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Abstract. Mapping properties of the operator

(K ) () = ua (x) /

b(|z)S\a(|z[)S

B (OF ()t +us(e) | vs(t) ()i,

d(|z[)S\e(|z])S

where u;, v;, i = 1,2, are certain general measurable functions on E (not neces-
sarily non negative), between weighted Lebesgue spaces LP(E, wg) and LY(E, wy),
E and aS being certain cones in RV, 1 < p, ¢ < oo, are studied in terms of the
corresponding one dimensional operator and the precise weight conditions for
the same are obtained.
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1 Introduction

In [18] (see also [12]), P.A. Zharov studied the LP — L% boundedness of the
operator

(Af)(s) = Ur(s) / Vi) f(t)dt + Ua(s) / TV (),

0

where U;, V;,i = 1,2, are certain general measurable functions (not necessarily
non negative). This operator is more general than the Hardy operator

s = [ s
and its conjugate operator
= [ 1o
A complete study of these operators can be found in [3, 11, 12, 13, 16, 17]

and the references therein. In [7], Jain and Gupta considered a variant of the
operator A i.e.

b(s) d(s)
(LF)(s) = Us(s) / ., ViOF0d Uy /() Vo) f(hdt,  (L1)



where (and throughout the paper) a, b, ¢, d are strictly increasing differentiable

functions on [0, co] satisfying
a(s) < b(s)
a(0) = b(0) =

a(0) = b(oco) = c(oo) d(oo):oo,
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s € (0,00)

Ui, Vi, i = 1,2 are general measurable functions (not necessarily non-negative)
on (0,00) and characterized the boundedness as well as compactness of L be-
tween weighted Lebesgue spaces. This operator is derived from the Steklov
operator:

b(s)

(TF)(s) = / o

The boundedness of T' between weighted Lebesgue spaces was studied by Heinig
and Sinnamon [4] and its compactness by Jain and Gupta [6].
The aim of the present paper is to study the operator

(K@) = (@) [ o1 (0) f(£)dt
b(|z])S\a(|=|)S

+us(2) / v fO)dt, z € B (1.2)
(2 $\e(le)

where E and aS are certain cones in RY (defined below), u;,v;, i = 1,2 are
general measurable functions (not necessarily non-negative) on F and a,b, ¢, d
are as defined above. This operator is a higher dimensional analogue of the
operator L.

In Section 2, we characterize the boundedness and compactness of K in
terms of the corresponding properties of the operator L and then in Section
3, using the weight characterization for the boundedness and compactness of
the operator L, the precise conditions for the case of operator K are obtained.
Such reduction to one dimension for higher dimensional Steklov operator:

(Tpf)(x) = / f(v)dy,
b(|z])S\a(|z|)S

was given by Sinnamon [15] for the case of boundedness and by Jain, Jain and
Gupta [9] for the case of compactness. For a study of higher dimensional opera-
tors [8, 10, 14] may be referred. In [15], Sinnamon has studied the boundedness
of Steklov operator over the smoothly star shaped regions in RY which includes
the class of cones in RY. The same notations £ and aS for cones in RV are
used in this paper as done by Sinnamon for star shaped regions [15] without
any ambiguity.

Let I ¢ RY, w be a weight function on I and 1 < p < co. LP(I,w) denotes
the weighted Lebesgue space

v {5 ([iopei)” <)



Let Y be the unit sphere in RY ie. > = {z € RN : |z| = 1}, where |z| =
V2?2 + 23 + ... + 22 is the Euclidean norm of the vector z € RY. Let B be a
measurable subset of ), we denote by E, a cone in RY defined by

E={zecR": z=50; 0<s< o0, 0 € B}
and a8, a > 0, denote the part of E with radius < «, i.e.,

aS={yeRY: y=s0; 0<s<a, o€ B}.

In this light,
b(l2)S \ a(lz)S = {y € BY : y = so; allz]) < s < b(la]), o € B).

Let Y denote a normed linear space and Y* be its conjugate space. A sequence
{yn} in Y is said to be norm convergent (or convergent) to some y € Y, denoted
by yn — y if |lyn — ylly — 0 as n — oco. Sequence {y,} is said to be weakly
convergent to y € Y if y*(y,,) — y*(y) for every y* € Y*. A sequence {y;} C Y*
is said to be weak* convergent to some y* € Y* if y'(y) — y*(y) for every
y € Y. Every norm convergent sequence is known to be weakly convergent
and every weakly convergent sequence to be weak® convergent. The reverse of
these implications do not hold in general. In case Y is a reflexive space weak*
convergence implies weak convergence.

2 Boundedness and Compactness of the operator K

In this Section we shall study the boundedness and compactness of the operator
K given by (1.2) in terms of the operator L given by (1.1). For the proofs of the
subsequent theorems we shall need certain well known results which are stated
below:

Theorem A. Let X and Y be Banach spaces.

i ounded linear operator A : X — 'Y is compact if and only if its conju-
i) A bounded li tor A: X —-Y i t if and only if it '
gate A* . Y* — X* is compact.

(ii) A compact operator maps every weakly convergent sequence to a norm
convergent sequence.

(iii) An operator A : X — Y is compact if A* : Y* — X* is weak*-norm

sequentially continuous, i.e., for each sequence {f,} in Y™* with fnw—*> f
for some f in Y*, we have A*(f,) — A*f.

These results can be found in any standard book on functional analysis e.g.,
[2], [5]. In particular, Theorem A(iii) is taken from ([2], p. 15).

For weight functions wg, w; on E, let us set
Wi (t) :/ wy (tr)tN " Ldr (2.1)
B
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and
Wo(t) = ( /B wp ¥ (tr)tN1d7'> HD, (2.2)

t € (0,00). Now, we prove below our first main result wherein the bounded-
ness of the operator K : LP(E,wg) — LI(E,w;) is studied in terms of the
boundedness of the operator L : LP((0,00), Wy) — L9((0,00), W7).

Theorem 2.1. Let E be a cone in RN, 1 < p,q < 00, wg, w; be weight functions

defined on E and u;,v;, © = 1,2 be certain general measurable functions on E
depending only on the radial component. Then the inequality

EKp@Pn@is) <o [ foPunwa) @3
E E

holds for all locally integrable functions f : E — R if and only if

< /0 TR () Wl(S)d5>1/q <C < /O TR Wo(s)ds>1/p (2.4)

holds for all locally integrable functions F : (0,00) — R, where
Ui(t) = ui(tr), Vi(t) =vi(tr), T€ B, i=1,2, (2.5)

and Wy, W1 are given by (2.1) and (2.2). Moreover the best constants in (2.3)
and (2.4) coincide.

Proof. Suppose (2.4) holds and fix a locally integrable function f : E — R. Set

Ft) = /B Frldr. (2.6)



Making change of variables and using (2.4), (2.5), (2.6), we have

( /E |<Kf><x>|qw1<m>dw) "
_ ( [ o /(Ix)s\am 01 (0) )y + ()

q 1/q
x / o2y () dy wl(x)dfv>
d(|z])S\c(|=])S

_ (/ s () /;)/ v1(s0) f(50)5Y " Ldods + ua(x)

X /::l /vg so) f(so)s™ 1daalsquu( )dx )1/q

_ ( [ | f(g:)vl() ()ds + us() /c::')v2<s>F<s>ds
- ([ )

/ Va(s ds
0
Ui(t )/ Vi(s)F(s)ds + Ug(t)/ Va(s)F(s)ds

- </o a(® o(t)
o [T irormia) "

which is the R.H.S of (2.4), now following the proof of Theorem 1.1 in [15], it
can be shown to be less than or equal to

c( [ wr wo<x>dx)l/p.

Thus the inequality (2.3) holds. Conversely, suppose that the inequality (2.3)
holds and fix a locally integrable function F : (0,00) — R. Define f : E — R
by

q 1/q
wq (x)dx)

up(tT) / Vi(s)F(s)ds + ua(tT)

1/q
wy (7)Y~ ldet)

d(t)

q 1/q
Wi (t)dt)

IN

f(tr) = F(OWE ™ (t)wy ™" (t7).
It can be easily shown that the functions f and F' also satisfy (2.6), and as
above we get

</ooo KLF)(t)'qu(t)dt) " = </E |(Kf)(x)\qw1(x)dx>1/q.

Now using inequality (2.3) and following the proof of Theorem 1.1 in [15], we
get the inequality (2.4). O



Next we study the compactness of the operator K in terms of the operator
L.

Theorem 2.2. Let E be a cone in RN, 1 < p,q < 00, wg, w, be weight functions
defined on E and u;,v;, 1 = 1,2 be certain general measurable functions on E
depending only on the radial component. Then the operator K : LP(E, wg) —
LY(E,w) is compact if and only if the corresponding one dimensional operator
L: LP((0,00), Wy) — L9((0,00), W1) is compact where

Ui(t) = ui(tr), Vi(t) =vi(tr), T€ B, i=1,2, (2.7)

and Wy, W1 are as given by (2.1) and (2.2).

Proof. Let us first assume that L : LP((0,00), Wp) — L%((0,00), W1) is com-
pact. In order to show that the operator K is compact, in view of Theorem A,
it is sufficient to show that K* : Lq/(E,wifq/) — Lp'(E,wéfpl) is w*— norm
sequentially continuous. Note that

L* 2 L ((0,00), W ™7) — LP((0,00), Wy ),

is defined as

a”1(t) c (1)

U1(s)G(s)ds + Va(t) /d—l(t) Uz (s)G(s)ds,

L (G (1) = A(1) /

b-1(1)

since, by Fubini’s Theorem, for any G € L7 ((0, 00), Wllfq,) and F' € LP((0,00), Wy),
we have

<LF,G>

[eS) b(s) d(s)
_ / (Ul(s) / Vi(6)F(£)dt + Un(s) / Vg(t)F(t)dt> G(s)ds
0 a



Similarly,
K*: L7 (B,w™ ") = LV (B,w) ")

is given by

K@) =u@) [ w@w

+un(e) [ s (w)g(u)dy
cH(jz))S\d~ (J=])S
Let us take a weak*-null sequence {f,,} in LY (E, wi _q,) and define
Fo(t) —/ [N Ydr, e N, t € (0,00). (2.8)
B

Following the proof of Theorem 3.1 in [9], we get that F), € Lq/((O, 00), Wll_ql),
n € N and {F,} is weakly convergent to 0. Using the compactness of L and
Theorem A, we get

_.— 0.

*
”L Fn”LP/((O,OO),Wg Pl

Finally, by changing variables x = t7, y = so and using (2.7), (2.8), we get

1 Full 5

- ( / (a(z) / wr(9) fau(9)dy + v2(2)
E a=(Jz)S\b=1(|z|)S

’ 1/p

P
x / U2(y)fn(y)dy> W (o) da
c=1(|2l)S\d~1(|a])$

_ ( /0 - /B <v1(t7) /b a::) /B wr (50) fu(50)sN L dods + va(t7)

! 1/p

cH(t) P .
x/ /uz(sa)fn(sa)sN_ldad$> wéfp (tr)tN " Ldrdt
a1t JB

oo a=L(t) cH(t) p
_ /0 (Vl(t) /b UL (5) o (s)ds + Va(1) / Ug(s)Fn(s)ds)

) a='(t)

/ 1/p
x W, P (t)dt) :
= HL*FHHLPI((O,OO),W&*Z’/)'

Thus
||K*fn||Lp,(E7wé_p/) _> O

This proves that K is compact. Conversely, assume that K : LP(E,wy) —
L%(FE,w) is compact. To show that L is compact, we take a weak*-null sequence



{F,} in L7 ((0, 00), W; ™). Next, define
faltT) = Fu()wi (¢7)WHt), ne€N r1€B.

Once again following the proof of Theorem 3.1 in [9], {f,} can be shown to be

a weakly-null sequence in Lq/(E, w}_q,). Then, by using the compactness of K
and Theorem A

"L*Fn|’Lp/((07m)7W&—p’) = HK*anLp/(E’w(l)_p/) — 0.

Hence L is also compact.

3 The precise conditions

In this section we obtain the precise weight conditions for the boundedness
and compactness of the operator K for 1 < p < ¢ < oo using the weight
characterization for the boundedness and compactness of the operator L which
have already been obtained by Jain and Gupta [7]. Theorem 2.1 of [7] holds
for all locally integrable functions if U;, V;, i = 1,2 and Wy, W1 are taken to be
locally integrable. We state their results below:

Theorem B Let 1 < p < g < oo, Wy, Wy be locally integrable weight
functions defined on (0,00) and U;,V;, i = 1,2 be certain locally integrable
functions on (0,00). Then the inequality (2.4) holds for all locally integrable
functions F' if and only if

B = max(Bl,Bg) < 00, (3'1)
where
1/q
B = sup Bi(s,t) sup (/ Wa(s) [Ur(s |qd3>
a(s)<b(t) a(st<<sb (3.2)
b(t) L /
x Wy " (s) [Va(s)I ds
a(s)
and
s 1/q
By:= sup Bs(s,t)= sup </ W1(5)|U2(3)|qd5>
t<s t<s
e(s)<d(t) c(s)<d(t) (3.3)
a(t) , ;A\
X Wy P (s) [Va(s)|” ds :
c(s

Theorem C Let 1 < p < q < oo, Wy, Wy be weight functions defined on
(0,00), U;, Vi, i = 1,2 be certain general measurable functions on (0,00) and



By, By be as defined by (3.2) and (3.3). Further assume that [° Wol_p’ (s)ds,
fooo Wi (s)ds are finite. Then the operator L is compact if and only if L is
bounded i.e. (3.1) holds and

tLiISH, Bi(s,t) = IHb_lligl(s))JrBl(s, t) =0, forevery s > 0
slirg Bi(s,t) = s%a—lilI(Il}(t))f Bi(s,t) =0, forevery t > 0
tLiEL Ba(s,t) = t%djir(rcl(s))+62(s’ t) =0, forevery s > 0
SILIBF Ba(s,t) = s—m*l}?;(t))— Ba(s,t) = 0. forevery t > 0

Using Theorem 2.1 and Theorem B we now obtain the precise weight con-
ditions for the inequality (2.3).

Theorem 3.1. Let E be a cone in RNV, 1 < p < ¢ < oo, wg,w; be locally
integrable weight functions defined on E and u;,v;, 1 = 1,2 be certain locally
integrable functions on E depending only on the radial component. Then the
inequality (2.3) holds for all locally integrable functions f if and only if

D = max(D;,Ds) < o0, (3.4)

where

1/q
Dy := sup Di(s,t)= sup (/ w1 (y) |U1(y)|q dy)
® sS\tS

t<s t<s
a(s)<b(t) a(s)<b (3.5)
1/p’
x ( / Wi () oy (y) P dy)
b(t)S\a(s)S
and
1/q
Dy:= sup Ds(s,t)= sup (/ w1 (y) fuz(y)|qdy>
t<s t<s sS\tS
c(s)<d(t) e(s)<d(t) (3.6)

1/p’
. (/ wy 7 (y) o2 (y)I? dy> :
d(t)S\c(s)S

Proof. Proof of Theorem 3.1 follows from Theorem 2.1 and Theorem B, once



we prove that By = Dy and By = Dy. Note that

Bi(s,t)

= </ Wi(s) [Ui(s qu) v (/ Wy (s) [Va(s)[” ds) "
= </t / w1 (s0) |U1(sa)qu1dadS) v y
« ( / / (50) [v(s0)|” sV 1dads> '

1/q 1/p
= (/ w1 (y) Iul(y)lqdy> (/ wy P (y) Jua ()I? dy)
sS\tS b(t)S\a(s)S
= Di(s,),
for every s and t. Therefore By = D; and similarly By =
O

Finally we give precise weight conditions for the compactness of the operator
K.

Theorem 3.2. Let E be a cone in RV, 1 < p < g < 00, wy,w; be weight
functions defined on E, u;,v;, i = 1,2 be certain general measurable functions
on E depending only on the radial component and D1, Dg be as defined by (3.5)
and (3.6). Further assume that [ wo y)dy, [pwi(y)dy are finite. Then
the operator K is compact if and only if K is bounded i.e. (3.4) holds and

lim Dy (s,t) = lim  Di(s,t) =0, forevery s > 0
t—s— t—b~1(a(s))+
lim Dy (s,t) = lim  Di(s,t) =0, forevery t > 0
s—t+ s—a~1(b(t))—
l%lrsni Dy(s,t) = tad—I}I(Icl(s))Jng(S’t) =0, forevery s > 0
slirg Dy(s,t) = SHCJ%I(Idl(t))f Ds(s,t) = 0. forevery t > 0

Proof. Theorem 3.2 follows by using Theorem 2.2, Theorem C and the fact that
By = D1 and By = Ds. OJ

Remark 3.3 Note that Theorem 2.1 and 2.2 are proved for 1 < p,q < oo,
however Theorem 3.1 and 3.2 hold for 1 < p < q < oco. Once the weight
characterization for the boundedness of the operator L are obtained for 1 < q <
p < oo, Theorem 3.1 can also be obtained for 1 < q < p < co. In view of the
general principle of Ando [1], the weight characterization for the compactness
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of L and K for 1 < g < p < oo would be same as that for the boundedness of
these operators.
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