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ON ROBIN BOUNDARY VALUE PROBLEMS FOR LINEAR AND NONLINEAR
EQUATIONS IN THE UNIT DISC

BAHRIYE KARACA!

Abstract. In this paper, we study the Robin boundary value problem for higher-order linear and
nonlinear complex partial differential equations in the unit disc. We introduce integral represen-
tation formulas based on higher-order Pompeiu operators, transform the boundary value problems
into singular integral equations, and establish solvability conditions using Fredholm theory and the
Banach fixed point theorem. Explicit solution representations and operator estimates are provided,
highlighting both linear and nonlinear cases.

1. INTRODUCTION

Boundary value problems (BVPs) for complex partial differential equations play a fundamental
role in both pure and applied mathematics, with applications ranging from mathematical physics to
engineering. Among these, Robin-type problems for higher-order equations involving polyanalytic
operators have attracted significant attention due to their rich mathematical structure and potential
applications [3,6]. These problems generalize classical Dirichlet and Neumann problems, incorporating
linear combinations of function values and their derivatives on the boundary, which naturally arise in
physical models such as elasticity, fluid mechanics, and electromagnetic theory.

Boundary value problems for higher-order complex partial differential equations are central to com-
plex analysis and mathematical physics [1,5,7-18,20]. Early research focused on classical polyanalytic
equations in standard domains, such as the unit disc and the upper half-plane, establishing integral
representation formulas, hierarchical operator methods, and explicit solution techniques [1,7,8].

In this article, we extend these classical results by investigating Robin boundary value problems
for higher-order elliptic linear and nonlinear complex PDEs in the unit disc. Here, the polyanalytic
operator constitutes the main part of the differential operator, allowing a systematic treatment of
both linear and nonlinear formulations. The linear problems are addressed via their equivalent singu-
lar integral equations, which provide explicit solution formulas under suitable solvability conditions.
Nonlinear problems, on the other hand, are reduced to systems of integro-differential equations using
a model equation approach, offering a unified framework to analyze existence, uniqueness, and explicit
representations of solutions.

2. INTEGRAL OPERATORS ARISING IN THE ROBIN PROBLEM ON THE UNIT Disc

Integral representation formulas play a central role in the study of boundary value problems. In
particular, such formulas provide explicit solutions and allow one to investigate the analytic and
functional-analytic properties of the solution operators. Throughout the paper we denote by

D={zeC:|z| <1}

the unit disc.
The solution w given in [3]

w2) = 5 [0 =)™ ac- L [[ 1 deay (2.1
oD D
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is the unique solution to the Robin problem for the inhomogeneous Cauchy-Riemann equation
wz = f(z), zeD, w+dw=~ ondD (2.2)

with the solvability condition

L 6£(6) (<)) / [ 19 T dedn =0, (2.3)

2 1-— zg
oD

where f € C%(D;C), 0 < a < 1, v € C(0D;C). Here 9, denotes the outward normal derivative, i.e.
Jyw=Vw- v,

where v is the outward unit normal vector on 9D.

The domain integral appearing on the right-hand side of (2.1) is the well-known Pompeiu operator
(or T-operator), see [4,19]. This operator plays an essential role in the theory of generalized analytic
functions.

By iteration, one defines higher order Pompeiu operators according to the rule

Tonf(2) = Toa (Ton-1f(2)), (2.4)
which leads to the explicit representation
———\n—1
s—z
Tonf(z / [ 10 5 e, (25)
(n— 1 S—z

for n € N, with the convention Ty of(2) = f(2).

2.1. Differential and Functional Properties of Higher Order Pompeiu Operators. The dif-
ferentiability and functional-analytic properties of these operators are described in detail in [4]. Here
we summarize the main structural relations. The higher order Pompeiu integral operators satisfy the
recursive differentiation formulas

!
O Twnf()=Touaf(z), 1<i<n (2.6)
and satisfies the property
Toof(z) = f(2). (2.7)
Moreover, differentiation with respect to z yields
8Tmnf(): mlnf() (28)
!
On the other hand, the operators ? m,n are weakly singular integral operators for 0 <1 <n — 1.
The n-th order operator
o z)"‘
IL f(z) = 7m L0, nf(z) =Tonnf(z f(s (=2t d&dn, (2.9)

is a Calderén—Zygmund type singular integral operator, which is bounded on LP spaces.

The following boundedness and continuity results are classical (see [4], [19]).

Theorem 2.1 ( [4]). Let D be a bounded domain, suppose m +mn > 1 and assume f € LP(D). Then
| Tnnpf(2) |< M| fllLr(0)- (2.10)

This theorem ensures that the Pompeiu operators are uniformly bounded in L?, which guarantees
the stability of the solution operators.
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Theorem 2.2 ( [4]). Suppose m +n > 1 and mn < 0, and let D be a bounded domain in C and
assume f € LP(D). Then for z1,z2 € C,
|21 — 22, m+n> 2,
| Tonn,0f(21) = Tin, 0 f(22) < M [ fll e (D) s (2.11)
|21 — 22| 7, m4+n=1,

where M = M(m,n,p).

This result shows that the operators are not only bounded but also Lipschitz or Holder continuous,
depending on the order of the operator.

Theorem 2.3 ( [4]). Assume m +mn =0, (m,n) # (0,0) and let f be a complez-valued function in
L?(D), where 1 < p < co. Then Ty, f also belongs to LP(D), and

| T f e oy < M@ flle(py- (2.12)

In this case the operators act as Calder6n—Zygmund singular integrals, and hence preserve LP-
integrability of the function space.

3. LINEAR HIGHER-ORDER EQUATIONS WITH HOMOGENEOUS ROBIN BOUNDARY CONDITIONS

In this section, we investigate the solvability of higher-order elliptic partial differential equations
subject to homogeneous Robin boundary conditions. More precisely, we consider the following prob-
lem:

Find w € WP"(D) such that it satisfies the n-th order complex differential equation

j= iz
olw olw
" bni(2) g =gz ) = F(2) D. 3.1
+;mzo<a " gemazim l(z)azl—mazm) fla), z€ 3.1
The solution is required to satisfy the Robin boundary condition
027 w + 2027 '0,w + 20w =0 on dD, a=1,...,n. 52

Here the coefficients are assumed to satisfy
Qmls bl € LP(D), f S Lp(]D)),

and qi;,q2; for j =1,...,n are bounded measurable functions such that
> g (2)] + la2i(2)] < g0 < 1. (3.3)

Condition (3.3) ensures that the leading part of the operator is elliptic, and guaranteeing well-
posedness.
Under these assumptions, the problem admits a solution if and only if the following solvability

condition holds:
//f dfdn =0, (3.4)

]. )’I’L*(x
h—a-1) //f =) )dgdn—o a=1,...,n-1 (3.5)

Remark 1. The inequality (3.3) on ¢i; and ¢o; guarantees the ellipticity of the differential equation,
which is essential for applying integral operator methods.

To proceed further, we reduce the boundary value problem (3.1)—(3.2) to an equivalent operator
equation by means of integral representations. This allows us to reformulate the Robin problem in
terms of singular integral operators, which is stated in the following lemma.
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Lemma 1. The Robin problem (3.1)—(3.2) is equivalent to the singular integral equation

(I+1+K)g=/f, (3.6)
where w =Ty ng, and the operators II and K are defined as
Z q15(2 J9+(I2j(Z)H7j9) ) (3.7)
) n—1 1 -
Kg = Z Z (aml(Z)Tfm,nflerg + bml(z)T,m,n,ng) . (38)
=0 m=0

Proof. According to [1], the function w = Tp ,,¢ is the unique solution of
"w
FECA
satisfying the Robin condition (3.2), provided that the integral solvability conditions are fulfilled.
Using the differentiation properties of the Pompeiu operators (see previous section), we have

(3.9)

o™ w .
g = -9 =1y, j=1L....n,
o"w o
Sanigm = L9 =19 (3.10)
Similarly, for 0 <m <l <n-—1,
o'w ow .
9zmyzl-m =T_mn—1+m9, 2Z-mazm =T 1 n—i+m9- (3.11)

Substituting these relations into (3.1), we obtain precisely the operator forms given in (3.7)—(3.8).
Hence, g satisfies the singular integral equation (3.6) if and only if w = T} ,,g solves the Robin problem
(3.1)—(3.2) subject to the solvability conditions. O

Thus, Equation (3.1) with the boundary conditions (3.2) is transformed into a singular integral
equation of the form (3.6). Now, we investigate the solvability of this singular integral equation using
Fredholm theory.

Lemma 2. If

qo 1wax. 1ML || ey < 1, (3.12)

then the operator I + 11 is invertible on LP(D) for p > 1.
Proof. By definition,

Z a;(z a9+qzj(2)@)~

Hence, its operator norm satisfies

||H||Lp<n>s§gg(zl 4y ()] + oz (2))) max 1L 200 (3.13)
j:

From condition (3.3), we have

3

(lguj ()] + a2 (2)]) <0 <1,
j=1
so that

Tl 2o () < 40 max [l o) (3.14)
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If condition (3.12) holds, then HﬁHLP(D) < 1. Therefore the operator I + II is invertible on L?(D) via
the Neumann series -
-3
k=0

which converges in the operator norm. O

Having established the invertibility of I + II at hand, we next analyze the operator K , which
corresponds to the lower-order terms. We establish that K is compact in LP(DD).

Theorem 3.1. If ay, by € LP(D), f € LP(D), then K is a compact operator in L (D) for p > 2.

Proof. By Theorems 2.1 and 2.2, the operators T_,, ,,—i+m are bounded and equicontinuous for 0 <
I <n—1onD. Since ay, by, € LP(D), the integral operators with such kernels map bounded sets
into relatively compact sets. By the Arzela—Ascoli theorem, K is compact on LP(D) for p > 2. O

The compactness of K together with the invertibility of I + II allows us to apply the Fredholm
alternative. This leads directly to the solvability criterion for the Robin problem, stated in the
following theorem.

Theorem 3.2. If condition (3.12) is satisfied, then Equation (3.1) with the boundary conditions (3.2)
admits a solution if and only if the following solvability conditions hold:

//f dﬁdn =0, (3.15)

]_ )n—a B B -
n—a—l //f Z)dgdn 0, a=1,...,n—1. (3.16)

In this case, the solution has the form w = Ty g where g € LP(D), p > 2 is a solution of the
singular integral Equation (3.6).

Proof. Under condition (3.12), the operator I + IT is invertible on LP(D). Then we can write
T+0+ K=+ (I + I +1)7'K).

Since (I+11)~! is bounded and K is compact on L?(ID) for p > 2, the operator (I +1II)~1K is compact.
Thus, I + II + K is a Fredholm operator of index zero.

By the Fredholm alternative, Equation (3.6) has a solution precisely when f satisfies the solvability
conditions stated in the theorem. In that case, the solution of (3.1)—(3.2) is given by w = Tp g, where
g € LP(D) solves (3.6).

O

4. ROBIN PROBLEM FOR NONLINEAR HIGHER-ORDER EQUATIONS

In the previous section, we established the solvability of linear higher-order elliptic equations with
homogeneous Robin boundary conditions in the unit disc. Building upon these results, we now extend
our analysis to the nonlinear setting, where the right-hand side of the equation may depend nonlin-
early on w and its derivatives. This extension allows us to investigate a broader class of problems
while still employing integral operator techniques adapted to the nonlinear context.

We consider the elliptic equation

0fw = F(z,w, D" w, D*?w, ..., D*"w), (4.1)
of order n in D. Following the notation of [2], we define
D =(0.,0:), oj=(kl), |ajl=k+1l=j j=12,...,n, (4.2)

with the restriction (k,1) # (0,n).
For simplicity, we denote
D%, D*?w,...,Dw by wy,.
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With this notation, Equation (4.1) can be equivalently written as
0Fw = F(z,wy). (4.3)

Assumptions on F. We impose the following assumptions on the nonlinear function F' to ensure
well-posedness of the problem:
(1) F(z,wy,;) is continuous in all its arguments, ensuring smooth dependence on z and the deriva-
tives of w.
(2) If wy,; € LP(D) with p > 2, then F(z,wg,) also belongs to LP(D), guaranteeing integrability.
(3) F(z,wy,) satisfies a Lipschitz-type condition:

|F' (2, wi) — F(2,0k)| < Z Lyi|wi,y — g < L Z w1 — W1, (4.4)
k+1<n k+1<n
where L = maxy4i<pn Ly, which controls the growth of F' with respect to the derivatives of w.

Before formulating the Robin boundary value problem, we note that using the Pompeiu operators,
the nonlinear differential equation can be reduced to an equivalent integro-differential equation. This
reduction is essential for analyzing existence and uniqueness of solutions.

Robin Problem. Find a solution w € W™P(D), p > 2, of Equation (4.1) satisfying the Robin
boundary conditions

02w+ 200 0w+ 202w =0, ondD, a=1,...,n. (4.5)

z

Using the Pompeiu operators introduced in the previous section, the problem can be rewritten as
the system

w(z) = Y(z) + TonF (2, wk,), (4.6)
k1
wa(Z) = aazkiigij) -+ afTovn_lF(Z,wa), (47)
for 0 < k+1<mn, (k) # (0,n), where
R 1 poqIn(1 — 23) 1 1 ——
0o =53 g | O de s [ rosE=
= ) oD
(4.8)

4.1. Solvability. Define the Banach space

HP(D) = {wg; € LPD) : 0 < k+1<n, (k1) #(0,n)}, |wkilgr = oJnax lweallze.  (4.9)

We rewrite the Robin problem in operator form using the Pompeiu operators:
W(z) = ¢(2) + TonF(z,050), Wiai(2) = % 4+ OFTo.n 1 F(2,wp1). (4.10)
Define the operator @ : H?(D) — HP(D) by
Q(wig) = (W) (4.11)

Now, for two elements wy, ;, Wi, € H?(D), we estimate

—Q(w = Wit — W,
1Q(wr1) — Q(Wr) v ogr;?ff{gn” kel kot || e

= - 0 P
< e ([T (F(z we1) = Flzie)]e

10 Tt (P (2, w00) = F (2 00)) 2 ) (4.12)
Using the Lipschitz property of F, we have

1F (2, wi0) = F(zy e )llee <Y Li lwig = @lle < L lfwis — Bl o, (4.13)
k+1<n
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where
L= Lyy. 4.14
krfﬁﬁ}{n kit ( )
Combining the boundedness of the Pompeiu operators with the Lipschitz estimate, we obtain
1Q(wk1) = Q(@k) e < L max {||Tonll, 105 To.n—1ll, IMnnll} llweg — Drill e (4.15)
If
L max { | To,ll, |05 o0, IManll} < 1, (4.16)

then @ is a contraction. By the Banach fixed point theorem, ) admits a unique fixed point in H? (D),
which corresponds to the unique solution of the Robin boundary value problem (4.1)—(4.5).

5. CONCLUSION

In this paper, we studied Robin boundary value problems for higher-order linear and nonlinear

complex partial differential equations in the unit disc. By employing higher-order Pompeiu operators,
we transformed these problems into singular integral equations and established solvability conditions.
For the nonlinear case, we demonstrated existence and uniqueness of solutions using a fixed-point
approach, highlighting the effectiveness of integral operator methods in handling complex boundary
value problems.

10.

11.

12.

13.

14.

15.

16.

CONFLICT OF INTEREST

The author declares no conflict of interest.

FUNDING

This research was conducted without any external funding.

REFERENCES

. M. S. Akel, F. Alabbad, A Riemann-Hilbert boundary value problem in a bounded sector. Complex Variables and
Elliptic Equations 60(4) (2014) 493—509.

. U. Aksoy, H. Begehr, AO. Celebi,Schwarz problem for higher-order complex partial differential equations in the
upper half plane. Mathematische Nachrichten 292(6) (2019), 1183-1193.

. H. Begehr, G. Harutjunjan, Robin Boundary Value Problem for the Cauchy-Riemann Operator. Complex Variables
and Elliptic Equations 50(15) (2005), 1125-1136.

. H. Begehr, G.N. Hile, A hierarchy of integral operators. The Rocky Mountain Journal of Mathematics 27(3) (1997),
669—706.

. R. Duduchava, M. Tsaava, Mixed boundary value problems for the Laplace-Beltrami equation. Complex Variables
and Elliptic Equations 63(10) (2017). 1468—1496.

L Gengtiirk, Robin boundary value problem depending on parameters in a ring domain, Fundamental Journal of
Mathematics and Applications 3(2) (2020): 161-167.

. B. Karaca, Boundary value problems for bi-polyanalytic functions on the upper half plane. Complex Variables and
Elliptic Equations 70(8) (2025) 1309—1320.

. B. Karaca, A note on complex combined boundary value problem for the nonhomogeneous tri-analytic equation.
Boletim da Sociedade Paranaense de Matemdtica 42 (2024) 1-7.

. V. Karachik, Solvability of the Neumann Boundary Value Problem for the Polyharmonic Equation in a Ball.

Lobachevskii J Math 45 (2024) 3559-3571 .

V. Karachik, A. Sanjar, On the solvability conditions for the Neumann boundary value problem. British Journal of

Mathematics and Computer Science 3(4) (2013) 680.

B. D. Koshanov, A. P. Soldatov, On the solvability of the generalized Neumann problem for a higher-order elliptic

equation in an infinite domain. CMFD 67 (3) (2021) 564-575.

A. 1. Kozhanov, Kh. Kenzhebay, Boundary value problems with an integro-differential non-local condition for

composite type differential equations of the fourth order. Chelyab. Fiz.-Mat. Zh. 8(4) (2023) 516—527.

V. Mityushev V, Dirichlet problem with prescribed vertices in multiply connected domains. Complezx analysis and

potential theory with applications Cambridge: Cambridge Scientific Publishers (2014) 139—46.

V.V. Mityushev, Z.K. Zhunussova, Linear Problem for a Circular Domain and Its Application to Composites.

Lobachevskii J Math 45 (2024) 6173—6185.

M. Sadybekov, A. Dukenbayeva, On boundary value problems of the Samarskii-Ionkin type for the Laplace operator

in a ball. Complex Variables and Elliptic Equations 67(2) (2020) 369—383.

M. Sadybekov, B. Derbissaly, B. On Green’s function of Cauchy—Dirichlet problem for hyperbolic equation in a

quarter plane. Bound Value Problems 69 (2021) 1-23.



8 FIRST AUTHOR’S SHORT NAME AND SECOND AUTHOR’S SHORT NAME

17. A. P. Soldatov, The Schwarz problem for Douglis analytic functions. Journal of Mathematical Sciences 173(29)
(2011) 221-224.

18. A. P. Soldatov, On boundary properties of conformal mappings. Zh. Vychisl. Mat. Mat. Fiz. 64(9) (2024) 1667—
1679.

19. LN. Vekua, Generalized Analytic Functions. Pergamon Press, Oxford, 1962.

20. Y. Wang, Schwarz-type boundary value problems for the polyanalytic equation in the half unit disc. Complez
Variables and Elliptic Equations 57(9) (2012) 983-993.

(Received 77.77.2077)

1IZI\/HR BAKIRCAY .UNIVERSITY7 FACULTY OF ENGINEERING AND 1ARCHITECTURE7 DEPARTMENT OF FUNDAMENTAL
SCIENCES, 1zZMIR, TURKEY
Email address: bahriye.karaca@bakircay.edu.tr, bahriyekaraca@gmail.com



