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MONOTONICITY AND ABSOLUTE CONVEXITY OF TWO FUNCTIONS1

INVOLVING RIEMANN ZETA FUNCTION2

BAI-NI GUO1 AND FENG QI2,∗3

Abstract. Let ρ > 0 be a constant, let j ≥ 0 be an integer, and let Γ(z) denote the Euler gamma

function. With the aid of the integral representation for the Riemann zeta function ζ(z), by virtue of

a monotonicity rule, and by means of some properties of the function 1
et −1

and its derivatives, the

authors discuss the increasing monotonicity of the function t 7→
(t+ρ+j

ρ

) ζ(t+ρ)
ζ(t)

, study the absolute

convexity and logarithmic convexity of the function t 7→ Γ(t+j)ζ(t), and derive the increasing mono-

tonicity and inequalities of some sequences involving the ratios
∣∣B2n+2

B2n

∣∣ of the Bernoulli numbers

B2n, where
(z
z

)
denotes the extended binomial coefficient.

1. A concise review4

As usual and by convention, we use the following symbols5

Z = {0,±1,±2, . . . }, N = {1, 2, . . . },
N0 = {0, 1, 2, . . . }, N− = {−1,−2, . . . }.

The classical Euler gamma function Γ(z) can be defined [1, Chapter 6] by6

Γ(z) = lim
n→∞

n!nz∏n
k=0(z + k)

, z ∈ C \ {0,−1,−2, . . . }.

See also [27, Chapter 3]. In [6, Fact 13.3], we find that, for z ∈ C such that ℜ(z) > 1, the Riemann7

zeta function ζ(z) is defined and satisfies8

ζ(z) =

∞∑
k=1

1

kz
=

1

1− 2−z

∞∑
k=1

1

(2k − 1)z
=

1

1− 21−z

∞∑
k=1

(−1)k−1 1

kz
(1.1)

and9

ζ(z) =
1

Γ(z)

∞∫
0

tz−1

et −1
dt, ℜ(z) > 1. (1.2)

The last two equalities in (1.1) tell us some reasons why many mathematicians investigated the10

Dirichlet eta and lambda functions11

η(z) =

(
1− 1

2z−1

)
ζ(z) and λ(z) =

(
1− 1

2z

)
ζ(z).

According to discussions in [27, Section 3.5, pp. 57–58], the zeta function ζ(z) has an analytic contin-12

uation which has a unique singular point z = 1, which is a simple pole with residue 1, on the complex13

plane C.14

We now collect several known properties and applications of the Riemann zeta function ζ(z), the15

Dirichlet eta function η(z), and the Dirichlet lambda function λ(z) as follows.16
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(1) In [29], Wang proved that the eta function η(t) is logarithmically concave on (0,∞). In [15, 19],17

making use of Wang’s result, the second author of this paper established the first double18

inequality for bounding the ratio
|B2(j+1)|
|B2j | of the Bernoulli numbers B2j for j ≥ 1, where the19

Bernoulli numbers B2j are generated by20

z

ez − 1
=

∞∑
n=0

Bn
zn

n!
= 1− z

2
+

∞∑
j=1

B2j
z2j

(2j)!
, |z| < 2π.

(2) In [7], Cerone and Dragomir proved that the reciprocal 1
ζ(t) is concave on (1,∞).21

(3) In [36], Zhu and Hua proved that the sequence λ(j) for j ∈ N is decreasing. This result22

was applied in [15, 19] to establish the first double inequality for bounding the ratio
|B2(j+1)|
|B2j |23

for j ∈ N. In [35], Zhu used this result once again to develop and sharpen Qi’s first double24

inequality discovered in [15, 19].25

(4) In 2015, Adell–Lekuona [2] and Alzer–Kwong [3] proved the concavity of η(t) on (0,∞).26

(5) In [12], Hu and Kim discovered many families of linear recurrent relations and convolution27

identities of λ(2j) for j ∈ N.28

(6) In [33], Yang and Tian verified that the function29

1

2t
ζ(t)− 2−qζ(t+ q)

ζ(t)− ζ(t+ q)

is increasing from (1,∞) onto
(
1
2 , 1
)
. By this, Yang and Tian [33] extended and sharpened30

Qi’s first double inequality established in [15, 19].31

(7) In [4], Qi and his two coauthors reviewed and surveyed some results developed in recent years32

about several functions involving the Riemann zeta function ζ(x) and about several sequences33

involving the ratio
|B2(j+1)|
|B2j | .34

As a continuation of the papers [13, 22, 23, 26], in what follows, we will consider the following two35

problems.36

(1) What about the monotonicity of the function37

t 7→
(
t+ ρ+ j

ρ

)
ζ(t+ ρ)

ζ(t)
(1.3)

on (1,∞)? where ρ > 0 is a constant, j ∈ N0, and the extended binomial coefficient
(
z
w

)
is38

defined by39

(
z

w

)
=



Γ(z + 1)

Γ(w + 1)Γ(z − w + 1)
, z ̸∈ N−, w, z − w ̸∈ N−

0, z ̸∈ N−, w ∈ N− or z − w ∈ N−

⟨z⟩w
w!

, z ∈ N−, w ∈ N0

⟨z⟩z−w

(z − w)!
, z, w ∈ N−, z − w ∈ N0

0, z, w ∈ N−, z − w ∈ N−

∞, z ∈ N−, w ̸∈ Z

in terms of the gamma function Γ(z) and the falling factorial40

⟨ν⟩m =

m−1∏
j=0

(ν − j) =

{
ν(ν − 1) · · · (ν −m+ 1), m ∈ N
1, m = 0

for ν ∈ C.41

(2) What about the convexity of the function t 7→ Γ(t+ j)ζ(t) on (1,∞) for j ∈ N?42
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If (−1)jg(j)(t) ≥ 0 for j ≥ 0 holds on an interval I ⊆ R, then we say that g(t) is a completely mono-43

tonic function on I; see [14, Chapter XIII], [25, Chapter 1], and [31, Chapter IV]. If (−1)j [ln g(t)](j) ≥ 044

for j ∈ N holds on I ⊆ R, then we call g(t) a logarithmically completely monotonic function on I ⊆ R;45

see the papers [5], [9, Definition 1], and [20, Definition 1]. If g(2j)(t) ≥ 0 for j ≥ 0 holds on an interval46

I ⊆ R, then we say that g(t) is an absolutely convex function on I; if (−1)jG(2j)(t) ≥ 0 for j ≥ 047

holds on an interval I ⊆ R, then we say that g(t) is a completely convex function on I; see [14, p. 375,48

Definition 3]. These and related functions are important in the theory of entire functions.49

Our main results in this paper are as follows:50

(1) the increasing monotonicity of the function defined in (1.3) are discussed;51

(2) the absolute convexity and logarithmic convexity of the function Γ(t+ j)ζ(t) are studied;52

(3) the increasing monotonicity of a sequence involving the ratio |B2n+4|
|B2n+2| and inequalities for the53

ratio |B2n+2|
|B2n| are derived.54

2. Preliminaries55

For proving our main results, we prepare necessary lemmas below.56

Lemma 1 ([17, Lemma 9] and [21, Remark 7.2]). Let U(y), V (y), W (y, t) be integrable in y ∈ (a, b) ⊆57

R and satisfy V (y) > 0 and W (y, t) > 0.58

(1) If the ratios ∂W (y,t)/∂t
W (y,t) and U(y)

V (y) are both increasing or both decreasing in y ∈ (a, b) ⊆ R, then59

the ratio60

R(t) =

∫ b

a
W (y, t)U(y) dy∫ b

a
W (y, t)V (y) dy

is increasing in t.61

(2) If one of the ratios ∂W (y,t)/∂t
W (y,t) and U(y)

V (y) is increasing and another one of them is decreasing62

in y ∈ (a, b) ⊆ R, then the ratio R(t) is decreasing in t.63

Lemma 2 ([10, Theorem 1.3], [11, Theorems 2.1 and 2.2], [32, Theorems 3.1 and 3.2]). Let φ ̸= 064

and ϕ ̸= 0 be real constants and j ∈ N. If φ > 0 and x ̸= − lnφ
ϕ or if φ < 0 and x ∈ R, then65

dj

dxj

(
1

φ eϕx −1

)
= (−1)jϕj

j+1∑
q=1

(q − 1)!S(j + 1, q)

(
1

φ eϕx −1

)q

, (2.1)

where66

S(j, q) =
1

q!

q∑
ℓ=1

(−1)q−ℓ

(
q

ℓ

)
ℓj , 1 ≤ q ≤ j

are the second kind Stirling numbers.67

About the second kind Stirling numbers S(m, j) for m ≥ j ≥ 0, please see [1, Section 24.1.4], [27,68

Section 1.3], and the literature [16, 18, 24].69

Lemma 3 ([8] and [28, p. 395]). If G(t) is not identically zero and is completely monotonic on (0,∞),70

then G(j)(t) for j ∈ N0 is impossibly equal to 0 on (0,∞).71

Lemma 4. When m = 0, 1, the formula72

Γ(t+m)ζ(t) = (−1)m
∞∫
0

(
1

ex −1

)(m)

xt+m−1 dx (2.2)

is valid for ℜ(t) > 1. When m ≥ 2, the formula (2.2) is valid for ℜ(t) > 2.73

Proof. For m = 0, the formula (2.2) is just the one (1.2).74
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For m = 1 and ℜ(t) > 1, we have75

Γ(t+ 1)ζ(t) = tΓ(t)ζ(t) = t

∞∫
0

1

ex −1
xt−1 dx =

∞∫
0

1

ex −1

dxt

dx
dx

=
xt

ex −1

∣∣∣∣x=∞

x=0

−
∞∫
0

(
1

ex −1

)′

xt dx = −
∞∫
0

(
1

ex −1

)′

xt dx.

Assume that the formula (2.2) is valid for some m ≥ 2 and ℜ(t) > 2. Then76

Γ(t+m+ 1)ζ(t) = (t+m)Γ(t+m)ζ(t)

= (t+m)

∞∫
0

(
1

ex −1

)(m)

xt+m−1 dx = (−1)m
∞∫
0

(
1

ex −1

)(m)
dxt+m

dx
dx

= (−1)m
([(

1

ex −1

)(m+1)

xt+m

]∣∣∣∣x=∞

x=0

−
∞∫
0

(
1

ex −1

)(m+1)

xt+m dx

])

= (−1)m+1

∞∫
0

(
1

ex −1

)(m+1)

xt+m dx,

where we used the fact that, by virtue of Lemma 2 for ϕ = φ = 1,77 [(
1

ex −1

)(m+1)

xt+m

]∣∣∣∣x=∞

x=0

= (−1)m+1

[(
m+2∑
q=1

(q − 1)!S(m+ 2, q)

(
1

ex −1

)q
)
xt+m

]∣∣∣∣∣
x=∞

x=0

= (−1)m+1
m+2∑
q=1

(q − 1)!S(m+ 2, q)

[(
1

ex −1

)q

xt+m

]∣∣∣∣x=∞

x=0

= (−1)m+1
m+2∑
q=1

(q − 1)!S(m+ 2, q)

(
lim
x→∞

[(
1

ex −1

)q

xt+m

]
− lim

x→0+

[(
x

ex −1

)q

xt+m−q

])
= 0

for ℜ(t) > 2. Consequently, by induction, we are sure that the formula (2.2) is valid for m ≥ 2 and78

ℜ(t) > 2. The proof of Theorem 4 is complete. □79

Lemma 5 ([30, Theorem 1]). For j ∈ N0, the function80

Gj(t) = (−1)j
(

1

et −1

)(j)

(2.3)

is completely monotonic on (0,∞). In particular, the function G0(t) is logarithmically completely81

monotonic on (0,∞).82

3. Monotonicity result and absolute convexity83

Our main results and their proofs are as follows.84

Theorem 3.1. Let ρ > 0 be a scalar and let j ∈ N0. Then85

(1) the function in (1.3) for j = 0 is an increasing function from (1,∞) onto (0,∞);86

(2) the function in (1.3) for j ∈ N is an increasing function from (2,∞) onto (0,∞);87

(3) the function Γ(t+ j)ζ(t) for j = 0, 1 is an absolutely convex function in t ∈ (1,∞);88

(4) the function Γ(t+ j)ζ(t) for given j ≥ 2 is an absolutely convex function in t ∈ (2,∞);89

(5) the function Γ(t+ j)ζ(t) for given j ∈ N is a logarithmically convex function in t ∈ (2,∞).90



MONOTONICITY AND ABSOLUTE CONVEXITY OF TWO FUNCTIONS 5

Proof. Making use of the formula (2.2) in Lemma 4, we obtain91

Γ(t+ ρ+ 1)ζ(t+ ρ)

Γ(t+ 1)ζ(t)
=

−
∫∞
0

(
1

ex −1

)′
xt+ρ dx

−
∫∞
0

(
1

ex −1

)′
xt dx

=

∫∞
0

ex

(ex −1)2x
t+ρ dx∫∞

0
ex

(ex −1)2x
t dx

, ℜ(t) > 1.

Applying Lemma 1 to92

U(x) =
ex xρ

(ex −1)2
, V (x) =

ex

(ex −1)2
> 0, W (x, t) = xt > 0,

and (a, b) = (0,∞), making use of the facts that both U(x)
V (x) = xρ and93

∂W (x, t)/∂t

W (x, t)
= lnx (3.1)

are increasing on (0,∞), we conclude that the ratio94 ∫∞
0

ex

(ex −1)2x
t+ρ dx∫∞

0
ex

(ex −1)2x
t dx

=
Γ(t+ ρ+ 1)ζ(t+ ρ)

Γ(t+ 1)ζ(t)
= Γ(ρ+ 1)

(
t+ ρ

ρ

)
ζ(t+ ρ)

ζ(t)

is increasing in t ∈ (1,∞). Consequently, the function in (1.3) for j = 0 is increasing in t ∈ (1,∞).95

Once making use of the formula (2.2) in Lemma 4, for j,m ≥ 2, we obtain96

Γ(t+ ρ+ j)ζ(t+ ρ)

Γ(t+m)ζ(t)
= (−1)j−m

∫∞
0

(
1

ex −1

)(j)
xt+ρ+j−1 dx∫∞

0

(
1

ex −1

)(m)
xt+m−1 dx

=

∫∞
0

Gj(x)x
t+ρ+j−1 dx∫∞

0
Gm(x)xt+m−1 dx

for ℜ(t) ≥ 2. By Lemmas 3 and 5, we see that the functions Gk(x) for k ≥ 0 are all positive on (0,∞).97

Once applying Lemma 1 to98

U(x) = Gj(x)x
ρ+j , V (x) = Gm(x)xm > 0, W (x, t) = xt−1 > 0,

and (a, b) = (0,∞), since U(x)
V (x) =

Gj(x)
Gm(x)x

j−m+ρ for m = j and the partial derivative in (3.1) are both99

increasing on (0,∞), we acquire that the ratio100

Γ(t+ ρ+ j)ζ(t+ ρ)

Γ(t+ j)ζ(t)
= Γ(ρ+ 1)

(
t+ ρ+ j − 1

ρ

)
ζ(t+ ρ)

ζ(t)
=

∫∞
0

Gj(x)x
t+ρ+j−1 dx∫∞

0
Gj(x)xt+j−1 dx

for j ≥ 2 and ρ > 0 is increasing in t ∈ (2,∞). Consequently, the function in (1.3) for j ≥ 1 and ρ > 0101

is increasing in t ∈ (2,∞).102

Because the ratio Γ(t+ρ+j)ζ(t+ρ)
Γ(t+j)ζ(t) for given j ∈ N is increasing in t ∈ (2,∞), its derivative103 [

Γ(t+ ρ+ j)ζ(t+ ρ)

Γ(t+ j)ζ(t)

]′
=

[Γ(t+ ρ+ j)ζ(t+ ρ)]′[Γ(t+ j)ζ(t)]− [Γ(t+ ρ+ j)ζ(t+ ρ)][Γ(t+ j)ζ(t)]′

[Γ(t+ j)ζ(t)]2

is nonnegative in t ∈ (2,∞). This means that104

[Γ(t+ ρ+ j)ζ(t+ ρ)]′

Γ(t+ ρ+ j)ζ(t+ ρ)
>

[Γ(t+ j)ζ(t)]′

[Γ(t+ j)ζ(t)]
, t ∈ (2,∞),

that is, the logarithmic derivative105

(ln[Γ(t+ j)ζ(t)])′ =
[Γ(t+ j)ζ(t)]′

[Γ(t+ j)ζ(t)]

is increasing in t ∈ (2,∞). Consequently, for given j ∈ N, the function Γ(t+ j)ζ(t) is logarithmically106

convex in t ∈ (2,∞).107

Differentiating 2k times for k ∈ N0 with respect to t on both sides of (2.2) yields108

[Γ(t+m)ζ(t)](2k) =

∞∫
0

(−1)m
(

1

ex −1

)(m)

xt+m−1(lnx)2k dx.
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By virtue of Lemmas 3 and 5, we see that the completely monotonic function Gm(x) = (−1)m
(

1
ex −1

)(m)
109

for m ≥ 0 are all positive on (0,∞). Hence, the derivatives [Γ(t+m)ζ(t)](2k) for k ∈ N0 are positive,110

that is, they are absolutely convex on their corresponding intervals. The proof of Theorem 3.1 is thus111

complete. □112

4. Monotonicity and bounds for the ratio of Bernoulli numbers113

Applying Theorem 3.1, we can derive the following results on the ratio
∣∣B2n+2

B2n

∣∣.114

Theorem 4.1. The sequences
∣∣B2n+2

B2n

∣∣ and115

(2n+ j + 3)(2n+ j + 4)

(n+ 2)(2n+ 3)

∣∣∣∣B2n+4

B2n+2

∣∣∣∣, j ∈ N (4.1)

are both increasing in n ∈ N.116

The inequality117 ∣∣∣∣B2n+2

B2n

∣∣∣∣ ≥ (n+ 1)(2n+ 1)

21
(4.2)

holds for n ≥ 2 and the inequality118

B2nB2n+4

B2
2n+2

≥ (n+ 2)(2n+ 3)

(n+ 1)(2n+ 1)
(4.3)

holds for n ∈ N.119

Proof. In [1, pp. 807–808, Section 23.2] and [27, p. 5, (1.14)], we find the relation120

B2n =
(−1)n+12(2n)!

(2π)2n
ζ(2n), n ∈ N. (4.4)

Hence, from Theorem 3.1, we obtain that the sequence
(
2n+2

2

) ζ(2n+2)
ζ(2n) is increasing in n ∈ N, that is,121

the sequence122 (
2n+ 2

2

) (2π)2n+2

(−1)n+22(2n+2)!B2n+2

(2π)2n

(−1)n+12(2n)!B2n

= 2π2

∣∣∣∣B2n+2

B2n

∣∣∣∣
is increasing in n ∈ N, that is, the ratio

∣∣B2n+2

B2n

∣∣ is increasing in n ∈ N.123

Employing the relation (4.4) and Theorem 3.1, we see that the sequence124 (
2n+ j + 4

2

)
ζ(2n+ 4)

ζ(2n+ 2)
=

(
2n+ j + 4

2

) (2π)2n+4

(−1)n+32(2n+4)!B2n+4

(2π)2n+2

(−1)n+22(2n+2)!B2n+2

= π2 (2n+ j + 3)(2n+ j + 4)

(n+ 2)(2n+ 3)

∣∣∣∣B2n+4

B2n+2

∣∣∣∣
for fixed j ∈ N is increasing in n ∈ N. In [34, Lemma 1], see also [4, Theorem 6], among other things,125

the sequence126

1

(2n+ 1)(n+ 1)

22n+2 − 1

22n − 1

∣∣∣∣B2n+2

B2n

∣∣∣∣
was proved to be increasing in n ∈ N and to tend to 2

π2 as n → ∞. Accordingly, we arrive at127

lim
n→∞

[
(2n+ j + 3)(2n+ j + 4)

(n+ 2)(2n+ 3)

∣∣∣∣B2n+4

B2n+2

∣∣∣∣]
= lim

n→∞

[
(2n+ j + 3)(2n+ j + 4)

(n+ 2)(2n+ 3)
(2n+ 3)(n+ 2)

22n+2 − 1

22n+4 − 1

]
× lim

n→∞

[
1

(2n+ 3)(n+ 2)

22n+4 − 1

22n+2 − 1

∣∣∣∣B2n+4

B2n+2

∣∣∣∣]
=

2

π2
lim

n→∞

[
(2n+ j + 3)(2n+ j + 4)

22n+2 − 1

22n+4 − 1

]
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= ∞, j ∈ N.

Therefore, we are only able to acquire two one-sided inequalities128

π2 (2n+ j + 3)(2n+ j + 4)

(n+ 2)(2n+ 3)

∣∣∣∣B2n+4

B2n+2

∣∣∣∣ ≥ π2 (j + 5)(j + 6)

15

∣∣∣∣B6

B4

∣∣∣∣
and129

π2 (2n+ j + 5)(2n+ j + 6)

(n+ 3)(2n+ 5)

∣∣∣∣B2n+6

B2n+4

∣∣∣∣ ≥ π2 (2n+ j + 3)(2n+ j + 4)

(n+ 2)(2n+ 3)

∣∣∣∣B2n+4

B2n+2

∣∣∣∣
for j ∈ N and n ∈ N. That is,130 ∣∣∣∣B2n+4

B2n+2

∣∣∣∣ ≥ (n+ 2)(2n+ 3)

15

(j + 5)(j + 6)

(2n+ j + 3)(2n+ j + 4)

∣∣∣∣B6

B4

∣∣∣∣
and131

B2n+2B2n+6

B2
2n+4

≥ (n+ 3)(2n+ 5)

(n+ 2)(2n+ 3)

(2n+ j + 3)(2n+ j + 4)

(2n+ j + 5)(2n+ j + 6)

for j ∈ N and n ∈ N. Since the sequences132

(j + 5)(j + 6)

(2n+ j + 3)(2n+ j + 4)
and

(2n+ j + 3)(2n+ j + 4)

(2n+ j + 5)(2n+ j + 6)

are increasing in j ∈ N and tend to 1 as j → ∞ for all fixed n ∈ N respectively, we acquire133 ∣∣∣∣B2n+4

B2n+2

∣∣∣∣ ≥ (n+ 2)(2n+ 3)

15

∣∣∣∣B6

B4

∣∣∣∣ = (n+ 2)(2n+ 3)

21

and134

B2n+2B2n+6

B2
2n+4

≥ (n+ 3)(2n+ 5)

(n+ 2)(2n+ 3)
(4.5)

for n ∈ N. Direct computation shows that the inequality (4.5) is also valid for n = 0. The proof of135

Theorem 4.1 is complete. □136

Remark 1. The first conclusion in Theorem 4.1 that the ratio
∣∣B2n+2

B2n

∣∣ is increasing in n ∈ N is a137

recovery of [26, Theorem 1.1]. The increasing monotonicity of the sequence (4.1) is a recovery of [4,138

Theorem 5] and [26, Theorems 1.1 and 1.2].139

The inequality (4.2) is better than140 ∣∣∣∣B2n+2

B2n

∣∣∣∣ ≥ (n+ 1)(2n+ 1)

30
, n ∈ N

obtained in [4, Remark 1].141

The inequality (4.3) is stronger than the logarithmic convexity of the sequence B2n for n ∈ N,142

which was derived in [26, Theorem 1.1].143

5. A short appendix144

In this section, we slightly strengthen [30, Theorem 3] as follows.145

Proposition 1. For j ∈ N0, the ratio146

Gj(x) =
Gj+1(x)

Gj(x)
(5.1)

is decreasing from (0,∞) onto (1,∞), where the function Gj(x) is defined by (2.3) in Lemma 5.147

Proof. In [30, Theorem 3], the decreasing monotonicity of the ratio Gj(x) in (5.1) and limx→∞ Gj(x) =148

1 has been proved.149

Employing the equation (2.1) in Lemma 2 for φ = ϕ = 1 yields150

Gj(x) =
(−1)j+1

(
1

ex −1

)(j+1)

(−1)j
(

1
ex −1

)(j)
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=

∑j+2
q=1 (q − 1)!S(j + 2, q)

(
1

ex −1

)q∑j+1
q=1 (q − 1)!S(j + 1, q)

(
1

ex −1

)q
=

∑j+2
q=1 (q − 1)!S(j + 2, q)

(
x

ex −1

)q
xj−q+1∑j+1

q=1 (q − 1)!S(j + 1, q)
(

x
ex −1

)q
xj−q+1

→ j!S(j + 2, j + 1) + (j + 1)!S(j + 2, j + 2) limx→0+ x−1

j!S(j + 1, j + 1)
, x → 0+

= ∞.

The proof of Proposition 1 is thus complete. □151

Remark 2. This paper is a revised version of the electronic arXiv preprint arXiv:2201.06970 whose152

DOI site is https://doi.org/10.48550/arXiv.2201.06970.153
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