k∑
ℓ=1

φ2i(ℓ− 1)(1 + g2ii(ℓ− 1))−1,

(i ̸= j; i, j = 1, . . . , n) are nonincreasing on Ñ.

Then system (1.1) has a unique bounded solution on Ñ, and it is nonnegative.
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