Transactions of A. Razmadze
Mathematical Institute
Vol. 17?7 (2027), 777

HIGHER ORDER VERSIONS OF THE k-JACOBSTHAL-LUCAS NUMBERS
AND THEIR QUATERNION REPRESENTATIONS

MINE UYSALY* AND ENGIN OZKAN?

Abstract. In this paper, our research focuses on a new generalization that extends the k-Jacobsthal-Lucas
numbers to a broader class. Higher order versions of the k-Jacobsthal-Lucas numbers together with
their quaternion counterparts are explored. The study commences with the formulation of the higher
order sequence and an examination of its principal characteristics. Recurrence relations, a Binet-type
expression, generating functions, and a collection of noteworthy identities are derived. Subsequently,
quaternion representations corresponding to these numbers are introduced, and their properties are
addressed both within the framework of quaternion algebra and in the setting of number sequences.

1. INTRODUCTION

The study of integer sequences and their generalizations contributes significantly to different branches
of mathematics, including combinatorics, number theory, and algebraic structures. To date, number
sequences most notably the Fibonacci sequence and its generalizations have found applications in
nearly all areas of science and art. Among these sequences, the Jacobsthal and Jacobsthal-Lucas
numbers have attracted considerable attention due to their rich algebraic properties and diverse ap-
plications in coding theory, recurrence relations, and combinatorial identities [1,2,4-16].

The Fibonacci numbers are defined by the following relation [8]:

Fo=F,1+F, 2 n>2

with FO =0 and F1 =1.
In her master’s thesis, Ozvatan defined higher-order Fibonacci numbers as a generalization of the
Fibonacci numbers [22]. Thus, higher order Fibonacci numbers are defined by

F’I’LS

T

The Jacobsthal numbers, first introduced by E. Jacobsthal in 1956, are defined by the second-order
linear recurrence relation for n > 2 [1,3]:

Jo=0, J1i=1 Jyo=Jy1+2J, 2.

F =

Similarly, the Jacobsthal-Lucas numbers
Jo=2, 51=1 Jn=Jn-1+t2jn-2 n=2

[1].
As a novel generalization of the Jacobsthal-Lucas numbers, the k-Jacobsthal-Lucas numbers are
defined by the following relation [10]:

Sk = Skn—1+2kSkp—2, N >2

with s; 0 = 2, sg,1 = 1. According to this recurrence relation, the roots of the second-order character-

istic equation are
14+ +v1+8k
2

a =
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and
- 1—+1+8k
= #.
The properties of these roots are given as follows:
a+b=1, ab=-2k, a—-b=+v1+8k.

The Binet formula is

Spnm=a" +0b".
Quaternions were introduced by Hamilton in 1843 as an extension of the complex number system.
This number system builds on complex numbers. Hamilton found that there isn’t a consistent way
to multiply three components, but four components do work. He called this idea quaternions. They
are a four-component algebra that comes after real and complex numbers, and their multiplication is
non-commutative. A quaternion ¢ can be written as follows [17]:

{¢=q +qi+qi+aklqg,q,q 9 €R}.

Quaternions are utilized in various scientific fields such as theoretical physics, mathematics, com-
puter graphics and animation, aviation and robotics, video games, space science, machine learning,
and simulation. They have also been linked to numerical sequences in mathematics, with numerous
studies conducted on this topic [17-27]. Horadam first defined Fibonacci quaternions and gave several
properties [18]:

Qn :Fn+Fn+1ﬁ+Fn+2j +Fn+3]k-
Later, Jacobsthal quaternions were defined by Szynal-Liana, A et.al for the generalized of the Jacob-
sthal number sequences [20]:

JQn = Jn + Jn-{-lj1 + Jn+2,]j + Jn+3]k-

One of the significant recent works related to this topic is [23], focusing on the introduction of higher
order Fibonacci quaternions:

QY =F{ + Fr(:l—)lﬁ + Féﬂzj + ngi)?a]k'

Later in addition to these studies, the authors defined the higher order forms of Jacobsthal and
Jacobsthal-Lucas numbers and examined features of these numbers [24, 25]:

J,
) J(s) — Ins
Z) n Js )
R |
i) Ji = ==

In [24,25], the authors also defined and investigated the quaternion counterparts of these numbers:
0) OJ) = JO + I+ TS50 + Tk,
i) O = 55+ Gyihi + il + 345k
In this study, inspired by [22,23], we define higher order versions of the k-Jacobsthal-Lucas numbers
and their associated quaternions.

2. THE HIGHER ORDER VERSIONS OF THE k-JACOBSTHAL-LUCAS NUMBERS

In this section, we define the generalized versions of the k-Jacobsthal-Lucas numbers of higher order
and investigate their fundamental properties. We also derive the recurrence relation, Binet formula,
generating functions, summation formulas, and several related identities.

Definition 2.1. The higher order versions of the k-Jacobsthal-Lucas numbers are characterized by a
specific equation:

t Sk.nt
o), = o,
Skt

where s, ; denotes the k-Jacobsthal-Lucas numbers.
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The Binet formula is a closed-form expression that typically allows us to compute each term of
a number sequence (such as the Fibonacci, Balancing, or Pell sequence) directly, without using the
recurrence relation. Terms of the the generalized versions of the k-Jacobsthal-Lucas numbers of higher
order take the following form.

e For t = 1, k-Jacobsthal-Lucas numbers are obtained:
8(1) B an +b’ﬂ
kn a4 b

For t =1 and k£ = 1 Jacobsthal numbers are obtained.
Fort=2,n=1,

= Sk,n-

2 Sk,2
Sl(ci = —==1.
’ Sk,2

Fort=2,n=2,
(2)_%7)4_8]{32-1—8]{34-1
sk 4k+1

Fort=2,n=3,

Sk,2 4k + 1

Spe  16k% 4+ 36k% + 12k + 1

Fort=2,n =4,

() _ Sks _ 88k* + 128k° + 80k® + 16k + 1
P4 sk 4k + 1 '

For k = 0, the constant sequence {1,1,1,1,...} is obtained.
e For t = 3, higher order versions of the k—Jacobsthal-Lucas numbers 51(32; are
(3) _ Sk;3n
Sy, = —1=.
B sk
Now, we present the recurrence-like relation of the higher order versions of the k—Jacobsthal-Lucas
numbers as follows.

Theorem 2.1. For n > 1, the higher order versions of the k-Jacobsthal-Lucas numbers satisfy the
recurrence-like relation defined by the following equation:

SS,LH = Sk,tsl(:,)n - (_2k)t31(€i)n—1~

Proof.
® B qintt 4 pintt
Skn+1 = at + bt
atn+t + btnat + btnat _ btnat
- at + bt
tnys tn 1
_ gt U b
=as, + T
btnbt _ btnat
t t
= (a' + )y = Vil +
_ (t) (ab)* tn—t tn—t
= Sk,tSkn — at + bt (a B )
s(n—1) s(n—1)
B i@ +b
= Sk,tSkn (a’b> ( at + bt > .
Since

ab = —2k
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and
(t) _ t(n—1)+bt(n—1)

we have
W 0o
Sknt1l = SktSk g, — (- )Skn 1
O

Theorem 2.2. For m = 0,1,...,r — 1, the k-Jacobsthal-Lucas numbers satisfy the generalized
recurrence-like relation:

Sk,(n+1)r+m = Sk,rSknr+m — ( Qk‘) Sk,r(n—1)4+m

Proof.
Sk,(n+1)r+m = a(nFOrEm g pntrem

— a7w+7rz T + pnr +mb7 + bnr+m T bnr+7nbr

=a” (anr—i-m + bm“-i—m) + bnr+mbr _ bm“+mar

— arsk,nr-‘rm _|_ bnr+mbr _ bnr+mar

— Sk,rsk,nr+m + bnr+mb7‘ o bnrerar o anrerbr

_ bnr-l—mbr

= Sk.rSknrtm — (ab)r (bnr—i-m—r + anr—i—m—r) .

Since ab = —2k and sy, = a™ + b", we have
Sk,(n+1)r4+m = Sk,rSknr+m — (Qk)Tsk,r(n—l)+m'

As a result, the statement has been successfully established. O

Proposition 2.1. The higher order versions of the k—Jacobsthal-Lucas numbers satisfy the following
relations for negative value n and t. For n,s > 0, we have
Z) S,Sct)—n = ( Qk) " gct)n7

i) sy = (=2k)t sy
iii) s = (—2)t0mm s

Proof.
(t) B (at)fn + (bt)fn
Sky—n = at + bt
_ gt
Tt 4t

B btn +atn 1

N (ab)tr at + bt
in atn + btn

=—(ab)™* (+b>

) atn + btn

kn at + bt ’

Since ab = —2k and

we have
s,(f)_n = —(—2k)” t”s,(le.
O

As a result, the statement has been successfully established. The proofs of the remaining parts are
obtained similarly.
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Theorem 2.3. The limit value of ratio between successive terms of the higher order versions of the
k-Jacobsthal-Lucas numbers is

(t)
s
lim k’g;rl t
n—o00 Sk,n
Proof.
) s,(f)nH o gintt optntt gt 4opt
nh—>nc}o SI(:) = nILH;o at + bt atn + ptn
, B 1 athrt + btn+t
T T
(at)n+1 (1 _ (g)thrt)
= lim -
n—00 (at)n (1 _ (9) n)
Since |b| < a, we have
(t) t\yn+1
s
lim k’(:;rl = lim (a% =qt
n— o0 Ston n—o00 (a )

O

Theorem 2.4. For the higher order versions of the k-Jacobsthal-Lucas numbers, the generating func-

tion can be expressed as:
2

Z s\ g — St :
~ k.n 1— spx+ (—2k)ta?
Proof. Let
63
n=0

6= o otk + e ol 4t ol 21)
— 812 G = — s 4 SE:,)O — sk,txzsg’)l - sk’t:r3s,(;)2 — skytx‘*sé% —— skwtxnﬂsffy)n - (2.2)
(—2k)'2G = (=2k)'a?s\) + (—2k)'a®s) + (—2k) ats) + -+ (=2k) 12" P2+ (2.3)

By applying the necessary operations to 2.1, 2.2 and 2.3, we obtain:

G(l — 8% + (—2k)t:1c2) = SS)O + sg)lm — xs,(:)oskt

2
Skt

Since sgf)l =1 and sg’}) = , we have

2

G = et :
1 — spx+ (—2k)ta?

— T

O

Theorem 2.5. For the higher order versions of the k-Jacobsthal-Lucas numbers, the exponential
generating function can be expressed as:

> ) " eatz_’_ebta:

knopl © at bt
n=0

Proof. Let

(0 2"
t
H— Zsk’nﬁ
n=0
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H:i <atn+btn) T

= at+bt ) n!
_ 1 i (atnxn) N i (btnxn)
at + bt n! n!
n=0 n=0
1 Z (atz)" N i (btz)"
Cat+ b n! n!
n=0 n=0
Since e® = Y_°° ; Z1, we have
= knpl — at + bt

O

Theorem 2.6. Derivatives of the generating and exponential generating functions of higher order
k-Jacobsthal-Lucas numbers are given by

1+ (=2k)tz (m -4 )

i) G'(x)= i/
) (=) (1 — sz + (—2k)ta2)?
B eatwat +ebtwbt
i) (@)= —
Proof.
2 J—
. a _ Skt .
l) (x) 1— Skt + (_2k)tw2
Hence,
&) — (1 = sppz + (—2k)'2?) — (% — x) (=S + 2(—2k) ')
€Tr) =
(1—spx+ (—2]6)‘5332)2
t 4
_ 14 (—2k)tx (x - SM)
(1 — spx + (—2k)t22)®
i1) can be obtained similarly O

Now, we compute the Cassini, Catalan, d’Ocagne, Vajda and Honsberger identities for the higher
order versions of the k-Jacobsthal-Lucas numbers. In the proofs of all these identities, we use the
Binet formula of the higher order versions of the k-Jacobsthal-Lucas numbers.

Theorem 2.7. (Cassini Identity) The following relation holds true for each n > 1:

t t )2 n 2 _
32,31—1 Sl(c,)n—i-l - (sl(c)n) = (_2k)t( 1 (a'i - aé) Sk%

Proof.
) ) ) 2 B atnft btn+t + btnft atn+t _ 2atn btn
Skn—15knt1 (sk,n> - (at + bt)2
(ab)*™ (at—b)2
_ (ab)? _
(at +b1)?
Since ab = —2k and a’ + b* = si, ¢, we have

2
Aot sknn = (1) = (2O @ =072

Accordingly, the intended form is achieved. O
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Theorem 2.8. (Catalan Identity) The following relation holds true for each n > 1:

2
e ke = () = 20070 (@7 =)
Proof.
2
t (t) (t)
Sl(c,znfr 8k,n+r - (sk,n)
atnftr btn+tr + btnftr atn+tr _ 2atn btn
- (at + )"
(ab)t™ (at” —btT)?2
_ (ab)tr
(@t + )"
Since ab = —2k and a' + b = sj, ¢, we have
2
S Stoner = (s100) = (22007 (@ = b)2 572,

Accordingly, the intended form is achieved. In particular, for » = 1, the identity becomes the
Cassini identity. O
Theorem 2.9. (d’Ocagne Identity) The following relation holds true for each integers n,m :

® ) ) —(—Zk:)m (at _ bt) (at(m—n) _ bt(m—n))
Sk,m Sk,n+1 - Sk,m+1 Sk,n = 2
(Sk,t)

Proof. We have

(t) (t) (t) (t) B atm btn+t + btm atn-l—t _ atm—i—t btn _ btm+t atn

Sk,m Sknt1 ~ Skomt1l Sk T (a® + )2
(at — b)(at™bt™ — atmpin)
= (at + bt)2
(at — b)(ab)'" (b =) — qtlm=m))
= (a® + bt)2
_ —(=2k)™™(a? — bt)(at(m—m) — ptlm—m))
B (5k,1)? '

Accordingly, the intended form is achieved.

Theorem 2.10. (Vajda Identity) The following relation holds true for each integers m,i,j :
(—Zk‘)tn (atj _ btj) (ati _ btz)

(t) (® ®) (@) -

Skonti Skinti — Sk Skintiti — (sk )2
,t
Proof.
(t) (t) (t) (t) B atn+tl bthrtj + bthrtz athrt] _ atn btn+tz+t] _ btn atn+tz+tj
Sknti Sknti — Skin Skntit; — (at + bt)2

(atj _ btj)(atnbtn-i-ti _ atn—i—tibtn)

(at +bt)2
B _(atj _ btj) atn btn(ati _ btz)
- (at + bt)2
o (_2k)tn(atj _ btj)(ati _ btz)
(sk.1)? '

Accordingly, the intended form is achieved.
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Theorem 2.11. (Honsberger Identity) The following relation holds true for integers m,n:

¢ t ) (¢
Sim 1 Shon S Siin 1 =

at(ernfl)(]_ +a2t) +bt(m+n71)(1 +b2t) + (1 + (72k)t)(at(mfl)btn +atnbt(m71))
(at + bt)Z :

Proof.

t t t t
Sﬁc,)mfl Sl(c)n + Sl(c)m Sl(c,)n+1

atmftthn +atm7tbtn + btmftatn +btm7t+tn

(at + bt)2
atm+tn+t + atmbtn+t + btmatn+t + btm+t7L+t

(at + bt)Q

at(m+n—1)(1 +02t) +bt(m+n—1)(1 +b2t)
(at + bt)?

N at(mfl)btn(l +atbt) +atnbt(m71)(1 +atbt)

(at + bt)2
at(m,—i—n—l)(l _|_a2t) _|_bt(m+n—1)(1 4 b2t) + (1 + (_2k.)t)(at(m—1)btn + atnbt(m—l))

(at + bt)2

3. QUATERNION REPRESENTATIONS OF THE HIGHER ORDER VERSIONS OF THE
k-JACOBSTHAL-LUCAS NUMBERS

In this section, we introduce quaternions constructed from the higher order versions k-Jacobsthal-Lucas
numbers as their components. We begin by presenting their basic quaternionic properties. Next, we
define a recurrence relation for these quaternions as a sequence and analyze their related characteris-
tics.

Definition 3.1. Quaternions of the higher order versions of the k-Jacobsthal-Lucas numbers are
symbolized by Os,(ct)n and defined as

Osgct)n = Sg)n + Sgct,)nﬂﬁ + Sl(ct,)nﬂj + s,(f,)nﬁlk, (3.1)

where 1, j, k are quaternionic units and SSL denotes the higher order versions of the k-Jacobsthal-Lucas
numbers.

Note that, choosing k = 1, the higher order Jacobsthal-Lucas quaternions are obtained. Further-
more, choosing t = 1 and k = 1, the classical Jacobsthal-Lucas quaternions are obtained.

Definition 3.2. The real part of Os,(ﬁt)n given in equation 3.1 is symbolized by Re(Os,(i)n) and is given
by
Re(Osff))n) = séi)n
Similarly, the imaginary part of Osgct)n is given by
Im(Os,(;)n) =v= Sl(ct,)rz+1ﬁ + Sl(gt,)n-s-QJj + 31(:,)n+31k'
Thus, we have
Osil), = si, +v.
Definition 3.3. The conjugate of the quaternions of the higher order versions of the k-Jacobsthal-
Lucas numbers is symbolized by (Os,(:)n) and is given by

(OSSD = Sl(et)n - Sl(c?rﬂrlﬁ - Sl(ct,)nwj - 51(:,)n+3k- (3.2)
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Theorem 3.1. The norm value of Osl(;)n 18
2 2 2 2
t t) t t (t
N (0s),) = \/ (10) "+ (st0s1) + (s8h2) + (s100s)

N(0s{)? = (052 05t

Proof.

R ORY: () ) () : ) (@)
- (sk,n) + Sk:,n+1 1+ Sk,nsk,nJrZJ] + Sk,nsk,n+3 k
(t) ) - (t) 2 (t) (t) (t) (t) :
~ Sknt+15k,n L + (Sk,n—l-l) = Skn4+15k,n42 k + Skn+15k,n+37J

t t) . t t t 2 t t
- Sl(c,)nJrzsl(c,)nJ + Sl(c,)n+251(c,)n+1 k+ (Sl(c,)n+2) - Sl(c,)n+2sl(c,)n+3 1

(t) (t) (t) (t) : (t) (t) : (t) 2
= Skn+35k,n k — Skn+35k,n+1J + Skn+3%k,nt2l + (sk,n+3)

= (s0) " (510s0) "+ (5012) "+ (s51000) ™

t t 2 t 2 t 2 t 2
N(OSLL) = \/(%&L) + (312,)114-1) + (856)71—5-2) + (Sl(c,)n+3) .

O

Thus, the proof is completed. Quaternions have three distinct quaternionic units. Based on each
of these units, one can define distinct the conjugation-like operations. Accordingly:

Definition 3.4. The Conjugate-like form with respect to i of Osl(f’zI is symbolized by Osl(f)n and is
defined as follows: _

OSS,% = Sg:)n - Sgct,)nJrlﬁ + Sét,zz+2j + Sgi)nJrg]k' (3.3)
The Conjugate-like form with respect to j of Os,(:’)n is symbolized by Os,(:)nj and is defined as follows:

® _ ® ) - ) - (t)
Osk,n = Skm + Skn+1l = Sknaol + Sk,n—&-SIk‘ (34)

The Conjugate-like form with respect to k of Osg)n is symbolized by Os,(:’);k and is defined as follows:

*k . .
OSSL = Sl(:)n + Sl(:,)n+1]1 + Sz(f,hzuﬂ - S](Ct,)n+3]k' (3.5)
Thus, based on these conjugate-like definitions, we also give the norm-like forms of these numbers.

Theorem 3.2. The norm-like values of Os,(:,)n are given by:
) i £) )2 £ )2 t 2 t 2 t 2
) (N (Osl(c)n)> = (Sl(c)n) + (sgc)n—‘rl) - (Sl(c)n+2) - (Sl(e)n+3)

S (1) () (t) (t)
+ 2-]] (sk,nsk,n-‘rQ + Sk,7z+1$k,n+3)

6 (t t t
+ 2k (Sl(c,nsgc,)ms + Sl(c,)n+15§c,)n+2) ;

. 2 2 2 2 2
1) (Nﬂ(Osffj)n)) = (51(;)71) - (51(:,)n+1) + (Sl(ft,)n—i-2> - (Sgct)n+3)
. t t t t
2 (s s = 5n 1 5nss)

6 (t t t
+ 2k (Sl(c,)ns.gf,)n-&-ii + S.gc,)n—&-lsl(c,)n+2) )

i) (30s0))" = ()" (o) = (sa) + ()

- () (1) (t) (t)
+ 21 (Sk,nsk,n+1 - Sk,n+28k,n+3>

s (@) () (t) (t)
+ 2-]] (Sk7nsk,n+2 + Sk,n+18k,n+3) .
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Proof.
) (WOs)) = sl st = sl + sk
+ Sl(ct,)n-‘rlsgitt,?nﬁ + sf:,)nQ-&-l - sfci)n—&-lsl(ct,)n+2k - 31(;,)n+15§:,)n+3j
+ Sgct,)n+2$§ft,)nj - 51(;)n+251(:,)n+1k - Sgct)n2+2 + 52€1L+25§:,)n+3ﬁ
+ 51(:,)n+351(:,)nk - 51(~ct731+35§c€)n+1j - Sgci)n+35§ct,)n+2ﬁ - 55:,312+3
= 51(:)712 + Sl(ct,)nzﬂ - Sl(ct,)nQJrz - 51(;)712+3
+2j (sl(ct)nsl(;)nw + Sl(;)n+25§ct,)n+3)
+2k (Sgct)nsgzws + Sgct,)n+151(ct,)n+2) :
Thus, the proof is completed. The other cases are obtained analogously to ). O

Corollary 3.1. The equalities below hold true.

i) OSSL + Osgct)n = 2(s§:)n + Sgct,)nwj + Sfct.,)n+3]k>v

i1) Os,(;)n + Os,(f)nJl = 2(8,(:)n + sl(f,)nﬂﬁ + s,(fzwr?)]k),

*,k
iii) 031(21 + Osl(ct)n = 2(31(;31 + ng,zmﬁ + Sgct,)nJij)’

i) Os + 08" = 2(si0) + 500 k).

*,i *,k
v) OsO" + 00 =2(s), + s 50),

w0 *,k
vi) 05 + 050, =2(s0 + 504 50).
Proof. The proof of the corollary is obtained by using equalities (3.3), (3.4) and (3.5). O

Corollary 3.2. The equalities below hold true for Osx)n,
Os,@n + (Os,(f)n) = 235&.

Proof. The proof of the stated result is achieved through the application of equality (3.2).

00+ (04" = s 4 i o+ o
t P () RN (
S = Skl ~ Sngad ~ Sinesk
= 25,(;21 = 2Re(Os§:’L).
U

An essential formula for computing the terms of quaternions of higher order versions k-Jacobsthal-Lucas
is introduced in the following theorem.

Theorem 3.3. The Binet formula of Os,(:’)n is presented below:

(a')a + (b')™b

(t) _
Osk)n = ST

, (3.6)

where
a=14+ (at)nﬁ + (at)n+1j + (at)n—i-Q]k7 B: 14+ (bt)"ﬁ + (bt)n—i-lj + (bt)n+2]k.
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Proof. The proof is achieved by using the Binet formula of sff)n.

Osl(ct,)n = sl(ct)n + sl(ct,)nJrlﬁ + Sl(:,)nJer + Sl(ct,)nJrS]k
(at)n + (bt)n (at)nJrl + (bt)n+1 . (at)n+2 + (bt)n+2 ] (at)n+3 + (bt)n+3

T alt b + al + bt T al + bt 1+ a + bt k
t\n
= O (1 Gty (@ 4 )
+ (bt)n (1 I (bt)nﬁ + (bt)n+1j + (bt)n+2]k)
al + bt
(at)nd+ (bt)nb
- at + bt
Accordingly, the intended form is achieved. O

Theorem 3.4. The recurrence-like relation is
Osi) 11 = 881 05\, = (=2k)' Os)]), .
Proof. We use the Binet formula of Osg’)n:

(at)”at& + (bt)"bt(;

)  _
Osk,nJrl - at + bt

(at)”atd + (bt)nst + (bt)nati) _ (bt)”at?)
a at + bt
e ) (bt)nbt?) _ (bt)"ati)
=a Osk’n—&— Sy

btosg)n (bt>nbti) _ (bt)natl;
= (a' +b)0s}", — oy .
(ab)t n—1x n—17
= s Osil), = 20 (@)~ a+ ()" 7'h)
= sk, Osy), — (—2k)1 Os)) .
Accordingly, the intended form is achieved. O

Theorem 3.5. The quaternions Os,(c%, associated with the higher order versions of k-Jacobsthal-Lucas
numbers, fulfill the identities below for negative indices n and t:

o (B1)"a + (a')"

i) Os_ = —(~2k) T

)

ii) Os, ) = (~2k)t Os!)

k,n?
i) On) = ~Ou. (241D,
Proof. i) Using the Binet formula, we have
at + bt
(ab)t™(at + bt)

Osg’ln =

Since ab = —2k, we have

_in (B9 + (a®)™b
OS/E:t,)—n =—(-2k)"" T adr

The other cases i) and iii) are obtained analogously. 0
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Theorem 3.6. The generating function of the quaternions Os,(f)n, associated with the higher order
versions of k-Jacobsthal-Lucas numbers is

2

Z Os; ) a" = Skt )
i 1 — spx + (—2k)ta?

Proof. Let
G = Z Osy) 2"
Then,
G =0s (t% + Os(t) T+ Os(t) %+ Os,(f,)g)x?’ 4t Os(t) "+ - (3.7)
—sp2G = —sk,txOsk)O — sk,thOs,(;)l - shtx?’OS,(:,)Q — = sk,tx”HOskt’)n — (3.8)
(—2k)'2°G = (~2k)'2?Os{}) + (~2k)'2°0s\) + -+ + (=2k)'2"20s\), + - (3.9)

By adding equations (3.7), (3.8), and (3.9), we get

G — sp12G + (=2k)'2*G = 031(;,2) + Os;(;)ﬂ - Sk,txOSJ(:,%),
2

— -z

Skt
G= :
1— sz + (—2k)ta?

Consequently, the proof is obtained. O

Theorem 3.7. The exponential generating function of the quaternions Osg)n 1

oo

ZO ® ™ B &eatm _,'_l;ebtx
‘ Sk’nﬁ o at +bt

Proof. By the Binet formula, we have

ZOt

‘ 8

|
[]¢
—
g&#
=
Q>
+
=
=
(=
8
3

Consequently, the proof is obtained. O

Theorem 3.8. The following relation holds true for each n,m € Z:

0s), — (=2)'0s})

o) 2" = k,t(m— 1)
Z Sk ntm® 1 — spw + (—2)ta?
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Proof. By the Binet formula, we have

e t(n+m) 4 t(n+m)}
(t) 2" = (a a+b b) n
Z Osk ntm® = nZ:O at + bt z
aat™ o Bbtm oo
— bt n
1 aat™ + bbt™

at +bt |1 — (at +bt)x + (ab)ta?

B (ab)t(dl(at)m_l + B(bt)m_l)x
1— (a® 4+ b*)x + (ab)tx?
B Os,(ﬁt)m - (—Q)tOs,(f;(m_l)x

1 — spux+ (—2)tx?

O

Lemma 3.1. The following relations hold true:
ab = o — vg, (3.10)
Ba=a+v¢ (3.11)

where
o =1—(=2k)" — (=2k)"™ " — (=2k)"™ " + 51 tni + Sktnitd + Skntoek,
v =(=2)""1 = (=2)" s + (—2)"k,
¢ =a -0
Proof. We compute
b= (1+ (@) + (@)1 + (@)1 + 0"+ ()" + (0)"2K)
=1— (=2k)" — (=2k)" T — (=2k)" 2% 4 st i + Sktnttd + Skotntotk
= (a" =b)((=2)""" = (=2)"spaf + (-2)"k)
=0 —vo.
The relation for ba is obtained analogously.Now, we proceed to compute several important identities,
each of which is verified by means of the Binet formula for Os(t) 0

Theorem 3.9. (Vajda Identity) For each n,m,r € Z, the following relation holds:

okt (gt™ — ptmY (Bt — gt — Sk tOS(t) v
5 k,r
(at + bt)2 :

0s?

(t)
Os k,n+r

(t) _
k,n+m Osk nOSk n+m—4r T

Proof. By the Binet formula for Os,(f,)n, we have

0s"

(t)
OS k,n+r

k,n+m OSS,)TLOS(”

k,n+m-+r
at(ntm) g gt 1)p 4 ptndFmIp ptndr) g — gling ptntmEn)p _ pinp gtntminlg
(af + %)
at™ b "t ab(at™ — 5 4 at B ba (b — af™)
(ab + b)?
at™bt (at™ — bt (b ab — a'vba)
(a® + b)?2 '
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From Lemma 3.1, we have

(72k)tn(atm _ btm)(btr(o_ _ U¢) _ atr(o. + U¢))

Os,it)nerOs,(f)nH Osk nOsk dmdr = (a1 0)?
B (=2k) (at™ — b (B — at")o — (! + b7 )ve)
(a® + bt)2
(—2k)t ('™ — b (b7 — a")o — sy s\ vo)
- (a® + b1)2 :
Accordingly, the intended form is achieved. O

Corollary 3.3. (Cassini Identity) For each n € Z, we have
(—2k)P" =t (b — a') (b — a')o — spe Osy) vo)
(a + bt)? :
Proof. Choosing r =1 and m = —1 in the Vajda Identity yields
(—2k)" (0" —a") (0 — a)o — sy Osk 1 U¢)
(o + b2
is obtained. 0

t t 2
Osl(c,)nqosl(c,)nﬂ - (Osgc)n) =

t t £\ 2
O‘S;c,)n—losl(c,)n+1 - (Osgf)n) =

Corollary 3.4. (Catalan Identity) For each n > 1, we have
(—2k)t =D (pth — gth) (6" —a')o — spy Os v¢)
(a’ +b')? '
Proof. Choosing m = —[ and r = [ in the Vajda Identity yields
(—2k)! =D (b — o) (b — a)o — sp,4 Osy) v9)
(at + )2 :
is obtained. O

t ¢ £)\2
OS;@,)n—zOSI(c,ZzH - (081(631) =

t t) 1)\ 2
Osl(c,)n—losgc,n-&-l - (Osgc,n) =

Corollary 3.5. (d’ Ocagne Identity) For each n,l € Z, we have
(=2k)t(at)=m — (08 ) (0" — a')o — spy Osg’zﬂ ve)
(ab + b2 :
Proof. Choosing m +n =1 and r = 1 in the Vajda Identity yields
(—Qk)t”(at)(l*”) _ (bt)(l*”))((bt —at)o — Shit Osg)l U¢)
(at + bt)Q :
is obtained. g

() ) ot ®) 7
055108 1 = 083,085,111 =

t t t
Osk)o I(c)nJrl_O Ic)nO Skl41 =

4. CONCLUSION

In this study, a new higher order generalization of the k-Jacobsthal-Lucas numbers and their quater-
nionic representations has been developed. Initially, the higher order versions of the k-Jacobsthal-Lucas
numbers were formulated, and their fundamental structural properties were systematically investigated
within the quaternionic framework. In particular, several analytical tools associated with these se-
quences, including recurrence relations, closed-form (Binet-type) expressions, generating functions,
and a collection of non-trivial identities, were derived and examined in detail.

In the latter part of the study, quaternion representations constructed from these higher order
sequences were introduced. Their algebraic and analytical properties were analyzed both from the
perspective of quaternion algebra and within the context of discrete number sequences. The results
obtained in this work not only extend several known properties of classical Jacobsthal-Lucas numbers



THE k-JACOBSTHAL-LUCAS NUMBERS AND THEIR QUATERNION REPRESENTATIONS 15

and their generalizations but also contribute to the growing literature on the interaction between num-
ber sequences and hypercomplex algebraic structures. It is expected that the findings presented here

m.

ay provide a useful foundation for further investigations in related areas, such as higher dimensional

algebraic systems and generalized recurrence sequences.
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