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Abstract

In this paper, we study algorithmic problems in the tensor completions G ®x;, , I of finitely gen-
erated torsion-free nilpotent groups G of class 2 in the quasivariety N2 r of R-exponential 2-nilpotent
groups over a computable field of characteristic zero with a computable additive basis. We show that
the word problem, the conjugacy problem, and the power problem are decidable in G' ®y;, ,, . Note
that these results do not hold for arbitrary finitely generated torsion-free 2-nilpotent R-groups. In fact,

there are two generated torsion-free 2-nilpotent R-groups for which these problems are undecidable.

1 Introduction

In this paper, we investigate algorithmic problems in the tensor completions G ® R of finitely generated
torsion-free nilpotent groups G of class 2, within the quasivariety No r of R-exponential 2-nilpotent groups
over a computable field R of characteristic zero with a computable additive basis. We prove that the word
problem, the conjugacy problem, and the power problem are decidable in G ® R. Our approach relies on a
recent description, given in [1], of the algebraic structure and the R-exponentiation in G ® R. Specifically,
it was shown that G ® R is isomorphic to the group (G ®4¢ R) x D, where G ®q¢ R is the classical Hall
R-completion of G, D is an Abelian R-group, and the direct product is taken in the category of abstract
groups (not of R-groups). The R-exponentiation in G® R is given explicitly by formula (3) (see Theorem 1
in Section 3). We effectively reduce the algorithmic problems for G ® R to the corresponding problems for
the Hall completions G ®4¢ R, which are well understood (see, for example, [8]), and to certain algorithmic
problems in the R-vector space D. When the field R is computable with a computable additive basis,
these algorithmic problems in G ®4¢ R and in D are decidable.

Recall that a group G is called a divisible group with unique roots if, for any g € G and 0 # n € N, the
equation ™ = g has a unique solution in G. In this case, there exists a Q-exponentiation on G, that is, a
mapping G x Q — G defined by (g, ™) — (g%)m, which satisfies the following properties for any =,y € G
and a, 8 € Q:
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We will call such groups Q-groups. Malcev proved that divisible torsion-free nilpotent groups are Q-groups
(see [10,11]). A thorough study of arbitrary Q-groups was carried out by Baumslag in [4]. Around the
same time, while studying equations in free groups, Lyndon [9] introduced the concept of an R-group (and
coined this name) for an arbitrary associative ring R with unity. By definition, these are groups equipped
with a map G x R — G, denoted (g, ) — g%, that exactly satisfy axioms 1)—3) above.

Unfortunately, there are abelian Lyndon R-groups that are not R-modules. Later, Myasnikov and
Remeslennikov, in their paper [13|, added an additional scheme of axioms (quasi-identities) to the Lyndon

axioms. Namely, for any x,y € G and « € R (here [g,h] = g 'h~1gh):
4) (MR-axiom) [g,h] = e — (gh)® = g“h*.

Note that all Q-groups satisfying axioms 1)-3) also satisfy axiom 4), as do many other natural R-
groups according to Lyndon. We denote by My the class of all R-groups satisfying axioms 1)-4) and refer
to them as R-groups.

The tensor extension of the ring of scalars plays an important role in module theory. In [13]|, Myasnikov
and Remeslennikov defined an exact analog of this construction, the so-called tensor completion, for an
arbitrary group, and in [14] they described a concrete way to construct tensor completions for CSA groups,
in particular, for free and torsion-free hyperbolic groups (see also [5]). However, the notion of tensor
completion in an arbitrary variety of groups requires a special approach since the general construction
of tensor completions is not necessarily compatible with the given variety. Amaglobeli, Myasnikov, and
Nadiradze introduced the general notion of a variety of R-groups and tensor completions in such varieties
in [2|. It turns out that different, although equivalent, definitions of nilpotency in the class of discrete
groups can lead to formally different types of nilpotent R-groups. The question of whether these classes
are truly distinct remains open. However, it is known [2] that in the class of 2-nilpotent groups, different
definitions of nilpotency lead to the same previously mentioned quasivariety of 2-nilpotent R-groups No g.
It is with respect to this class that we describe the tensor completions G' ®y, R of finitely generated
2-nilpotent torsion-free groups G. In [7]|, Hall introduced and studied nilpotent R-groups satisfying the

following additional axiom for all x1,...,2, € G and a € R:

o

5) 2y a8 = (zr@y---20)°2(2)(3) - 7(2) (),

where 7; are Petresco group words over the alphabet x1, ..., x,, ¢ — the nilpotency class of GG, and

(C:) — the binomial coefficients.



Algorithmic problems in tensor completions of 2-nilpotent finitely generated torsion-free groups 3

In this case, the ring R must be a binomial domain, i.e., an integral domain, where for each a € R, the

_ a(a—l)..l.(a—i-i—l)

A , considered as an element of the field of fractions of R, belongs

binomial coefficient (3‘)

to R. The axiom 5) is a more precise version of axiom 4) in the case of nilpotent groups.

2 Preliminaries

2.1 R-groups

In this section, following the works of [2,9, 13|, we introduce the necessary terminology and discuss some
properties of R-groups that are useful for further understanding.

Let R be an associative commutative ring with identity and G € Mpg. The standard group language
Ly, can be extended by symbols for the unary operations f, for each o € R, yielding the language of
R-groups: Lg, = Ly U{fa | & € R}. The operation f, is interpreted in an R-group G as a-exponentiation
falg) = g“ for g € G. As usual in universal algebra, the notions of R-homomorphisms, R-subgroups,
and R-generators can be defined in the category Mz by considering them as groups in the language Lf;;.
Thus, a homomorphism ¢ : G — H of two R-groups G and H is an R-homomorphism if ¢(g%) = (¢(g))*
for all ¢ € G and a € R; a subgroup N < G is called an R-subgroup of G if it is invariant under R-
exponentiation; and a subset X C G R-generates an R-subgroup (X) g, which is the smallest R-subgroup
of G containing X. Note that G is generated (as an R-group) by a set A C G if every element of G can be
represented as w(ay, ..., a,) for some group R-word w(z1,...,2,) and ay,...,a, € A. Here, if z1,..., 2,
are variables, then any expression w(z1,. .., z,) obtained from these variables by multiplication, inversion,
and exponentiation by elements of R is called a group R-word in the variables z1,. .., z, (group R-words

are precisely terms in the language L;;).

R

> While axiom 4) is a quasi-identity. Therefore,

Axioms 1)-3) and 5) are identities in the language L

the class of all Lyndon R-groups (satisfying 1)-3)), L, like the class H, g of all Hall groups of nilpotency

R

class < ¢, is a variety in the language of L,

while the classes Mr and Ny p are quasivarieties. It
follows from general theorems of universal algebra that these classes contain free R-groups and tensor
R-completions with respect to these classes; the standard theory of R-ideals, i.e., normal subgroups whose
quotient groups again belong to the same class; we can speak of groups defined by generators and relations

in these classes, etc.

2.2 Tensor Completions of Nilpotent R-Groups

For a natural number ¢ > 1, we denote by N, r the quasivariety of all nilpotent R-groups satisfying the
c-nilpotency identity Vx1,. .., Zetr1]T1,- .., Ter1] = €, where [21, ..., Zc11] is the left-normed commutator
of weight ¢+ 1. The operation of tensor completion plays a decisive role in the study of R-groups. In this

section, we discuss tensor completions in the class N g.
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Let G be a torsion-free nilpotent group of nilpotency class ¢ > 1, and let R be an associative commu-
tative ring with 1 of characteristic 0.
Recall that an R-group G ®y, , R is called a tensor R-completion of G in the class N, g if there exists

a homomorphism A : G — G ®y,_ , R such that the following conditions are satisfied:

(1) MG) R-generates G @y, , R;

2) For any R-group H € N.p and an arbitrary homomorphism ¢ : G — H, there exists an R-

homomorphism ¢ : G @y, , R — H that makes the diagram commutative

G A G ®Nc, I R
sol //;/ (p =10l
H ~
It was proved in |2] that for any such group G and any such ring R, the tensor completion G N, n B
exists and is unique up to R-isomorphism. Moreover, the homomorphism A gives a natural embedding of
G into G ®x, , R. If G is an abelian R-group (i.e., c=1), then G @, r B = G ® R is the tensor product
of the Z-module G and the ring R.
Tensor R-completions G ®s¢, , R of a group G in the class H. r are well known and are described

by Hall in [7]. Namely, let G be a finitely generated torsion-free nilpotent group. Then G has a tuple of

elements w = (w1, ..., wy,) (the Malcev base of G) such that every element g of G is uniquely representable
as
g=wi. . wlp (1)

for some t; € Z. The set t(g) = (t1,...,tn) is called the set of Malcev coordinates g. In this case, the
multiplication of elements of the form (1) is performed using certain polynomials fi(Z,9),..., fo(Z,7),

where z = (z1,...,2y),9 = (Y1, . .,Yn) such that for any g,h € G

t(gh) = (f1(t(9),t(R)), - - ., fu(t(g), t(h)))-

Similarly, raising to the power A € Z is introduced through polynomials (see [16]). To construct G ®4¢ R,

one can take the same Malcev basis w = (w1, ..., w,) of G, consider all formal products

Qn

o
wyt.owy”,

and introduce multiplication and exponentiation o € R on them using the same polynomials as for G.

Since R is binomial, all values of these polynomials are defined in R (see details in [16]).
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3 Group Structure of Tensor Completions of Finitely Generated 2-

Nilpotent Torsion-Free Groups

In this section, following [1|, we describe the algebraic structure and R-exponentiation in tensor completions
G @, R of finitely generated 2-nilpotent torsion-free groups G over a binomial ring R of characteristic
0. For brevity, we denote G ® R = G ®Qy, , R and G @3 R = G ®g¢, , R.

In [1] we defined a crucial notion of a c-commutator for g,h € G ® R and « € R as follows:

C(Q? h)oc = [97 h’] (g) (97 h)a-

Then
(gh)™ = g°h®g,h]~Ge(g, h)a (2)

and hence the element ¢(g, h), measures how much the power (gh)® in GRQ R differs from the corresponding
power in G ®q R.

The identity map G — G canonically extends to an embedding 1 : G — G ®4¢ R. Moreover, since
G ®q¢ R is an R-group, the embedding 7 canonically extends to an R-epimorphism p: G® R — G ®q¢ R.
This epimorphism plays an essential role in our research.

Let @ = (u1,...,un) and 0 = (vy,...,v,) be bases of the free Abelian groups G/Z(G) and Z(G),
respectively. Then @- v = (u1, ..., Upm,v1,...,0,) is a Mal'tsev basis of G. Therefore, each element g € G

can be uniquely represented as a product

— am ,,P1 _ a0 =
g=u" . ulmolt .ol = A oP,

where & = (a1,...,am),8 = (B1,...,Pn) are some tuples of integers. By construction, each element of

the Hall completion G ®4¢ R has a unique decomposition:

g=u" . ulmolt ol = a® P,
where @ = (a1,...,am),8 = (B1,...,0n) are some tuples of elements from R. Multiplication and R-

exponentiation in G ®g¢ R are defined by the same polynomials as in G with respect to the basis « - v.

Lemma 1. [1] Let G be a finitely generated 2-nilpotent torsion-free group, and R a binomial domain
of characteristic zero. Let u-v be a Mal’tsev basis of G, as defined above. Then, in the group G ® R, the
set of elements

Ha.gz{ua-v’é\@eRm,BeR"}

forms a subgroup (not necessarily an R-subgroup) that is, as an abstract group, isomorphic to the Hall

completion G ®@g¢ R of the group G. Moreover, G = Hg.5 X D where D is an abelian R-group (R-module).
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It was shown in [1| that the R-exponentiation in G ® R = Hgz.5 X D is determined by the following

formula:
(ul* . oupgmolt o v d)® = ure ... u?‘nmo‘vlﬁlaJrUl et on oy ulm),, (3)
where
o1 on _ ai am\—(%)
U7 vpt = mo(uy’t, .., upm) T\, (4)
To(uit, ..., ulm) is the second Petresco word (see [1]) and
c(uft, ... upm) o = H?;llc(u‘fl cougt ufﬁl)a (5)

Theorem 1. [1] Let G be an arbitrary 2-nilpotent finitely generated torsion-free group and R an arbitrary
binomial domain. Then the R-group G ® R satisfies the following conditions:

1) G® R, as an abstract group (not an R-group!), is isomorphic to (G @3 R) X D, where G @9 R is the
Hall R-completion of G, considered as an abstract group (not an R-group), and D is the R-module
generated by all c-commutators c(z® y'B)M, o, B, € R;

2) R-exponentiation in the group G ® R is defined by formulas (3), (4) and (5);

3) D is a free R-module.

4 Decidability of the classical algorithmic problems

4.1 Computable fields

Recall (see [6,12,15]) that a ring R is called computable if it has an isomorphic copy Ry of the form
Ry = (N;®,®), where N is the set of natural numbers and @®,® are computable functions. In this
situation, we will identify R with one of its copies Ry. We say that a computable field R of characteristic
zero has a computable (recursive) additive basis (for brevity, R is CFCB) if there exists a computable
subset B C N that forms a basis for the additive group R* of R viewed as a Q-vector space. A purely

transcendental extension R = Q(t) of Q is CFCB; for instance, the set of all simple fractions

k
B = { (tt)m‘ p(t) is monic irreducible over Q, m > 1, 0 < k < deg(p)}
p

can be used as an additive basis of Q(¢). Likewise, any finite simple algebraic extension R = Q(«) of Q
is CFCB. More generally, every finitely generated extension of Q is CFCB. There are many more CFCBs
(see, for example, [6]).

Note that if R is CFCB and B is a computable additive basis of R, then there is an algorithm which,

given an element a¢ € R, computes the unique linear combination

a=r11b1+...+71,bn, (6)
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where 7; € Q and b; € B. Indeed, if B = {b1,...,b,} is finite, the algorithm simply enumerates all tuples
(ri,...,7rn) € Q™ and checks, one by one, whether (6) holds. In the infinite case, we effectively enumerate
larger and larger finite subsets of B and, for each such subset, exhaustively test all corresponding tuples

as above; in this way, the algorithm eventually finds the desired representation.

4.2 The algorithmic problems

We consider here three basic algorithmic problems for a given finitely generated R-group H with a fixed

finite generating set ay, ..., an.

The word problem. Given an R-word w(ai,...,a,) in the generators ai,...,ay decide if the word is

equal to 1 in H.

The conjugacy problem. Given two R-words u(ai,...,a,) andv(a,...,ay) decide if they are conjugate
mn H.

The power problem. Given two R-words u(ay,...,a,) and v(ai,...,a,) decide if there is a € R such
that u(ay,...,an)* =v(ai,...,an).

Theorem 2. Let G be a finitely generated, torsion-free, 2-nilpotent group, and let R be a computable field
of characteristic zero with a computable additive basis. Then the word problem, the conjugacy problem,

and the power problem are decidable in the tensor completion G ® R.
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