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A SIMPLE APPROACH TO FATOU’S LEMMA FOR RIEMANN INTEGRALS

YOSHIHIRO SAWANO!

Abstract. We establish a variant of Fatou’s lemma for the Riemann integral. We give a short and
self-contained proof including some auxiliary known results.

1. INTRODUCTION

We aim to establish a variant of Fatou’s lemma in the setting of the Riemann integral. In formu-
lating such a result, several intrinsic difficulties arise:

(1) Lebesgue measurability of a function does not guarantee the existence of its Riemann integral.

(2) Even if two functions agree almost everywhere, one may be Riemann integrable while the
other is not, as illustrated by the pair consisting of the constant function 1 and the indicator
function yg\@. The former is Riemann integrable in [0, 1] while the latter is not.

(3) In general, the pointwise limit of a sequence of Riemann integrable functions need not be
Riemann integrable. Such examples can be constructed using an enumeration {r; 521 of the

rational numbers in [0, 1].

A recent article [7] addresses related questions in the setting of continuous functions and considers
differences on null sets. However, when working with lower and upper Riemann integrals, functions
that agree almost everywhere are not identified. Let —0co < a < b < oo, and let f: [a,b] — R be
a bounded function. We briefly recall the basic terminology and definitions related to the Riemann
integral. Throughout this paper, we restrict our attention to Riemann integrals over compact intervals
in R; extensions to higher-dimensional settings can be carried out without essential difficulty, but will
not be pursued here.

(1) A partition of [a,b] is a finite increasing sequence
P={a=xy<x1 < <zp =0}

of arbitrary length. We denote the length of each subinterval by Ax; := z; — x;_1.
(2) Let P be a partition of [a,b] as above. For each subinterval [z;_1, z;], define

M;:= sup f(x), m; = inf  f(z),

:cE[a:,-,l,:ci] me[xi—lvl‘i]

and the corresponding upper and lower sums by
U(f,P):=>_ M;Az;,  L(f,P):=Y_ m; Az
i=1 i=1

(3) The upper Riemann integral and the lower Riemann integral of f over [a,b] are defined by

b

b
/f(x)dac = irfl)fU(f,P), /f(x)dx = sgpL(f,P)7

a

where the infimum and supremum are taken over all partitions P of [a, b].
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(4) The function f is said to be Riemann integrable on [a,b] if

/bf(m)dx _ /f(x) da.

In this case, the common value is called the Riemann integral of f over [a,b].

By definition, the upper and lower Riemann integrals are finite only for bounded functions; thus the
boundedness of functions is essential when considering Riemann integrability. Moreover, the values
of the upper and lower Riemann integrals may change if f is replaced by another function that agrees
with it almost everywhere as we mentioned.

The main result of this note is the following theorem:

Theorem 1.1. Let {f; };";1 be a sequence of real-valued functions defined on a bounded closed interval

[a,b], and assume that the sequence is uniformly bounded, that is, there exists a constant M > 0 such
that
sup  [fj(z)| < M (11)
jEN,z€[a,b]
Then

b b
lim inf /f](a:) dz > /(li_minf f](x)> dz.
j—o0 j—o0

It is worth noting that Arzela’s classical convergence theorem can be deduced from Theorem 1.1 [1,
2].

2. PROOF OF THEOREM 1.1

To prove Theorem 1.1, we need two lemmas, both of which are known. Here for the sake of
self-containedness, we supply the proof without using the Lebesgue integral.

The proof of Theorem 1.1 is based on a classical result due to W. A. J. Luxemburg [5], originally
developed in the context of the dominated convergence for Riemann integrals using Dini’s theorem [3].
We recall this lemma as Lemma 2.

Suppose that O is an open subset of R. Since every open subset of R can be written uniquely as a
countable disjoint union of open intervals, we define |O| to be the sum of the lengths of these intervals.
Likewise if F' is the set of a finite disjoint union of intervals, we define |F'| to be the sum of the lengths
of these intervals. We use the observation due to [4, Theorem 4].

Lemma 1. Let {Q;}52, be a decreasing sequence of bounded open subsets of R: Q1 D Q2 D Q3D --- .
Assume that, for every j € N, the set Q; contains a finite union of open intervals and satisfies |Q;| > 2.

Then ﬂ Q; #0.

j=1
Proof. For each j € N, choose a compact set K; C @; that is realized as a finite disjoint union of
closed intervals such that

1] > |Q,1 — 27 > 1. (2.1)

This is possible because @); is a countable union of open intervals.

J
Define F} := ﬂ Kj,. Then each F} is compact and F1 D F» D F3 D --- .
k=1
We claim that F; # 0 for every j. Indeed, if F; = () with some j > 2, then we would have
j—1 j—1
K; C U(R\Kk) Since K; C Q; C Qp for 1 <k < j—1, we have K; C U(Qk\Kk). Therefore,
k=1 k=1
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Jj—1 Jj—1
|K;| < Z |Qx \ K. From (2.1), |Qx \ Ki| < 27%. Hence 2 — 277 < |Q;| — 277 < |Kj| < 22_’“ =
k=1 k=1

1 —277. This contradiction proves that Fj # (.
Since {F; };";1 is a decreasing sequence of nonempty compact sets, the Cantor intersection theorem

oo (oo} (oo}
yields ﬂ F; # 0. Finally, because F; C Q, for every j, we conclude that ﬂ Q; D ﬂ F; # (. This
j=1 j=1 j=1
completes the proof. O
We now recall another observation, which we refer to as Luxemburg’s lemma in this paper.

Lemma 2 ( [5, (2.2) Lemmal, see also [6, Lemma 2]). Let {f;}52, be a bounded sequence of functions
on a bounded closed interval [a,b] such that

0< fin(@) < fia),  Jim f@)=0

for all x € (a,b). Then we have

j—o0

b
lim /fj(x) dz =0. (2.2)
a_
Proof. Suppose (2.2) fails. Then, due to the monotonicity, there exists § > 0 such that
b
/fj(;v) dz > 26.

for all j € N.
From the definition of the lower integral, we can find a finite partition P; = {a = z¢; < z1; <
--- < xn;,; = b} such that L(f;, P;) > 26.
Define
é
E;i=<4k=1,2,... N;: inf ()< ——¢, F;={1,2,....,N;}\ E,.
j { T ey S, fi(x) b a} i=A it \ Ej
Then F} is nonempty.
Furthermore,

L(f;, P) = Y (kj — Th-1;) inf  fi@)+ Y (@hg — Tho1y) inf  f;().

Tp_1,j<x<Tp Tp_1,j x5
kEE; 1,5 J kEF; 1,5 J

Since

. 1)
Yo (wng—wioay)  inf o fi(e) < g D (@ —wro1y) <6,
k?EEj

Tp_1 i <x<xp ;
kEE; Fohd =B

it follows that

Z (x;w- — (Ekflyj) inf f](x) > 4.

Tp—1 i ]x<Tk i
kEF; Fohd =H=th.g

Apply the scaled version of Lemma 1 to the set

o0
Qe =J U @r-15285),
Jj=k keF;

which yields x € @1 such that

S U (xk,lyj,mkyj)

kEF;

for infinitely many j. We have f;(z) > inf fi(@) > for such j. This contradicts the

Tp—1,; <TLT 5 —a
assumption that lim f;(z) = 0. O
j—oo
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We now prove Theorem 1.1. We may assume that f; > 0 by considering f; + M if necessary. For

each j € N, define
gj(x) == 1inf{f;(z), fjx1(x),... }, x € [a,bl.
By construction, we have
fiw) = gj(x) =0, g;(x) < gj1(x)
for all z € (a,b) and all j € N, and

Hence, it suffices to show

lim [g;(z)dz > /_lim gj(z) da. (2.3)

J—00 J—00
Set
g(x) = lim g;(x), z € [a,b).
j—o0
For any subinterval I C [a, ], observe that
sup g;(z) > inf g(x) + sup(g;(z) — g()).
zel z€l z€l

It follows from the definitions of the upper and lower Riemann integrals that

b

b
/ (05() — g(@)) dz = — / (9(2) — g;(x)) da,

a

and therefore

b

/b 9;(a) da > /b glx) do + /b (9;(@) — g(a)) da = /b gla)do— [ (s(o) - g;(2)) da.

a

Passing to the limit j — oo, we obtain

b b b
lim [g,(z)dz > /g(:z:) dz — lim [ (g(z) — g;()) dz.

Jj—o0 Jj—o0
a

Since g(x) — g;(x) > 0 decreases pointwise to 0 and is bounded, Lemma 2 implies

b
Jim [ (9(z) — g;(z)) dz = 0.
Hence, we conclude

b b b b
liminf/fj(x) dez > lim [gj(z)dz > /g(x) dxz/liminffj(x)dx,

j—o0 j—o0 j—o0
a

which completes the proof of Theorem 1.1.
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