LOGARITHMS AND STIRLING NUMBERS ASSOCIATED WITH
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DAE SAN KIM AND TAEKYUN KIM

ABSTRACT. This paper investigates the Stirling numbers of the first and second
kind associated with a delta series f(¢), denoted by S| (n, k; f(¢)) and Sy (n, k; f(¢)).
These numbers provide a robust framework that satisfies the orthogonality and
inverse relations, often lacking in recent probabilistic Stirling and B-Stirling
numbers. Key contributions include the definition and analysis of the logarithm
associated with a delta series f(¢). We further establish a Schlomilch-type for-
mula, which provides an explicit connection between the two kinds of Stirling
numbers. Using this formula, we derive another expression for the associated
logarithm in terms of Sy (n,k; f(¢)). Finally, we provide fifteen concrete exam-
ples to illustrate the versatility of this framework, demonstrating how it unifies
and extends several known results in combinatorial analysis.

1. INTRODUCTION

The Bernoulli polynomials of order ¢ and the Bernoulli numbers of order o are
respectively defined by

0 (¢o0) " = LAy B =B00)

for any complex number o.

When o = 1, B,(x) = B (x) are called the Bernoulli polynomials.
The Stirling numbers of the second kind S»(n, k) are characterized by

1 n
) il (e — 1)k Zsz n, k " x":kngz(n,k)(x)k,

while the Stirling numbers of the first kind are specified as
n
(3) (1og 1+1)) Z Si(n, k @)=Y Si(n,k)x*
k=0

where (x), are the falling factorial sequence given by

@) (o=1, ()p=x(x=1)---(x=n+1), (n=1).
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Throughout this paper, let A denote any nonzero real number. The degenerate
exponentials are introduced as

& (0= (1420 = ¥ (.
(5) nzol > t"
e/l(t) = ell(t) = (1 +)Lt)x = Z(l)n.ﬂ;v
n=0 .

where the degenerate falling factorial sequence is given by

(6) (Joa =1, (ua=x(x=24)-(x=(n=14), (n=1).

The degenerate Bernoulli polynomials of order ¢ and the degenerate Bernoulli
numbers of order & are respectively defined by

0 (q(fm)aei (1) = ioﬁﬁ) W B =50

for any complex number o.
When a =1, ﬁn(l)a (x) = By (x) are called the degenerate Bernoulli polynomials.

The degenerate Stirling numbers of the second kind are specified as (see [14,
200)

1
il (ex(s Zszxnk (k>0),
3
A= Z So(n, k) (X)g,  (n>0),

k=0

while the degenerate Stirling numbers of the first kind are defined as (see [12, 20])

1
k'(logl ZS]A I’lk (kZO),
©))
x)n = Z Sl,l (n7k)(x)k,lv (n > O)
k=0
Here log; (1+1¢) is called the degenerate logarithm, which is the compositional
inverse of e, () — 1, and given by

(10 togz (140) = 2 (140} = 1) = Y (A~ 1)1

n=1
Taking the limits A — 0, we find that (see (5), (6), (7), (8), (9), (10))
(X)ua =" e (t) >, ex(t) =€, logy(1+1)— log(1+1),
Bur () = B (x), S1a(nk) = Si(nk), Sp(n.k) = Sa(n k).
A formal power series f (1) =Y, pn% is a delta series if f(0) =0and f'(0) #
0. If f(¢) is a delta series, then it has a compositional inverse f(t), which is also

a delta series, satisfying f(f(t)) =t = f(f(¢)). The connection of delta series to
umbral calculus or Sheffer sequences are as follows. If g(¢) is an invertible series,
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namely it is a formal power series with g(0) # 0, and f(z) is a delta series, then
sa(x) is the Sheffer sequence for the pair (g(r), f()) if

y W L),
=0 k! g(f(0))

Sheffer sequences occupy the central position in umbral calculus. We let the reader

refer to [25] for more details. Let the sequence of polynomials, {p,(x)},_,, or

pu(x) for short, be given by the generating function

o] tn
o xf)
(11) n;)pn(x)n! =M,

Then p,(x) are called the sequence associated with f(z), which is indicated by
pn(x) ~ (1,£(t)). So the associated sequences are special cases of Sheffer se-
quences with g(r) = 1. We denote the sequence of polynomials by P = {p,(x)},_
or P={p,(x)}, for brevity. We also let

(12) an =0, p,=pa(l).

We recall the following three Lagrange inversion formulas: for any formal
power series g(¢) and any delta series f(¢), they are stated as (see [5, 25]):

@) s70) = 112 0(575)"
. Kt (1)
®) 1" (F0) = 1" (55)
PR RN
© W76 = 1" (55)

where f(t) is the compositional inverse of f(t), n is any nonnegative integer and k
is any positive integer.
Applying the formula (C) to f(r) = e, (t) — 1, we arrive at

n _1 n—1 ! n _ i (n)
(13) Miog(14+0)= 1 (5 =) = B
We see from (9), (10), and (13) that

(14)  log; (1+1) = ZSl,lnl Z()L—lnl— Zﬁnmf-

(15) "] (logy (1+1))" =

Thus it follows from (15) that

U0 =% (17180, 5 6=0,

n=k

(16)
Now, one observes from (9) and (16) that

“ 1\ L,
(1) S = (1)) 020
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Taking the limits A — 0 in (14) and (17) yields

(18)  Si(n1)=(-1)""n-1)1=B",, Sl<n,k)=<’;:i>3£,’?k.

The partial Bell polynomials are characterized by

n! X1 J1 X2 J2
Bn,k(xlax27"'7xn—k+l) = Z #<F> (5) R
Jitjat=k FARWVA : :
Ji2ja+e=n
where ji, jo,... are nonnegative integers. The generating function of the partial
Bell polynomials is specified as

1/& M\ & "
(19) k,(ﬂ;l-xm’n'> :’;Bn,k(-xlu-XQP"7xn*k+l)aa (kZO)
General references for this paper include [5, 6, 23, 24, 25, 26, 27].
Let P = {p,(x)}>_, be a sequence of polynomials such that deg p,(x) = n and
po(x) = 1. In [7], the authors introduced Stirling numbers of the first and second
kind associated with P, defined respectively by the relations:

n n
(20) (= Y Si(n k6 P)pi(x),  pulx) = Y Sa(n, b P) ()i
k=0 k=0
These numbers satisfy fundamental orthogonality and inverse relations, generaliz-
ing the classical Stirling numbers.

Let Y be a random variable whose moment generating function exists in some
neighborhood of the origin. Recently, Adell and Lekuona introduced the proba-
bilistic Stirling numbers of the second kind associated with Y, denoted by S} (n, k)
[3]. This was followed by Adell and Bényi’s definition of the probabilistic Stirling
numbers of the first kind, sy (n,k), based on the cumulant generating function [1].
While these initial formulations provided a foundational framework, they lacked
the standard orthogonality properties necessary for broader application in inver-
sion formulas. In addition, the definition of sy (n,k) was not designed to recover
the classical Stirling numbers of the first kind, S(n,k), in the deterministic case
where Y = 1.

To extend the utility of these concepts, a refined version of the probabilistic
Stirling numbers of the first kind, Slf (n,k), was proposed in [8, 28]. This updated
definition ensures that S} (n,k) and S} (n,k) form a consistent pair satisfying the
expected orthogonality and inverse relations, while also maintaining compatibility
with the classical S;(n,k) when ¥ = 1. Building on this refined approach, their
degenerate counterparts—the probabilistic degenerate Stirling numbers of the sec-
ond kind S} , (n,k) and first kind S , (n,k)-were established in [8]. These variants
similarly pfeserve the requisite orthogonality and inverse properties, successfully
reducing to the degenerate Stirling numbers S 3 (n,k) under the condition ¥ = 1.
Additionally, Adell and Bényi [2] generalized these to B-Stirling numbers asso-
ciated with potential polynomials; however, these variants still lack the desired
orthogonality properties.

In this paper, we investigate the Stirling numbers associated with a delta se-
ries f(¢) (i.e., f(0) =0 and f'(0) # 0), denoted by S»(n,k; f(r)) and S (n,k; f (1)),
which unify probabilistic Stirling and B-Stirling numbers. They correspond to the
Stirling numbers associated with polynomial sequence P = {p,(x)};_, defined by
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the generating function /() = ¥ . p, (x )n,, where f(t) is the compositional in-
verse of f(z) (see (20)) They also correspond to the B-Stirling numbers with ‘B’
given by B(t) = e/(") (see [2]). Furthermore, the probabilistic Stirling numbers are
the Stirling numbers associated with the delta series f(z), whose compositional in-
verse is given by f(t) =logE[e} ()] (see Example (a) in Section 3). These Stirling
numbers satisfy orthogonality and inverse relations. As P = {p,(x)}_, determines
f(t) and vice versa, S,(n,k; f(¢)) and S;(n,k; f(r)) are also denoted respectively
by S2(n,k;P) and S| (n,k;P). This correspondence extends to all related quantities
whenever P and f(z) are related by the generating function ¢*/) = Y= p, (x) ;—n,
We define the logarithm associated with f (), log (1 +1), which is given by

t
log sy (1+1) = f(log(1 +1)) Z (n,1;f(2)— =

oo n oo
n=1 n—=

where Bfff)( 9 (x) denotes the Bernoulli polynomials of order a associated with f(z),

defined by .
LI Y/ () i B (x)ﬁ
eft) 1 = mfON

It is worth noting that the generating function of S (n,k; f (t)) takes the form

1
E(1ogf()(1+t 251 n,k; f( ))

We derive a Schlomilch-type formula for these Stirling numbers. In turn, this gives
an alternative expression for the logarithm associated with f(z):

n

g n—1 . —n—j ..
m&‘wr=22(w4_) ~1/(F0) " Saln =14, (1) .

In Section 3, we provide fifteen concrete examples to illustrate our results, draw-
ing primarily from [7] and [9]. We mention here two of them.

eletP= { I y } be the sequence of degenerate falling factorials (see (6), (14),
(17)). Then (x), 5 ~ (1, f(t) = 1 (e* — 1)) (see [17, 19]). We show that

n—1 n
(0 k:P) = S5, (0. 0), &mamzxﬂmm:Q_J@QM

logp(1+1) =1log, (1 ZSM n,1)— Zﬁn 1/1

e Let P = {Bel,(x)} be the sequence of Bell polynomials. Then it is given by
(see [5, 24, 25])

=D ZBel 7" Bel, ( ZSznk

Then Bel, (x) ~ (1,log(1+1)). We find that
n n
Sa(n,k;P) =Y Sa(n,1)S2(Lk),  Si(n,k:P) =Y Si(n,1)S1(L,k),
1=k 1=k

0 n

n
logp(1+1) =YY Si(n,)S1(1,1)= —log(1+log(1+t)).
n=11=1
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2. LOGARITHMS AND STIRLING NUMBERS ASSOCIATED WITH DELTA SERIES

Let f(r) be a delta series. So f(0) =0, and f’(0) # 0. Here we introduce the
logarithm log () (1+1), called the logarithm associated with f(z). Itis also denoted
by logp(1+1¢) and called the logarithm associated with P. Here P = {p,(x)},_,,
with p,,(x) ~ (1, f(¢)). Thus we have (see (11))

o tn
LY ()
Zﬂ:pn(x)n! =\,

We also recall that (see (12))
(1) an—:e-f(t), with p, = p,(1).

Note here that the coefficient of the linear term of (21) is given by p; = f(0).
We define the Bernoulli polynomials of order o associated with f(t) or P by

n

EN® ) v pl@) (o
(22) (ef(t)_l) et = E_()Bn,f(z)(x)np

for any complex number «.
If f(¢) =t, then Bflaf)( 9 (x) = B\ (x) are the classical Bernoulli polynomials of or-
der a (see (1)); if f(¢) = Llog(1+ At), then Bff?([) (x)= Brfﬁ) (x) are the degenerate

Bernoulli polynomials of order o (see (7)).
When o = 1, they are called the Bernoulli polynomials associated with f(t) or P

and given by
t
el () Z By s

The Stirling numbers of the second kmd assocnated with f(¢) or P, denoted by
either S (n,k; f(t)) or Sz(n k;P), are defined by

1 _
(23) k'(f( ZSznkf ZSznkP)

If f(t) =1, then Sy(n,k; f(t )) Sz(n k) are the ordinary Stirling numbers of the
second (see (2)); if f(t) = 4 (™ — 1), then Sy(n,k; f(t)) = S (n,k) are the de-
generate Stirling numbers of the second kind (see (8)).

The Bell polynomials associated with f(z), denoted by Bel,, f(x), are defined by

(T - r”
el = ;}Beln,f(r)(xm’ Bel, () ( ZSZ n, ks ()

The Stirling numbers of the first kind associated with f(¢) or P, denoted by
either Sy (n,k; f(t)) or S (n k;P), are defined by

(24) 7 @ Zsl n.k; f(t) 251 n,k; P)

where &) () is the compositional inverse of e () (t) = /() — 1. Here we note that
ef()(1) is a delta series, since e, (0) = 0, €/, (0) = f'(0) # 0.

If f(tr) =1t, then Sy (n,k; f(t)) = Si(n,k) are the ordinary Stirling numbers of the
first kind (see (3)); if f(t) = £ (e} — 1), then Sy(n,k; f(t)) = Sy, (n,k) are the
degenerate Stirling numbers of the first kind (see (9)).
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It is shown in [7] that, for p,(x) ~ (1, f(z)), they are equivalently characterized
by (see (4))

25) pu(e) = ¥ Salm ks £(0) ()
k=0
(26) (X)n = Z Si(n,k; f(t)) pa(x).
k=0

Among other things, from (25) and (26), we note that S| (n,k; f(¢)) and Sz (n, k; f(¢))
satisfy the orthogonality and inverse relations.

Proposition 2.1. The following orthogonality and inverse relations are valid for
S1(n,k; f(t)) and Sy(n,k; f(t)).

n

(@) Y Sa(n ks f(1))S1(k, s (1)) = 8us, Xn‘,Sl (n, ks f(2))S2(k, 15 £ (2)) = B,

k=l k=1

(b) a, = i Sz(n,k;f(l‘))bk <~ b, = i Sl(n,k;f(t))ak,
k=0 k=0

(¢c)an= i Sa(k,n; f(t))by < b, = i Si(k,n; f(t))ag.
k=n k=n

By using the formula (C) and (22), we derive that

("2 (1) = %[’n_l] (eﬂr)t - 1>
1

7 I A
= — n—1 I’l? _— = — n _
=" kgo B rog = miBa-vsor
Consequently, from (27) we have
VANER SN O R
(28) er(n)(t) = ;Bn—hf(z)ﬂ

Now, we define the logarithm associated with the delta seires f(t) or the associated
sequence P by

(29) log () (1+1) =logp(1 +1) = f(log(1+1)).

Observe that f(log(1+1)) is the compositional inverse of e (t) = ¢/) — 1. Thus
we see from (24), (28), and (29) that
(30)

_ - " n
log ) (1+1) = f(log(141) = &7 (1) = ¥ $1(n, 1 £(1) = ¥ B -
n=1 : ’

n n=1

Theorem 2.2. For any integers n > k > 0, we have

n—1 n
Si(n,k: f(1)) = (k_ 1>Bf1)k,f<z)

:Bn,k(Sl( 71;f(t))a 51(271;f(t))7 '-'7S1(n_k+ lvl;f([)))
(
1

2) (n—k+1)
Fay Bn—kf(r)) '
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Proof. By using the formula (B), we find that

ni (s k k n—k 4 "
e = (o)
Gh kinkyopgm £k 1w
nl ]k:() KIOK T n(n—k)l nkJ0)
Hence from (31) we arrive at
| ko (n=1\ 0 "
(32) E(ef(f)(t)) —';;C(k_l)Bnk,f(z)n!'

From (24) and (30), we note that

k'(logf()(H—t 251 n,k; f( ))

m k
t
(33) = k,( X Silm l;f(t))m!>
1 ( ) lJ‘)‘l k
k' < Zle f(t)m!> :
Then, from (19), (32), and (33), we obtain the theorem. U

To derive yet another expression for the logarithm associated with (), we need
to prove a Schlomilch-type formula for the Stirling numbers associated with f(z).
The next two lemmas and Theorem 2.7 can be proved just as those in Lemma
2.1, Lemma 2.2 and Theorem 2.1 of [28]. However, we give brief sketches of the
proofs. The details are left to the reader.

Lemma 2.3. Ler f(t) be a delta series, with o) = Yo Opnn, For any integers
n>k>0, we have

B, (Pz P3 Pn—k+2 )
2737 " "h—k+2

k /n n! '
Z( +k> n+'k) (=) Sa(n+j, s f(2)).

Proof. On the one hand, we observe that

%(ef(t)_l—pn)k: (ZS’:;Z)IC

B (Pz P3 Pn—k+2 )
nk\ 5074 20 .
23 n—k+2




LOGARITHMS AND STIRLING NUMBERS ASSOCIATED WITH DELTA SERIES 9

On the other hand, we also find that

1 _ k k 1 k—'l f J
E(ef(t)—l—l?lt> :/;’)(k—j)!(_plt) jﬁ(ef(t)_l)
¥ el L s A0
j=o(k—J) 1) ’ (n+J)!
> k& bk n! k—j
_ o Neig ..
L jg(k—) i PSS ©),
n! n+k\ _n!
where we used =) — (,:j) n+h)1 =

Lemma 2.4. Let f(t) be a delta series, with e = Yoo pn’%. For any integer
n >0, we have

n

BS?@>::2:(—11hp;“‘k3mk(ﬂz p3 Aj@:&iL>

2737 Tn—k+2/)

n f(f)_l —a o n —o
() 1 _(e ) _ 705( Pn+1 1 >
B\ = = 1
)3 n.f(0) t P +n§'1 pr (n+1)!
_ 1 /& Pur1 t"N\*
a—k ntl ®
— kP, k'(zn—i—ln!)

ﬁi sk (@ p3 Pn—k+2 )
nl = epy 2737 T n—k+2/)

I
MS

T
(=]

I
an

O

Theorem 2.5. Let f(t) be a delta series. For any integer n > 0, the following
identity holds true.

22 ()T oy s

k=0 j=0 J J
Proof. Combining Lemmas 2.3 and 2.4, recalling p; = f'(0) and noting ( }:‘ﬁ), (Zf/j‘) =
(’;) ('Hj'j ) ! , we arrive at the desired result. O

Corollary 2.6. Let f(t) be a delta series. For any integer n > 0, the following
identity holds true.

- (nt 1 n+j B T —1-j ..
B":J;(t):;)(J::__1>< —;J) (—l)j(f(O)) 1 SQ(VL—F],],f(t))

Proof. This follows from Theorem 2.5, for ¢ =1, . |

Again, the following Schlomilch-type formula for the Stirling numbers associ-
ated with f(¢) is obtained by proceeding just as in the proof of Theorem 3.1 of [28].
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Nevertheless, we give the short proof. For this, we need the following identities:
(34)

"n+i—1\ i\ n (2n—k\(n—k

()0 -50000)

n—1\(2n—k\ n (n—k\ /n—k+j - n+j—1 2n—k

(k—l)( n )n+j< j )( j ) :<n+,-_k>(n_k_j)'
The second identity in (34) is straightforward. The first identity in (34) follows by
using Y ; (;) = (’ﬁll) and noting that

"in+j<n+i—1> <i>_<n+j> 2"*2’2:1 ( i >
Theorem 2.7. Let f(t) be a delta series. For any integers n > k > 0, we have

nk n j — n— i 7 —n—j ..
sintsf )= (1157 (20, oo o) somee o

Proof. From Theorem 2.5, we see that

(35)

B s

) kZ( 00T Y FO) sk )
-% <”—’;+J)_1<—1>f<f'<o>>‘”‘fsz<n—k+j,j;f<r>>§ (")

From Theorem 2.2, (34), and (35), we note

S1(n.k: £(1)) :;’5(2: 1) <2nn—k> s (n;k) <n—l;+j>—1
x (1) (7(0)) " Sa(n—k+ j, j; £(£))
= Z (nﬂ_ 1) <n2_nk__k ) (=1 (7)) " Sa(n—k+j, js (1)),

n+j—k J
O
Theorem 2.8. Let f(t) be a delta series. Then we have
o n—1 n
iz —n—j . !

g (140 = L X (1 ) C0(0) st 14557005

n=1 j=0 !
Proof. This follows from (30) and Theorem 2.7. O

3. EXAMPLES

In (a)-(o) below, we provide explicit expressions for the following quantities
(see (23), (24), (30)):

Sa(n,k; f(1)) = Sa(n, ks P),  Si(n, ks f(t)) = S1(n,k; P),
log s (1+1) =logp(1 +1),
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where P = {p,(x)}>_,, with p,(x) ~ (1, f(1)).

(a) In recent years, probabilistic versions of Stirling numbers of both kinds have
been explored by several authors (see [1, 3, 8, 21, 28]). We assume that Y is a
random variable such that the moment-generating function of Y

oo

Bl = L ENS (<)

n=0

exists for some r > 0, where E is the mathematical expectation (see [1, 3, 26]). We
assume further that E[Y] # 0.

We recall that the probabilisitc degenerate Stirling numbers of the second kind
associated with Y, S; 5 (n,k), the probabilisitc degenerate Stirling numbers of the

first kind associated with Y, S{ 5, (n,k), the probabilistic degenerate logarithm asso-
ciated with Y, logﬁ (1+1), and the probabilistic degenerate Bernoulli polynomials
of order & associated with Y, ﬁn(i’a) (x), are respectively given by (see [9, 15, 22])

%(E[eﬁm—l)k:isﬁ,un,k);—"!, (k> 0)
(e )* Zs (k> 0),
(36)
logh (1+1) = =éy(t Z st
) e
where ey 3 (1) = E[e} (t)] — 1 = E[Y]t + Lo, E[(Y),.1]% is a delta series. In addi-

tion, we observe that
logE[e} (1)] = log(1+E[e} (1)] - 1)

(1 e 1)t (Bl (0] - 1)

I
s

~
Il
_

(=" 'k —1)! i Sﬁ.,z(”»");%

n=k

t—l—ZZ k—1)183 (n,k);—n!.

n=2k=

1
s

=~
Il
—_

Thus log E[e} (¢)] is a delta series. Now, with f(t) = logE[e} (¢)], we see that

(37) eV —1=E[e} ()] =1, eya(t)=2s,)(0).
Consequently, we see from (36) and (37) that

Sz(l’l,k;f(l‘)) = S12/77L(n’k)7 S (l’l,k;f(l)) = Sll/,l(nvk)ﬂ

logs(1+1) =logy (1+1), B} (x) = B5" (x).

In [9], some explicit expressions of S} , (n,k), SY, (n,k), and log} (1 +1) are
given for several discrete and continuous random variables Y. For example, it is
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shown that, for the uniform random variable (Y ~ U|0, 1]) (see [26]),

= n”_l n—1
log} (1+1) = ZS nl =Yy

m n—m—ltn
< Y i) AR A A2 AT

ittt jy=m N1 255 Jn

where the numers A, ,,’s are given by (see [10])

(b) Let P = {x"}. Then x" ~ (1,7) (see (18), [5, 24, 25]). It is evident that
—1 .
Sa(n,k;P) = Sa(nyk),  Si(n,k;P) =Sy (n,k) = <n )B’S)k,
logp(1+1) = log(1 +1) = Z (1) L

(c)LetP = { n k} be the sequence of degenerate falling factorials (see (6), (14),
(17)). Then (x), 2 ~ (1,£(t) = 1 (e* —1)) (see [17, 19]). It is easy to see that

n—1 n
S2(n,k:P) = $2,(n, k), Si(nkiP) =S, (n. ) = (k_ 1)13,5@,

oo

logp(l+1) =log; (1+1) = ZSM nl Z L ”

(d) Let P = {(x),} be the sequence of rising factorials which are given by (see
[5, 11, 24, 25))

x)o=1, x)p=x(x+1)---(x+n—-1), (n>1).
Then (x), ~ (1,1 —e~"). We show that
Sy(n,k;P) = L(n,k), Si(n, k'P) = (=1)"*L(n,k),

logp(1 Z " L(n )= = —,

where the (unsigned) Lah numbers are specified as

kl,( ) ZLnktn (k>0), L(nk)= Z:(Z”) (n > k).

(e)LetP = { (X2 } be the sequence of degenerate rising factorials which are given
by (see [13])

@oa=1, (Wua=x(x+24)(x+(n=14), (n=1).
Then (x), ; ~ (1,5 (1—e™")). Let L; (n, k) be the degenerate Lah numbers given
by

1 _ 1
Y La(nk)— = (e plos1=20 1) — e - D"
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We derive that

Sa(n,k;P) = Ly (n, k), S (n,k;P) = (=A)" Ly (n,k) = S1 _a(n,k),

logp(1+1) = ZSl, n, 1 =log_; (1+1).

(f) The central factorials x are defined by (see [4, 5, 25])

P :x(x—k%n— ), (m>1), %=1,

where x" ~ (1, (1) = e2 — e~ 7). Here we note that

7(1) = 2log <Wézﬁ>

Carlitz-Riordan and Riordan (see [3, 4, 11, 23]) discussed the numbers 7; (n,k) and

T»(n,k) which are respectively called the central factorial numbers of the first kind
and the second kind, and defined by

VETIVE ¢ .
o (21 g< )) ZTl n, k ") :I;)Tl(n,k)xk

| _ink a l‘"
E(eZ—e 2) = ZTz(I’hk);? xl’l: ZTQ(”7k).x[k]
' ' k=0
Let P = {xI"I} be the sequence of central factorials. We find that

Sa(n,k;P) =Y Ti(n,1)S2(1,k),  Si(n,k:P) =Y Si(n,1)Tr(1,k),
=k 1=k

logp(1 Z

(g) The central Bell polynomials Bel,(f) (x) are defined by (see [16])

t" 1

(n, (1, 1) = (1402 —(1+1)2.

HM:

L t

Me2—e2) ZB ell®)
Then we have

Bel,(f) (x) ~ (l,f(t) =2log <t+2t2+4>), Bel,(f) (x) = Zn: Tg(n,k)xk
k=0

LetP = {Belﬁf) (x)} be the sequence of central Bell polynomials. We obtain that

n

Sa(n,k:P) =Y To(n,1)S2(1,k),  Si(n,k:P) = 251 (n,)Ty(1,k),
=k 1=k

o g<log(1+t +\/log(1+t))2+4>.

oo

n
logp(1+1) = ZSlanlll
n=11=1

2
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(h) The degenerate central factorial numbers of the first kind, 7} ; (n,k), and of the
second kind, 75 j (n,k), are respectively defined by (see [17])

1 VAN "
k!<10gl <2> > :Zle,l(nvk)av ZTIZ nk klv
L, NN - "
E(ei (t) —e : (Z)) = Z TZ,A (l’l,k);, (X)n,l = Z T277L(n7k)x[k]'
: n=k : k=0

The degenerate central Bell polynomials Belrf/?L (x) are defined by (see [17])

1 _1 ©o n
el (- (1) _ y Bel© (X)L"

n,
n=0 h

Then we see that
t+Vi2+4\° . i
et} )~ (150 =togy (7)) Bl ) = Y Bl
k=0
LetP = {BelnczL (x)} be the sequence of degenerate central Bell polynomials. We

observe that

n
Sa(n,k;P) = ZTM n,0)S2(L,k),  Si(n,k;P) =Y Si(n,1)Ty 5(L,k),
1= 1=k

logp(1+1) =Y Y5 anMu) 10gl<0g(+)+\/(20g(+))+>.
n=1[=1

(i) Let P = {LB,(x)} be the sequence of Lah-Bell polynomials. Then it is given by
(see [11])

n

= Z LB,( LB,(x) = Y L(n,k)x*

k=0

so that LB, (x) ~ (1, f(t) = sz) We get that

Sy (n,k;P) = iL(n,l)Sz(l,k), Sy (n,k;P) = i(—l)""Sl (n,))L(1,k),
I=k I=k

" log(1+1)

(—])17151(”171) (1, ])n' m

Mz
(ngE

logp(1+1) =

N
Il
—_

n

() LetP={LB, , (x

v”
— =

be the sequence of degenerate Lah-Bell polynomials. Then

it is given by (see [13])
1—1‘ ,;L na ()=, LBy, (x) :ki‘bL(”?k)(x)m
Then we see that LB, ; (x) ~ (1, %) We have that
(n,k;P) = fL (n,)L_5 (L,k), Si(n,k;P) = i(—l)l_kSlyl(n,l)L(l,k),
1=k I=k
logp(1+1) = ¥ Z Y AL = Loal

== n!  1+logy(1+1)
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(k) Let P = {Bel,(x)} be the sequence of Bell polynomials. Then it is given by
(see [5, 24, 25))

- - "
) Z()Beln(x)a, Bel,,( ZSz n,k)x
Then we see that Bel,,(x) ~ (1,log(1+7)). We show that

Sa(n,k;P) =Y Sa(n,1)Sa(Lk),  Si(n,k:P) =Y Si(n,1)S1(L,k),
i=k i=k

n

© n
logp(1+1) :ZZ n,0)S1(1,1)— —log(1+log(1+t)).

1) LetP = {Belm 2 (x)} be the sequence of partially degenerate Bell polynomials.
Then it given by (see [18])

o tn
eXealt)=1) — Z Bel, 3 (x);, Beln,l Z SQA n,k)x
A !
Then Bel, 5 (x) ~ (1,log, (1+1¢)). We derive that

Sa(n,k;P) =Y 85, (n,1)S2(L,k),  Si(n,k:P) =Y Si(n,1)S) (1K),
1=k 1=k

o n
logp(1+1) = ZZ n,0)Sy (1, 1) =log; (1+1log(1+1)).

(m) LetP = {d)n’ 2 (x)} be the sequence of fully degenerate Bell polynomials. Then
it is given by (see [19])

tn

COURIES R SOES WSO
n=0 :
Then ¢, 5 (x) ~ (1,logy (1+ +(e*" —1))). We find that

I’l k; P Z SZA n, m (mvk)a Sl(nvk;P) = ZSl,l(n’l)Sl,l(lak))
1=k

n
Y Sia(n,0)S 4 (1 1) =logy (1+1log; (1+1)).
11=1

logp(1+1) =

n

oo

(n) Let P = {M,(x)} be the sequence of Mittag-Leffler polynomials. That is,
f(t)=

M, (x) ~ (1, f(¢) jﬁ), with f(t) =log (1) (see [25]). We obtain that
1
Sy(n,k;P) = 2KL(n,k),  Si(n,k;P) = (—1)""*L(n, k)2
- 1 t" t
_ n 1
logp(1+1) —Z L(n 2"n' e

n=1
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(o) Let P = {L,(x)} be the sequence of Laguerre polynomials of order -1 (see [25]).
That is, L,(x) ~ (1, f(t) = £5), with f(r) = 5. We observe that

n

Sa(n,k;P) = Y (= 1)'L(n,)S2(1,k),  Si(n,k:P) = "Zsl (n,1)L(1,k),
1=k
O O " log(1+1)
logp(1 DL(,1)— = ——=>——_,
ogp(1+1) ,;,;Sl(”’) ) = " T og(141)

4. CONCLUSION

In this paper, we have developed a unified approach to Stirling numbers asso-
ciated with a delta series f(¢), which corresponds to Stirling numbers associated
with the sequence p,(x) ~ (1, f(¢)). We have successfully addressed the struc-
tural deficiencies found in recent probabilistic Stirling and B-Stirling number vari-
ants. Specifically, our redefined Stirling numbers Sy (n,k; f(¢)) and S>(n,k; f(2))
restore the fundamental orthogonality and inverse relations, ensuring that these se-
quences remain robust tools for inversion formulas and combinatorial identities.
We established the Schlomilch-type formula for these generalized numbers. This
formula not only provides a direct computational link between the two kinds of
Stirling numbers but also allows for a novel expansion of the associated loga-
rithm log f(t)(l +1). The fifteen examples detailed in Section 3 demonstrate that
our framework is not merely a theoretical exercise but a versatile system capa-
ble of recovering and extending a wide array of known results. Whether applied
to degenerate cases or probabilistic extensions, the delta series approach provides
a consistent and computationally efficient methodology. Future research may in-
volve applying this approach to other special sequences or extending these results
to the g-analogues.
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