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MONOTONICITY AND ABSOLUTE CONVEXITY OF TWO FUNCTIONS
INVOLVING RIEMANN ZETA FUNCTION

BAI-NI GUO! AND FENG QI?*

Abstract. Let p > 0 be a constant, let j > 0 be an integer, and let I'(z) denote the Euler gamma
function. With the aid of the integral representation for the Riemann zeta function ¢(z), by virtue of
a monotonicity rule, and by means of some properties of the function ct171 and its derivatives, the
¢(t+p)
¢(t)

authors discuss the increasing monotonicity of the function t — (t+z+j) , study the absolute

convexity and logarithmic convexity of the function ¢t — I'(¢+3)((t), and derive the increasing mono-
tonicity and inequalities of some sequences involving the ratios |%| of the Bernoulli numbers

Ban, where (z) denotes the extended binomial coefficient.

1. A CONCISE REVIEW

As usual and by convention, we use the following symbols
Z={0,£1,%£2,...}, N={1,2,...},
No = {0,1,2,...}, N_={-1,-2,...}
The classical Euler gamma function I'(z) can be defined [I, Chapter 6] by
nln?
I'(z) = lim =—~, 2z€C\{0,—-1,-2,...}.
n—o00 Hk 0( —|—k)

See also [27, Chapter 3]. In [6l Fact 13.3], we find that, for z € C such that R(z) > 1, the Riemann
zeta function ((z) is defined and satisfies

=1 s 1 1 00 1
kz::/? 1—2- Z;Qk—l)z T 1 _9l-= ;(—1)'“ 1/? (1.1)
and
z—1
=)= r(lz)/;_1dt’ R(z) > 1. (1.2)

The last two equalities in (|1.1)) tell us some reasons why many mathematicians investigated the
Dirichlet eta and lambda functions

o = (1= 3 )6 and A = (1- 52 )¢

According to discussions in [27) Section 3.5, pp. 57-58], the zeta function {(z) has an analytic contin-
uation which has a unique singular point z = 1, which is a simple pole with residue 1, on the complex
plane C.

We now collect several known properties and applications of the Riemann zeta function ((z), the
Dirichlet eta function 7(z), and the Dirichlet lambda function A(z) as follows.
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B.-N. GUO AND F. QI

In [29], Wang proved that the eta function 7(¢) is logarithmically concave on (0, c0). In [I5, [19],

making use of Wang’s result, the second author of this paper established the first double
|B2(j+1)‘
X [Ba;]
Bernoulli numbers By; are generated by

inequality for bounding the ratio of the Bernoulli numbers By; for j > 1, where the

25

: —iBﬁ—1—5+iB~z— 2] < 2
-1 &= 7"al T2~ 2 '

In [7], Cerone and Dragomir proved that the reciprocal ﬁ is concave on (1, 00).

In [36], Zhu and Hua proved that the sequence A(j) for j € N is decreasing. This result
Bagji1
S
for j € N. In [35], Zhu used this result once again to develop and sharpen Qi’s first double
inequality discovered in [I5] [19].

In 2015, Adell-Lekuona [2] and Alzer-Kwong [3] proved the concavity of n(t) on (0, c0).

In [12], Hu and Kim discovered many families of linear recurrent relations and convolution
identities of A\(2j) for j € N.

In [33], Yang and Tian verified that the function

1) —27%¢(t +q)

20 (1) = C(t+q)
is increasing from (1,00) onto (3,1). By this, Yang and Tian [33] extended and sharpened
Qi’s first double inequality established in [I5] [19].
In [], Qi and his two coauthors reviewed and surveyed some results developed in recent years
about several functions involving the Riemann zeta function {(x) and about several sequences

. . . |Bag
involving the ratio “2397;'1)'.
J

was applied in [I5] [19] to establish the first double inequality for bounding the ratio

As a continuation of the papers [13] 22 23] 26], in what follows, we will consider the following two
problems.

What about the monotonicity of the function

t ] t
tH("‘P‘*’J)C(*‘P) (1.3)
p ¢(t)
on (1,00)? where p > 0 is a constant, j € Ny, and the extended binomial coefficient (i}) is
defined by

I'(z+1)
N_ - N_
Twt Dz —ws1) -FN- wz-wé
0, z¢N_, weN_orz—weN_
(z) <Z>'w, 2€N_, weNy
=< w!
v (2)2—w
) z,w €N_, z—weNy
(z —w)!
0, z,we€N_, z—weN_
0, zeN_, wédZ

in terms of the gamma function I'(z) and the falling factorial

m—1
<V>m:H(V—j):{:(V—l)-..(y—m+l)7 ZEI;;
7=0 ) —

for v € C.
What about the convexity of the function ¢ — T'(¢t + j){(¢) on (1,00) for j € N?
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MONOTONICITY AND ABSOLUTE CONVEXITY OF TWO FUNCTIONS 3

If (—1)7gW)(¢) > 0 for j > 0 holds on an interval I C R, then we say that g(t) is a completely mono-
tonic function on I; see [14, Chapter XIIT], [25, Chapter 1], and [3T, Chapter IV]. If (—1)7 [In g(¢)]¥) > 0
for j € N holds on I C R, then we call g(¢) a logarithmically completely monotonic function on I C R;
see the papers [5], [0, Definition 1], and [20, Definition 1]. If g(27)(¢) > 0 for j > 0 holds on an interval
I C R, then we say that g(t) is an absolutely convex function on I; if (—1)G®)(t) > 0 for j > 0
holds on an interval I C R, then we say that g(t) is a completely convex function on I; see [14] p. 375,
Definition 3]. These and related functions are important in the theory of entire functions.

Our main results in this paper are as follows:

(1) the increasing monotonicity of the function defined in ([1.3)) are discussed;
(2) the absolute convexity and logarithmic convexity of the function I'(¢ + j){(t) are studied;

(3) the increasing monotonicity of a sequence involving the ratio % and inequalities for the
n
. |Ban .
ratio 22222l are derived.
|B2n‘

2. PRELIMINARIES

For proving our main results, we prepare necessary lemmas below.

Lemma 1 ([I7, Lemma 9] and [2I, Remark 7.2]). Let U(y), V(y), W (y,t) be integrable iny € (a,b) C
R and satisfy V(y) > 0 and W (y,t) > 0.

(1) If the ratios W and % are both increasing or both decreasing in y € (a,b) C R, then

the ratio
i Wy, U (y) dy

R(t
© JPW(y, )V (y) dy

18 1ncreasing in t.
(2) If one of the ratios % and % is increasing and another one of them is decreasing
iny € (a,b) CR, then the ratio R(t) is decreasing in t.
Lemma 2 ([I0, Theorem 1.3], [II, Theorems 2.1 and 2.2], [32, Theorems 3.1 and 3.2]). Let ¢ # 0

and ¢ # 0 be real constants and j € N. If o > 0 and © # —lndf orif o <0 and x € R, then

ij % :(—1)j¢j§(q—1)!5(j+1,q) % " (21)
dz <<pe 1 Pt —1

q=1

where
IR W,
S5(j,q9) = — E 1)~ P, 1<qg<y
are the second kind Stirling numbers.

About the second kind Stirling numbers S(m, j) for m > j > 0, please see [I, Section 24.1.4], [27]
Section 1.3], and the literature [16, [I8] [24].

Lemma 3 (8] and [28] p. 395]). If G(¢) is not identically zero and is completely monotonic on (0,00),
then GU)(t) for j € Ng is impossibly equal to 0 on (0, 00).

Lemma 4. When m =0, 1, the formula

et —1

D(t 4+ m)C(t) = (—1)™ 7( ! >(m)xt+m—1 dz (2.2)

is valid for R(t) > 1. When m > 2, the formula (2.2)) is valid for R(t) > 2.
Proof. For m = 0, the formula (2.2)) is just the one (1.2)).
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4 B.-N. GUO AND F. QI

For m =1 and R(¢) > 1, we have

B B OOL =1 3, /Ooldxt
L(t+1)¢(t) = tT'(t)¢(t) = t/ o _lx do = e* —1 dx de
0 0
t |z=oo < 1 ! v 1 !
_ _/( )xtdxz—/( )xtdx.
e’ =11, er—1 M
0 0

Assume that the formula (2.2) is valid for some m > 2 and R(¢) > 2. Then
L(t+m+1)C(t) = (t+m)T(t + m)((t)

n (m) 7 (m) 3,.t+m
_ 1 trmo1 o m/ 1 dx
_(t+m)/(ex—1) x dz = (-1) e e dz
0 0

()T () )

0

i 1 (m+1)
(1)m+1/( _ 1) 2
-

0

where we used the fact that, by virtue of Lemma[2]for ¢ = p =1,

L I (F e S o
= (-1)™* :22 (¢ = DIS(m +2,q) Kex1—1)qxt+m} :::O
— ot S st ([ () ] - [ () )

g=1
=0

for R(t) > 2. Consequently, by induction, we are sure that the formula (2.2) is valid for m > 2 and
R(t) > 2. The proof of Theorem [4|is complete. O

Lemma 5 ([30, Theorem 1]). For j € Ny, the function

R
40 = (17 () 23)
is completely monotonic on (0,00). In particular, the function % (t) is logarithmically completely
monotonic on (0,00).

3. MONOTONICITY RESULT AND ABSOLUTE CONVEXITY
Our main results and their proofs are as follows.

Theorem 3.1. Let p > 0 be a scalar and let 7 € Ng. Then
1) the function in (1.3) for j =0 is an increasing function from (1,00) onto (0,00);

) the function in (1.3) for j € N is an increasing function from (2,00) onto (0,00);

) the function T'(t + 7)((t) for j = 0,1 is an absolutely convex function in t € (1,00);

) the function T'(t + 7)((t) for given j > 2 is an absolutely convex function in t € (2,00);

) the function T'(t 4+ j)((t) for given j € N is a logarithmically convex function in t € (2, 00).

(
(2
(3
(4
(5
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MONOTONICITY AND ABSOLUTE CONVEXITY OF TWO FUNCTIONS 5

Proof. Making use of the formula (2.2)) in Lemma [4] we obtain

Llt+p+1)¢(E+p) —J (ez—l)/xter dr o ﬁxﬂhp dz

= —= . R(t) > 1.
L(t+1)¢(t) —fo (em 71)/:3’5 dz fo mxt dzx
Applying Lemma [I] to
e” xf e’ .
U(x) (o 172 V() (o 172 >0, W,t)=2a">0,
and (a,b) = (0, 00), making use of the facts that both (zg =z and
OW (z,t)/0t
=1 1
W) nx (3.1)

are increasing on (0, 00), we conclude that the ratio

Jo” @St A Tt p+ 1)C(E + p) t+p\ (it +p)
[ = atde (t+1)¢(t) =T +1)( > C(t)

0 (e”-1)
is increasing in t € (1, 00). Consequently, the function in (1.3)) for j = 0 is increasing in ¢ € (1, 00).
Once making use of the formula (2.2)) in Lemma for j,m > 2, we obtain

. oo () -
D(t+p+4)S(t+p) _(—1)j_mfo (=) e de [T G (a)att et da

T(t +m)((t) 12 (= _1) ™) ttm—1 qp [, xt+m Lde
for R(¢) > 2. By Lemmas [3|and[f] we see that the functions % (z) for k > 0 are all positive on (0, cc).
Once applying Lemma [If to

U(l’) = gj(:v)xﬂ-i-j V(.I?) _ gm(x)xm > 0’ W(.’L’,t) _ il't_l S 0’

and (a,b) = (0,00), since \(igg = Zil) pi=m+p for m = j and the partial derivative in are both

gm( )
increasing on (0, 00), we acquire that the ratio
L+ p+i)S(ttp) _ e,y 1)(t+p+j - 1) t+p) _ Jo Gla)ar de
L(t+ 7)¢(t) p ¢(t) fo i ( wt“ tda

for j > 2 and p > 0 is increasing in ¢t € (2, 00). Consequently, the function in (1.3)) for j > 1 and p > 0

is increasing in t € (2, 00).

D(t+p+j)¢(t+p)
D (t+5)¢(t)

L(t+p+ )¢t +p)]" _ [T+ p+5)CE+p) [T+ 5] = [T+ p+ 5+ p)I[T(E + 7S
I(t+5)¢(t) [C(+5)C@)
is nonnegative in t € (2,00). This means that
Lt +p+ e+l [T +5)C@))
Lt +p+)Ct+p) — [LE+5)C@)]

that is, the logarithmic derivative

(In[I'(t +5)C()]) =

Because the ratio for given j € N is increasing in ¢ € (2, 00), its derivative

t € (2,00),

[T'(t+5)¢t)]
[T(t + 7)¢(t)]
is increasing in ¢ € (2,00). Consequently, for given j € N, the function I'(¢t + 7)((t) is logarithmically
convex in t € (2, 00).
Differentiating 2k times for k € Ny with respect to ¢ on both sides of yields

1
et —1

Dt + m)c(H]H) = 7(—1>m( )(m)xt+m—lan o) da.

0
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6 B.-N. GUO AND F. QI

1 )(m)
e —1

for m > 0 are all positive on (0,00). Hence, the derivatives [T'(t +m)¢(t)]?®) for k € Ny are positive,
that is, they are absolutely convex on their corresponding intervals. The proof of Theorem is thus

complete. O

By virtue of Lemmasand we see that the completely monotonic function %, (x) = (—1)™(

4. MONOTONICITY AND BOUNDS FOR THE RATIO OF BERNOULLI NUMBERS
Applying Theorem |3.1} we can derive the following results on the ratio | Bz”“ |

2n+2

Theorem 4.1. The sequences | | and

2 2 j +4) | B2y, .
(”+J+$(n+1+)‘2+4’j€N (41)
(n+2)(2n+3) Bono
are both increasing in n € N.
The inequality
Bay, 1)(2 1
Bon, 21

holds for n > 2 and the inequality
BgnB2n+4 > (Tl + 2)(271 + 3)

4.3
Bio = (4 )Ent ) 43
holds for n € N.
Proof. In [1l pp. 807-808, Section 23.2] and [27, p. 5, (1.14)], we find the relation
—1)7t12(2n)!
By = SN 200 0y e, (4.4)

(27.‘-)271

Hence, from Theorem , we obtain that the sequence (*"?) 422(’;:)2 ) is increasing in n € N, that is,
the sequence

27{)2n+2
<2n + 2) he sy Banta 2| Ban+2
(271.)271 -
2 o B Ban
Bonta

is increasing in n € N, that is, the ratio ‘ T | is increasing in n € N.
Employing the relation and Theorem [3.1] we see that the sequence

(27_()27L+4
<2n +i+ 4) C(2n+4) (2n +i+ 4) D aatan Benta

- (2m)2n+2
2 ((2n+2) 2 i Banss

s (2n+j+3)2n+j+4)
(n+2)(2n+3)

for fixed j € N is increasing in n € N. In [34] Lemma 1], see also [4, Theorem 6], among other things,
the sequence

Bopya

BQn+2

1 22n+2 -1 BQn+2
2n+1)(n+1) 22" —1 | Bg,
was proved to be increasing in n € N and to tend to 2 as n — 0o. Accordingly, we arrive at
lim [(2n+]+3)(2n+]+4) }
n—o0 (n+2)(2n+3) Ban+2

. [@n++3)2n+j+4) 22n+2 _q
= lim [ 2201 3) (2n+3)(n+2)22n+4_J

Bopto }
22n+2 -1
22n+4 _ 1:|

BZn+4

n—oo

. 1 22n+d _ 1 Bonta
x lim
n— o0 (2n + 3)(n + 2) 22n+2 _ |

2 . . .
— llrrgo{(Qn+j+3)(2n+j+4)

e n—
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MONOTONICITY AND ABSOLUTE CONVEXITY OF TWO FUNCTIONS 7

=00, j€EN.
Therefore, we are only able to acquire two one-sided inequalities
@430+ ]+ 4| Banss| (5 +6)|Bs
(n + 2) (27’?, + 3) BZn+2 - 15 B4

and

2 (2n+j+5)(2n+j+6) ‘ Bante

2 2n+j+3)2n+j+4) ‘ Bopya

(n+3)(2n +5) Bonta (n+2)(2n +3) Bon+2
for j € Nand n € N. That is,
‘an+4 S (n+2)2n+3) (J+5)+6) Bs
Bopto| — 15 2n+7+3)2n+j+4)| B,
and
B3 s ~ (n4+2)2n+3)(2n+j+5)(2n+j+6)
for j € N and n € N. Since the sequences
(j+5)( +6) hq @nti+3)@ntj+4)

ntj+3)2ntj+4) % @n+j+5)(2n+j+6)

are increasing in j € N and tend to 1 as j — oo for all fixed n € N respectively, we acquire

Bonya| o (n42)2n+3)|Bs| _ (n+2)(2n+3)
Bopyol| — 15 By| 21
and B B )
2n+2Bon6 (n+3)(2n +5) (4.5)
B3 ya (n+2)(2n+3)
for n € N. Direct computation shows that the inequality (4.5)) is also valid for n = 0. The proof of
Theorem [£.1] is complete. O

Remark 1. The first conclusion in Theorem that the ratio |B%2“| is increasing in n € N is a
recovery of [26, Theorem 1.1]. The increasing monotonicity of the sequence (4.1]) is a recovery of [4}
Theorem 5] and [26, Theorems 1.1 and 1.2].

The inequality (4.2)) is better than

Baonta
B2n

(n+1)(2n+1)
30 ’

> neN

obtained in [4, Remark 1].
The inequality (4.3)) is stronger than the logarithmic convexity of the sequence Bs,, for n € N,
which was derived in [26, Theorem 1.1].

5. A SHORT APPENDIX

In this section, we slightly strengthen [30], Theorem 3] as follows.

Proposition 1. For j € Ny, the ratio

oy Yir(a)
&;(z) = 7.(0) (5.1)
is decreasing from (0,00) onto (1,00), where the function ¥;(x) is defined by in Lemma @

Proof. In [30, Theorem 3], the decreasing monotonicity of the ratio &;(x) in (5.1 and lim,_, o &;(z) =
1 has been proved.
Employing the equation (2.1) in Lemma for o = ¢ = 1 yields

(_1)j+1( 1 )(j+1)

e —1

(—1)7 (i)Y

6;(z) =
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8 B.-N. GUO AND F. QI
YR - 1)18G +2,9) ()"
T - DISG+ L) ()
X @ 1D)ISG +2,) ()
Z]“ (g = DIS( + 1, q) () i —at?
ASG+2,7+ D)+ (G +DSG + 2,7+ 2) limg_o+ 2~ N
JISG+1,7+1) ’
= o0.
The proof of Proposition [1] is thus complete. O

Remark 2. This paper is a revised version of the electronic arXiv preprint arXiv:2201.06970 whose
DOI site is https://doi.org/10.48550/arXiv.2201.06970.

Funding. The second author was partially supported by the Youth Project of Hulunbuir City for
Basic Research and Applied Basic Research (Grant No. GH2024020) and by the Natural Science
Foundation of Inner Mongolia Autonomous Region (Grant No. 2025QN01041).

Acknowledgements. The authors appreciate the anonymous referees for their careful corrections
and valuable comments on the original version of this paper.

10.

11.

12.

13.

14.

15.

16.

17.

18.

REFERENCES

. M. Abramowitz and I. A. Stegun (Eds), Handbook of Mathematical Functions with Formulas, Graphs, and Mathe-

matical Tables, National Bureau of Standards, Applied Mathematics Series 55, 10th printing, Washington, 1972.

. J. A. Adell and A. Lekuona, Dirichlet’s eta and beta functions: concavity and fast computation of their derivatives,

J. Number Theory 157 (2015), 215-222. DOI: https://doi.org/10.1016/j.jnt.2015.05.006,

. H. Alzer and M. K. Kwong, On the concavity of Dirichlet’s eta function and related functional inequalities, J.

Number Theory 151 (2015), 172-196. DOI: https://doi.org/10.1016/j. jnt.2014.12.009,

. L.-Y. Bao, C.-Y. He, and F. Qi, Monotonic sequences and inequalities involving the ratio between two adja-

cent nonzero Bernoulli numbers, Math. Inequal. Appl. 29 (2026), no. 1, 1-14. DOIL: https://doi.org/10.7153/
mia-2026-29-01.

. C. Berg, Integral representation of some functions related to the gamma function, Mediterr. J. Math. 1 (2004),

no. 4, 433-439. DOLI: https://doi.org/10.1007/s00009-004-0022-6.

. D. S. Bernstein, Scalar, Vector, and Matrix Mathematics: Theory, Facts, and Formulas, Revised and expanded

edition, Princeton University Press, Princeton, NJ, 2018.

. P. Cerone and S. S. Dragomir, Some convezity properties of Dirichlet series with positive terms, Math. Nachr. 282

(2009), no. 7, 964-975. DOI: https://doi.org/10.1002/mana.200610783.

. J. Dubourdieu, Sur un théoréme de M. S. Bernstein relatif a la transformation de Laplace-Stieltjes, Compositio

Math. 7 (1939), 96-111. DOI: http://www.numdam.org/item?id=CM_1940__7__96_0. (French)

. B.-N. Guo and F. Qi, A property of logarithmically absolutely monotonic functions and the logarithmically complete

monotonicity of a power-exponential function, Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys. 72
(2010), no. 2, 21-30.

B.-N. Guo and F. Qi, Ezxplicit formulae for computing Euler polynomials in terms of Stirling numbers of the second
kind, J. Comput. Appl. Math. 272 (2014), 251-257. DOI: https://doi.org/10.1016/j.cam.2014.05.018.

B.-N. Guo and F. Qi, Some identities and an explicit formula for Bernoulli and Stirling numbers, J. Comput. Appl.
Math. 255 (2014), 568-579. DOI: https://doi.org/10.1016/j.cam.2013.06.020,

S. Hu and M.-S. Kim, On Dirichlet’s lambda function, J. Math. Anal. Appl. 478 (2019), no. 2, 952-972. DOIL:
https://doi.org/10.1016/j. jmaa.2019.05.061.

D. Lim and F. Qi, Increasing property and logarithmic convexity of two functions involving Dirichlet eta function,
J. Math. Inequal. 16 (2022), no. 2, 463—469. DOI: https://doi.org/10.7153/jmi-2022-16-33.

D. S. Mitrinovié, J. E. Pecari¢, and A. M. Fink, Classical and New Inequalities in Analysis, Kluwer Academic
Publishers, Dordrecht-Boston-London, 1993. DOI: https://doi.org/10.1007/978-94-017-1043-5.

F. Qi, A double inequality for the ratio of two non-zero neighbouring Bernoulli numbers, J. Comput. Appl. Math.
351 (2019), 1-5. DOI: https://doi.org/10.1016/j.cam.2018.10.049.

F. Qi, An explicit formula for the Bell numbers in terms of the Lah and Stirling numbers, Mediterr. J. Math. 13
(2016), no. 5, 2795-2800. DOI: https://doi.org/10.1007/s00009-015-0655-7.

F. Qi, Decreasing properties of two ratios defined by three and four polygamma functions, C. R. Math. Acad. Sci.
Paris 360 (2022), 89-101. DOI: https://doi.org/10.5802/crmath.296.

F. Qi, Diagonal recurrence relations, inequalities, and monotonicity related to the Stirling numbers of the second
kind, Math. Inequal. Appl. 19 (2016), no. 1, 313-323. DOI: https://doi.org/10.7153/mia-19-23|


https://doi.org/10.48550/arXiv.2201.06970
https://doi.org/10.1016/j.jnt.2015.05.006
https://doi.org/10.1016/j.jnt.2014.12.009
https://doi.org/10.7153/mia-2026-29-01
https://doi.org/10.7153/mia-2026-29-01
https://doi.org/10.7153/mia-2026-29-01
https://doi.org/10.1007/s00009-004-0022-6
https://doi.org/10.1002/mana.200610783
http://www.numdam.org/item?id=CM_1940__7__96_0
https://doi.org/10.1016/j.cam.2014.05.018
https://doi.org/10.1016/j.cam.2013.06.020
https://doi.org/10.1016/j.jmaa.2019.05.061
https://doi.org/10.7153/jmi-2022-16-33
https://doi.org/10.1007/978-94-017-1043-5
https://doi.org/10.1016/j.cam.2018.10.049
https://doi.org/10.1007/s00009-015-0655-7
https://doi.org/10.5802/crmath.296
https://doi.org/10.7153/mia-19-23

241
242
243

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
30.

31.
32.

33.

34.

35.

36.

MONOTONICITY AND ABSOLUTE CONVEXITY OF TWO FUNCTIONS 9

. F. Qi, Notes on a double inequality for ratios of any two neighbouring non-zero Bernoulli numbers, Turkish J.
Anal. Number Theory 6 (2018), no. 5, 129-131. DOI: https://doi.org/10.12691/tjant-6-5-1.

F. Qi and C.-P. Chen, A complete monotonicity property of the gamma function, J. Math. Anal. Appl. 296 (2004),
603-607. DOI: https://doi.org/10.1016/j.jmaa.2004.04.026.

F. Qi, W.-H. Li, S.-B. Yu, X.-Y. Du, and B.-N. Guo, A ratio of finitely many gamma functions and its properties
with applications, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Math. RACSAM. 115 (2021), no. 2, Paper No. 39,
14 pages. DOI: https://doi.org/10.1007/s13398-020-00988-z.

F. Qi and D. Lim, Increasing property and logarithmic convexity of functions involving Dirichlet lambda function,
Demonstr. Math. 56 (2023), no. 1, Art. No. 20220243, 6 pages. DOI: https://doi.org/10.1515/dema-2022-0243|

F. Qi and Y.-H. Yao, Increasing property and logarithmic convexity concerning Dirichlet beta function, Euler
numbers, and their ratios, Hacet. J. Math. Stat. 52 (2023), no. 1, 17-22. DOL: https://doi.org/10.15672/hujms.
1099250.

J. Quaintance and H. W. Gould, Combinatorial Identities for Stirling Numbers, The unpublished notes of H. W.
Gould. With a foreword by George E. Andrews. World Scientific Publishing Co. Pte. Ltd., Singapore, 2016.

R. L. Schilling, R. Song, and Z. Vondracek, Bernstein Functions, 2nd ed., de Gruyter Studies in Mathematics 37,
Walter de Gruyter, Berlin, Germany, 2012. DOI: https://doi.org/10.1515/9783110269338.

Y. Shuang, B.-N. Guo, and F. Qi, Logarithmic convexity and increasing property of the Bernoulli numbers and their
ratios, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM 115 (2021), no. 3, Paper No. 135, 12 pages.
DOI: https://doi.org/10.1007/s13398-021-01071-x.

N. M. Temme, Special Functions: An Introduction to Classical Functions of Mathematical Physics, A
Wiley-Interscience Publication, John Wiley & Sons, Inc., New York, 1996. DOI: https://doi.org/10.1002/
9781118032572,

H. van Haeringen, Completely monotonic and related functions, J. Math. Anal. Appl. 204 (1996), no. 2, 389-408.
DOI: https://doi.org/10.1006/jmaa.1996.0443.

K. C. Wang, The logarithmic concavity of (1—2*~7)((r), J. Changsha Comm. Univ. 14 (1998), no. 2, 1-5. (Chinese)
C.-F. Wei and B.-N. Guo, Complete monotonicity of functions connected with the exponential function and deriva-
tives, Abstr. Appl. Anal. 2014 (2014), Art. ID 851213, 5 pages. DOI: https://doi.org/10.1155/2014/851213,

D. V. Widder, The Laplace Transform, Princeton University Press, Princeton, 1946.

A.-M. Xu and Z.-D. Cen, Some identities involving exponential functions and Stirling numbers and applications,
J. Comput. Appl. Math. 260 (2014), 201-207. DOI: https://doi.org/10.1016/j.cam.2013.09.077.

Z.-H. Yang and J.-F. Tian, Sharp bounds for the ratio of two zeta functions, J. Comput. Appl. Math. 364 (2020),
112359, 14 pages. DOI: https://doi.org/10.1016/j.cam.2019.112359,

G.-Z. Zhang and F. Qi, On convexity and power series expansion for logarithm of normalized tail of power series
expansion for square of tangent, J. Math. Inequal. 18 (2024), no. 3, 937-952. DOI: https://doi.org/10.7153/
jmi-2024-18-51.

L. Zhu, New bounds for the ratio of two adjacent even-indexed Bernoulli numbers, Rev. R. Acad. Cienc. Exactas
Fis. Nat. Ser. A Mat. RACSAM 114 (2020), no. 2, Paper No. 83, 13 pages. DOI: https://doi.org/10.1007/
s13398-020-00814-6.

L. Zhu and J.-K. Hua, Sharpening the Becker-Stark inequalities, J. Inequal. Appl. 2010 (2010), Art. ID 931275,
4 pages. DOI: https://doi.org/10.1155/2010/931275.

(Received 27.10.2025, Revised 07.02.2026, Accepted 08.06.2026)

117709 SABAL COURT, UNIVERSITY VILLAGE, DALLAS, TX 75252-8024, USA
Email address: bai.ni.guo@gmail.com
URL: https://orcid.org/0000-0001-6156-2590

2SCHOOL OF MATHEMATICS AND PHysics, HULUNBUIR UNIVERSITY, HULUNBUIR, INNER MONGOLIA, 021008, CHINA
Email address: qifeng618@gmail.com
URL: https://orcid.org/0000-0001-6239-2968


https://doi.org/10.12691/tjant-6-5-1
https://doi.org/10.1016/j.jmaa.2004.04.026
https://doi.org/10.1007/s13398-020-00988-z
https://doi.org/10.1515/dema-2022-0243
https://doi.org/10.15672/hujms.1099250
https://doi.org/10.15672/hujms.1099250
https://doi.org/10.15672/hujms.1099250
https://doi.org/10.1515/9783110269338
https://doi.org/10.1007/s13398-021-01071-x
https://doi.org/10.1002/9781118032572
https://doi.org/10.1002/9781118032572
https://doi.org/10.1002/9781118032572
https://doi.org/10.1006/jmaa.1996.0443
https://doi.org/10.1155/2014/851213
https://doi.org/10.1016/j.cam.2013.09.077
https://doi.org/10.1016/j.cam.2019.112359
https://doi.org/10.7153/jmi-2024-18-51
https://doi.org/10.7153/jmi-2024-18-51
https://doi.org/10.7153/jmi-2024-18-51
https://doi.org/10.1007/s13398-020-00814-6
https://doi.org/10.1007/s13398-020-00814-6
https://doi.org/10.1007/s13398-020-00814-6
https://doi.org/10.1155/2010/931275
https://orcid.org/0000-0001-6156-2590
https://orcid.org/0000-0001-6239-2968

	1. A concise review
	2. Preliminaries
	3. Monotonicity result and absolute convexity
	4. Monotonicity and bounds for the ratio of Bernoulli numbers
	5. A short appendix
	Funding
	Acknowledgements

	References

